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Abstract. An often-neglected portion of the radial E x B drift is shown to
drive an outward flux of co-current momentum when free energy is transferred
from the electrostatic potential to ion parallel flows. This symmetry breaking
is fully nonlinear, not quasilinear, necessitated simply by free-energy balance in
parameter regimes for which significant energy is dissipated via ion parallel flows.
The resulting rotation peaking has a scaling and order of magnitude that are
comparable with experimental observations. The residual stress becomes inactive
when frequencies are much higher than the ion transit frequency, which may
explain the observed relation of density and counter-current rotation peaking in
the core.
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1. Introduction

Axisymmetric laboratory plasmas routinely exhibit
nonzero, sheared toroidal rotation in the absence of
applied torque [1], beneficial for fusion since toroidal
rotation suppresses resistive wall modes [2]. This so-
called intrinsic rotation may play an important role
in determining the performance of ITER and of any
future burning plasma device, since these devices will
be able to apply only comparatively weak external
torque [3].

The toroidal rotation profiles of tokamak dis-
charges without applied torque typically display three
distinct radial regions [4, 5, 6, 7, 8, 9, 10]. The steep-
gradient edge region, from the pedestal top and out-
wards in H-mode, usually rotates in the co-current di-
rection due to the interaction of ion orbit shifts and
spatial variation of the turbulent fluctuation amplitude
[10, 11, 12, 13]. Rotation in the mid-radius “gradient”
region, extending from the sawtooth inversion radius
out to the pedestal top, is often more counter-current
at its inner radial edge than its outer edge (“counter-
current peaking”), but may also exhibit a flat rotation
profile (“rotation reversal”), and can switch rapidly be-
tween these two states as plasma parameters (such as
plasma current I, or density) cross threshold values
[6, 8, 14, 15]. The innermost (“sawtoothing”) region,
inside the ¢ = 1 surface, has a rotation profile that is
strongly affected by sawtooth crashes, typically flat or
weakly co-current peaked. The present work focuses
on the enigmatic behavior in the mid-radius gradient
region.

Intrinsic rotation in the mid-radius region has
already been extensively studied, both experimentally
and theoretically [1, 16]. Nonaxisymmetric equilibrium
magnetic geometry can strongly affect rotation [17].
For an axisymmetric geometry, as we assume for the
entirety of this article, toroidal angular momentum
conservation [18, 19] implies that peaking without
applied torque must follow from a nondiffusive
momentum flux. Since mneoclassical (collisional)
momentum fluxes are much too small to explain
experimental observations [1, 20], we will focus on
turbulent momentum flux.  Although theoretical
mechanisms for momentum pinches (momentum flux
terms proportional to the rotation itself rather than
its radial gradient) have been identified [21, 22], they
cannot explain the common observation of peaked
rotation profiles passing through zero rotation [4, 5,
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6, 7, 8, 9, 10]. Accordingly, most present models focus
on residual stress (momentum flux terms independent
of both the rotation and the rotation gradient), which
however are restricted for delta- f calculations in an up-
down symmetric magnetic geometry [16]. The present
work offers a new symmetry-breaking residual stress
mechanism, due to E x B advection of parallel toroidal
angular momentum by a portion of the E x B drift that
is neglected in most delta-f models.

For a simple physical picture, consider a low-
frequency axisymmetric density perturbation, as
sketched in Fig. 1. At low frequencies and large scales,
the nonzonal electrostatic potential ¢ is proportional to
the nonzonal electron density ., which approximately
equals ion charge state Z times nonzonal ion gyrocenter
density ;. The parallel components of the ion pressure
gradient and electric field jointly cause ion flow out
of the dense region along the magnetic field. The
poloidal electric field also causes an E x B drift v, that
advects counter- (co-)current ion momentum radially
inward (outward), regardless of the plasma’s toroidal
rotation, its radial gradient, and the signs of the plasma
current [, and toroidal magnetic field By. Although
very simple, this basic spin-up mechanism can occur in
many contexts, and is in fact a necessary consequence
of damping via parallel ion flow in toroidal geometry.

The symmetry breaking underlying this spin-up
mechanism is due to a dual role for the electric field
caused by the weak poloidal variation of ¢ on the
length scale of the minor radius r. FIRST ROLE:
The nonvanishing parallel projection of this electric
field locally causes ion parallel acceleration. This
acceleration mediates a free energy transfer from the
potential to the ion parallel flows. Since the free
energy source terms for the turbulence supply energy
predominantly to the even moments of the distribution
function (like density and pressure) while much of the
dissipation acts on odd moments of the distribution
function, steady-state energy balance demands a net
free-energy transfer from even to odd moments. For
fluctuations at frequency scales comparable to the
ion transit frequency, this transfer mostly occurs
via the ion parallel acceleration, implying a positive
correlation between the parallel electric field and
parallel ion flow. SECOND ROLE: Now consider
the contribution of the electric field to the toroidal
angular momentum equation. Conservation of toroidal
angular momentum implies that this self-generated
electric field may not cause a net toroidal acceleration
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Figure 1. Poloidal cross-section of low-frequency axisymmetric
fluctuations, indicating direction of increasing major radius
R and vertical position z. Darker shading shows larger 7,
proportional to ¢ by the low-k, electron adiabatic response.

With time, ions flow along the magnetic field out of the dense

region, corresponding to counter-current toroidal flow (red, uﬁ“

toward decreasing 6 and co-current (blue, uﬁo) toward increasing
6. The poloidal variation of ¢ also causes an E x B flow vy that
is radially inward for the counter-current ion flux and outward
for the co-current flux. Reversing the toroidal magnetic field
switches the poloidal direction of counter- and co-current flow as
well as the sign of vg, leaving the momentum flux unchanged.
The poloidal orientation of the density perturbation has no effect
on the sign or magnitude of this momentum flux.

of the plasma. However, the slow poloidal variation of
é may cause a weak radial E x B drift, transporting
angular momentum inwards or outwards. The positive
correlation of parallel electric field and ion parallel
flows, due to steady-state free energy balance, implies
a positive correlation of co-current toroidal flow and
outward E x B drift, as sketched in Fig. 1. This
is the fundamental symmetry-breaking mechanism
underlying the spin-up discussed in this article.

As one example, such a momentum flux is caused
by ion Landau damping of GAMs, as derived in
Ref. [23]: First, turbulent Reynolds stress excites
a poloidal E x B flow. Due to poloidal variation
of B, this flow has a divergence that leads to an
up/down density asymmetry, as sketched in Fig. 1.
The resulting parallel electric field (due to electron
adiabatic response) and ion pressure gradient drive
parallel ion flows. When the GAM is ion Landau
damped, there is net energy transfer from the
fluctuating potential to the parallel ion flows, which
implies a positive correlation of the poloidal electric
field with the poloidal ion flow. This same poloidal
electric field causes a weak radial E x B drift, which is
also correlated with ion parallel flow. Due to the pitch
of the magnetic field, the parallel ion flow corresponds
to co- (counter-)current toroidal flow where the E x B
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drift points radially outward (inward), which causes
counter-current rotation peaking. Interestingly, it is
the poloidal flows driven by the Reynolds stress that
lead to the density fluctuations and the ion Landau
damping, which then as a byproduct result in the
nondiffusive transport of toroidal momentum. For
strongly ion-Landau-damped GAMs, this mechanism
should drive intrinsic toroidal ion thermal Mach
numbers of order (p;/r). Even stronger spin-up may
occur due to ion Landau damping of nonaxisymmetric
turbulent fluctuations. In this article, we investigate
both the axisymmetric and nonaxisymmetric flow
drive, using a conservative gyrokinetic formulation.

The rest of the article is organized as follows: In
Sec. 2, we will present the gyrokinetic models under-
lying our analysis, both a momentum- and energy-
conserving full-F formulation (Sec. 2.1, with detailed
derivations deferred to Appendix A and Appendix
B) and a free-energy-conserving delta-f formulation
(Secs. 2.2 and 2.3). In Sec. 3 we discuss restric-
tions on the lowest-order residual stress in our delta- f
model, assuming up-down symmetric magnetic geome-
try. Sec. 4 derives the momentum flux contribution due
to a geometrically subdominant portion of the E x B
drift, then demonstrates that it is not only allowed
to cause residual stress, but in fact required to do so
by free-energy balance whenever ¢ excites ion parallel
flows. Sec. 5 discusses the results, and Sec. 6 summa-
rizes our conclusions.

2. Gyrokinetic Models and Conservation
Properties

Analysis will rest on a self-consistent, conservative
electromagnetic gyrokinetic formulation derived using
Lagrangian field theory, following Refs. [24] and [25].
To allow multiple viewpoints on the physics, we will
employ both a radially global full-F' formulation and
a radially local delta-f formulation. These models
and their basic conservation properties are respectively
presented in Secs. 2.1 and 2.2, with an even/odd delta-
f decomposition given in Sec. 2.3. For a simpler but
roughly equivalent isothermal gyrofluid formulation,
see Ref. [23].

2.1. Full-F, radially global

In the full-F model, derived in Appendix A, we evolve
the full gyrokinetic distribution function Fy for each
species s in a radially global geometry. For pedagogical
reasons, we use a symplectic representation, with
magnetic fluctuations captured by the contribution
of the fluctuating parallel component of the vector
potential A to the generalized A* = A +
(JoAy + ﬁmsv”)i), with V x A = B the equilibrium
magnetic field, Jy the gyroaveraging operator [assumed
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to be independent of v, ¢, and simple toroidal angle
¢, and to be self-adjoint under volume integration],
b= B /B the equilibrium magnetic direction, e the
(positive) fundamental charge, and Z and m, the
species charge state (-1 for electrons) and mass.

The gyrocenter position R and parallel velocity v
evolve according to

* T c 2 *
with B* = V x A* and Bf = b- B*. The

I
Hamiltonian H is decomposed by powers of the

electrostatic potential ¢: H = Hy + H; + H, with
Hy = %msvﬁ + uB, H = ZeJyp, and polarization
contribution H, = —%a,t[.fo(qﬁ) — (Jo9)?]. The
magnetic moment is conserved: = 0.

The distribution function F, (R, v, 4

O((B[F.) + V- (BiF.R) + 0, (B[Fst)) =0.  (3)

i, t) evolves as

The time-dependent Liouville theorem,?

Oy [TJFV (BH )+3v ( \Ti}H):O’ (4)
allows us to use an equivalent advection form:
diFy = 0, Fy + R - VF, + 00y, Fs = 0. (5)

The field equations, self-consistently determined from
the same Lagrangian, are the quasineutrality relation

for ¢,

B

Z/dW[Z&]o(BH ) +Jo(BjMJod)—¢Jo (B[ M)|=0,(6)

Il
with polarizability
22 2

BBl’“

and a gyroklnetic Ampere’s Law,

Z / —ZeJo(Bjfv| Fy), (8)

with > . the sum over species, Vf_ the divergence
of the perpendicular gradient V,, and [dW =
(2m/ms) [ dp [0, dyy Bj indicating integration over
velocity space. With this definition, [ dW/Bl’"‘
commutes with spatial differentiation and integration
and annihilates velocity-space derivatives. We
indicate real-space volume integration with [dV and
integration over all of phase space with [dA =
JdV [dW. Using the enclosed volume V as a
flux surface label and denoting an integral over the
volume inside the corresponding flux surface with
Jiy AV, we may define the flux surface average (---) =
v [, dV >, [dW for kinetic functions like F, and

Vidj=

1 Note that v)| is an independent variable in this formulation,
so for example VUH =0 and 6“” VH =0.
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(-+-) = 0y [, dV for purely spatial functions like ¢
18, 26].

The gyrokinetic system of equations [Egs. (1)—(3)
and (6)—(8)] conserve a total energy (>, Us) + Uy + Uy,
With thermal energies Us = [dA HyF,, E x B energy

= 3, [dAiM J0(¢2) (Jo9)?], and magnetic
ﬂuctuatlon energy U, = f dv |V LA”| Assuming
boundary terms to vamsh the separate components
evolve as?

. Z
O Us = —/dA F, [R-V(Hl + Hy,) + TevuatJOAH}v (9)

o, =Y [AARR-V(H + 1)), (10)

Ze

Oy = zsj/dAFs 00 Jo A, (11)
showing particle-field energy exchange due to flow up
and down the electrostatic potential energy (Hi + H,)
and the inductive parallel electric field —%(%JOAH.
Due to the symplectic formulation used here, toroidal
angular momentum conservation takes a slightly
different form than in Ref. [18] (see Appendix B):

O (Fs(msvy + ZeJoAj/c)b,) — 0 (P -V A) Jc
= -0y <F9 msv)| + ZEJ(]A”/C)Z)LPR : VV>
—(Fu0, (H — ZevjJoAj /c)), (12)

in which b, = b- R?Vyp, A, = A - R*Vyp, and
d, = [(R*V) - V], for simple toroidal angle ¢ and
major radius R. The terms on the LHS respectively
show the forms for the parallel and E x B contributions
to the toroidal angular momentum, the latter expressed
in terms of the polarization vector P, defined by
Eq. (B.5). The terms on the RHS give the divergence
of the radial fluxes of the parallel and E x B portions?
of the toroidal angular momentum. Appendix B
also demonstrates that the final term is indeed the
divergence of a radial flux.

As derived in Appendix A, one may simplify
the above formulation by linearizing the polarization
contribution. To do this, one need only simplify
the Hamiltonian to Hy + H; (i.e. neglect H,) and
make the substitution M — M, in Eq. (6),
where M,, is defined in Eq. (A.11). The simplified
system still conserves energy as in Egs. (9)—(11) with
the substitutions (Hy + Hp,) — H; in Egs. (9)
and (10) and M — M, in the definition of Us.
The simplified system also still conserves toroidal

2 Act on Eq. (3) with [ (dA/B})Ho, on Eq. (6) with [ av o,
and on Eq. (8) with —(47)~! de (0t A)). Use the facts that Jo

is independent of ¢ and v, that Jo is self-adjoint under de,
and that Jp becomes the identity at x = 0. For Ug, separate
the terms 8:Us and Zsf(dA/Bﬁ)(Hl + Hp)dy(Bjf Fs), then
substitute for Gt(BlTFS) using Eq. (3).

3 The two portions of the final term correspond to Reynolds and

Maxwell stresses, respectively.
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angular momentum as in Eq. (12), interpreted with
the simplified Hamiltonian. We will use linearized
polarization for the derivation of the delta-f model in
Sec. 2.2.

2.2. Delta-f, radially local

Since the literature contains multiple distinct defini-
tions for the delta-f model, we begin this section by
clarifying the approximations going into our delta-f
formulation for this article. Our approach closely fol-
lows Ref. [25], but is not identical.* We will decompose
the total distribution function as Fy = F§,, + fs, with
static, spatially slowly varying background portion F,,
and time-dependent, small-amplitude portion f;. We
consider small-scale, anisotropic turbulence, with par-
allel wavelengths on the macroscopic scale (k| ~ 1/qR)
but characteristic perpendicular wavenumbers k| sat-
isfying p; < k7' < L1 S R for ps = vy5/|Q| the
species (thermal) gyroradius, vy, = (Tso/ms)*/? the
species thermal speed, Q. the (signed) species gyrofre-
quency, and L, the length scale of profile gradients.
The fluctuating distribution function is mixing-length-
ordered (k fs ~ Fsy /L)) and the magnetic fluctua-
tions are taken small (k1 A)/B < 1). We will cast
the equation in a radially local geometry, neglecting
radial variation of background parameters outside of
explicit gradient terms (~the ’constant-F,,, constant-
grad-F,,” approximation). Due to careful construc-
tion of the local geometry, we will be able to straight-
forwardly demonstrate the conservation of a ’free en-
ergy,” quadratic in the fluctuations and related to en-
tropy, that measures the amplitude of the turbulence
and exposes transfer mechanisms between f,, ¢, and
Aj. Higher-order corrections to fs are not necessary
here, since the leading-order fluctuations will uniquely
determine the contribution of our residual-stress mech-
anism.

We begin with the linearized-polarization version
of Eq. (5), multiplied by Bl’“. Expanding Fiy — Fsy+ fs
and discarding several unambiguously small terms, we
obtain
B-VH

C 7 *
B@tfs—F(ZbXVH-F’UHB )V (Fsu+fs) —Tsav” fs
=m, ' (B*VH+B(Ze/c)dyJoA)) Oy, Forr, (13)
in which H = Hg + Hi. We assume

a nonrotating Maxwellian background Fs,, =
n50(27rT80/m5)_3/2 exp(—Ho/Tso), in which the back-
ground density ngo and (isotropic) temperature Ty are
flux functions. Since spatial derivatives are taken at
constant pu, the gradient of F§,, decomposes as VFy,, =
(Ov|BFsr)VV+(08|v Fsar ) VB, where (Oy F,,) brings

4 In particular, Ref. [25] incorporated the profile gradients via
boundary conditions on fs, but in this work we will capture them
in explicit volumetric terms.
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in the profile gradients and (0 F,,) yields the zeroth-
order relation m v (9pFsn)VDB (81)” F,)VHy,
which we use repeatedly in this section.

Under our assumptions and taking the background
to be charge neutral (), Zensy = 0), the linearized-
polarization Poisson equation and the Ampere’s Law
simplify to®:©

0= Z/dW [Z6J0f5+(Z2€2/TSO)FsM(Jg_1>¢] ’ (14)

E (15)

4
VA = -2 Z/dW ZevyJo fs,

in which the velocity-space integral is simplified to its
delta-f form [dW = (2rB/my) [ du [ dvy.

Now we must construct the simplified geometry,
starting with local coordinates that expose the
symmetry properties of this delta-f system. We begin
with unit-Jacobian Hamada coordinates: enclosed
volume (flux label) V' and unit-periodic poloidal
(#) and toroidal (¢) angles, defined such that the
contravariant components of B are flux functions,
B =B-V0=B%V)and B¢ = B-V({=B(V) [26,
27, 28]. Both V and 6 are axisymmetric, while ¢ equals
an axisymmetric function plus ¢/27. The safety factor
q = B¢/BY is a flux function and the spatial Jacobian is
unity, (VV x V6-V()~! = 1. Next, we define the field-
aligned coordinates ¢ = 6 and £ = ( — ¢, which retain
the unit Jacobian (VV x VJ - V&)™t = 1 and satisfy
B = BV¢ x VV, so that B -V = B%y|ye. Since
V and ¢ are both axisymmetric, differentiating with
respect to § brings in only toroidal variation, O¢|v,y =
21 R*V -V, so the ¢ partial vanishes for axisymmetric
quantities. Finally, we scale with reference values
to obtain local, length-dimensioned coordinates: = =
V-=W)/V',y = =¢V'/L), and s = JL, which
satisfy (Vo x Vy-Vs)~! = 1. The reference constants
[connection length L = By/B’ ~ 2mqR, field strength
By, enclosed volume Vj, and surface area V'] are all
evaluated at a reference surface. Since 0; «x B -V,
variation in s is weak even for turbulent quantities,
05 = (0:9)39 ~ (Ly')(Bky/B’) ~ kj ~ 1/qR. The
other derivatives capture perpendicular variation, with
Oz, Oy ~ k1 for turbulent/nonaxisymmetric quantities.
[The combination V'/L; ~ (27r2wR)/2mqR ~
2nR(B,/Br), for B, and Br the poloidal and toroidal
magnetic field strength, compensates for the fact

5 Note that the electromagnetic correction to Bi‘ is two orders

smaller than B, since B-V(JOA”)Xl; = 0. Also, (1—Jo) ~ p2/L?
is a second-order correction when it acts on slowly varying
quantities, due to the low-k expansion Jp ~ 1+ ipﬁVi. Note
also that (B‘TM ) is axisymmetric and slowly varying in space.
6 For the Ampeére’'s Law, we have removed the time-
independent, axisymmetric current due to (B‘TM — B)Fsn. The
corresponding magnetic field is incorporated into the external
magnetic field, shifting it with finite-3 adjustments relative to
the external field used in the full-F' formulation.
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that 9, o« Ve - V is nearly aligned with B -V,
leading to the simple ordering 0, = (—L)/V')0¢|v,9 =
(—LH/V/)Q’]TszgD -V ~ (B/2rRBy)2rR(k, B,/B) =
ky.] Although By, Vo, and V' are all positive, the
constant L has the sign of B, implying that the
poloidal coordinate s is oriented such that B - Vs > 0.

Next, we evaluate our operators in the radially
local geometry, assuming a radial domain width A
much smaller than the profile gradient length L.
The (linear) parallel gradient exactly satisfies BV =
B-V = By0,, with B the local magnetic field strength.
Neglecting corrections of order 1/k;r and using the
Clebsch form B = ByVx x Vy, nonlinear E x B
advection simplifies to

cb B

SXV(Jog)V fs= V<Jo¢>xvfszBio{Jows},(lﬁ)

with the Poisson bracket defined e.g. as
{Jo¢, fs} = (0:J0¢)(0y fs) = (0yJod) (0r f)- (17)

The magnetic flutter takes an analogous Poisson
bracket form, for example B~'vV x (JOAHB) Vs =
7Bil’UHi)><V(J0AH)~VfS ~ *Bo_lrUH{JOAH;fs}- Again
neglecting O(1/k,r) corrections, the perpendicular
Laplacian simplifies to V2 =~ ¢"%92 + 29”8% +
gyy82 for g** = |Vx|?, g"¥ = Vz - Vy, and g¥¥ =
|Vy|?. We make the low-3 approximation (V x b), ~
b x V1n B, after which the contributions of magnetic
inhomogeneity [neglecting O(1/kyr) corrections] may
be expressed in terms of a curvature operator K(-) =
K?9, +KY0,, with K* = —2bx VIn B-Va and KY =
,%i) x VIn B - Vy. Our geometry is then captured
by six spatial functions: B, K%, KY, ¢**, ¢®Y, and
g¥¥. By axisymmetry of the geometry, these functions
are (exactly) independent of y. Since we assume a
narrow radial box width (A <« L, R), we may neglect
their radial (x) variation as well, so each of the six
functions are taken to depend on s alone. Further,
after expanding VFs, = F.,,Va + (—uFsy/Ts0)VB
for F!,, = 0| Fsum, we neglect radial (z) variation of
Fou and F!,,, corrections of order A/L .

7 Note first that (V x b), agrees with the standard form

appearing in the curvature drift. Since b-b=11isa constant,
one may infer (b- V)b = —b x (V x b), thus

bx[(b- V)b =—-bx[bx (Vxb]=(Vxb),.
Now, expand (V x IA)) using Ampere’s Law:
Vxb=Vx(B/B)=bxVInB+ B !(4r/c)j.

To compare the magnitudes of the perpendicular portions, take
the ratio of —bx the two terms and use leading-order force
balance %j X B ~ Vp:

—b x (47/cB)j
—bx (bx VInB)

_ (4n/B*)Vp
Vi.InB

47p R 1 R

~mr 2o
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With these approximations, Eq. (13) simplifies to
the explicit form?®

Oufs + —T” Fodi oAy + 5 {Jowe, ha} + vy V) hs

i(NVHB)&J” hs — (msv” + uB)K (hs)

1
27e

= 9y (Jorpe)+ (MB“‘msvH)Kx Fios

B

in which the nonadlabatlc distribution function A, and
gyrokinetic potential 1. are defined as

hs = fs + (FSM/’TS())ZGJ()QZS, (19)
PYe = ¢ — ’UHAH/C. (20)
The Poisson equation and Ampeére’s Law are formally
unchanged from Eqs. (14) and (15), but are evaluated
in the simplified geometry, that is, with the simplified
form for V2 and taking Fj,, and Jy to depend spatially

only on s. We may integrate J& over the Maxwellian
in Eq. (14) to get the equivalent

Z/dWZeJofs ZnsoZ2 21— FOS¢>

in which the mod1ﬁed Bessel operator I'gs takes the
Fourier-space form Ios (k2 p?) = exp(—k? p?)Io(k? p?).°
Egs. (14) [or (21)], (15), and (18) constitute our delta- f
gyrokinetic model.

The boundary conditions in y and s follow directly
from toroidal and poloidal periodicity [28]. In the
original Hamada coordinates, toroidal and poloidal
periodicity are fo(V,0,( = 1/2) = fs(V,0,{ = —1/2)
and fs(‘/ve = 1/27<) = fs(‘/ve = _1/274)7 where
we centered the domain on § = 0 and ( = 0
for definiteness. In the field-aligned coordinates,
advancing £ by one (at fixed V' and 9) is equivalent
to advancing ¢ by one (at fixed V and 0), so we
maintain simple periodicity in & fo(V,9,§ = 1/2)
= fs(V,9,6 = —1/2). However, advancing 6 by one

8 ITn Eq. (18), we have also simplified with the zeroth-order
relation mSvH((')BFsM)VB = ((%H Fsn )V Hy (first dotted with
B*, then later again, dotted with HjB), the antisymmetry of
the Poisson bracket, and the fact that Fsys is independent of =
and y.

9 For example, one may integrate the operator’s series
expansion, term by term. The Bessel operator JO takes the
Fourier-space form Jo(k, p), where p? = 2uB/msQ2,. Mapping
k2 — V2 , we may use the Taylor expansion of J2 to define
the operator as a series, J2 = ZZO[(26)!/(@!)4](p2/4)eVié. We
may then use the fact that de uerM = nso(ﬂ)(Tso/B)é to
integrate term by term:

B
/dWFsMJO¢> Z e')4 S )e(/dWste>v2f¢
- (20)
“no3 G
=0

in which we recognized the series expansion of FOS(kLpS) =

D io[201/(€)?1(p2/2)" V.

(18)

(21)

){V24% = nsolos o,

v \
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at fixed ¢ corresponds to advancing ¥ by one while
decrementing & by ¢, so fo(V,¥ = 1/2,€ — q/2) =
fs(V,9 = —1/2,€ 4 q/2). Due to periodicity in &, only
the nonintegral portion of the shift (¢) is significant.
For a radially thin layer, we may linearize the radial
variation of ¢ but, since ¢ is generally nonintegral, we
must allow a nontrivial shift in £ when one applies
the poloidal periodicity constraint, even at the radial
center of the domain.

Our parallel boundary conditions may be simpli-
fied in the fluxtube limit, for the following reason: To
thin the number of modes retained on a given sur-
face, we enforce periodicity in £ at 1/n for some in-
teger n > 1. When we do this, the poloidal periodicity
becomes simple (unshifted) whenever ng is an integer.
The fluxtube limit refers to the case n > 1, which al-
lows us to assume (without further loss of generality)
that we center our domain on a surface where ng is
rational. In this case, we obtain the standard fluxtube
parallel boundary conditions, with the shift in paral-
lel boundary conditions following only from magnetic
shear, linear (thus odd) in = about the center of the
domain.

Our delta-f system of equations [Egs. (15),
(18), and (21)] nonlinearly conserve a free energy
(> Uss) + Usw + Usar, with thermal free energies
Uss = [dATyf%/2F;,, E x B free energy Usp, =
1 [AVY, n0Z2e*[¢(1 — Los)p]/Ts0,'° and magnetic
energy Uy, = [dV |V LA ?/87. Assuming boundary
terms to wvanish, which requires an appropriate
choice of radial boundary conditions, the separate

10Note that 1 — I'gs is a positive operator.

components evolve as!+12

{Jo4, JO¢})

D Jo A
O0:Uss=[dA f —ZEU” (7+VHJ0¢ —
c BO

/

1 2 c sM
45+ uB)K (Jod)+ a0, (Jorve 2] (22)

8tU;E:Z/dA fs [Zevu (Vydod — By ' {JoAy, Jod})

— 0.5(my0f + uB)K (J0¢)}, (23)

O Uspy=c* Z/dA Zev| fsOrJoAj. (24)

Similarly to the full-F' energy equations (9) and (10),
the delta-f energies Uss; and Usp may be seen to
exchange energy based on the flow of plasma up or
down V Hy, while Uss and Us,, exchange energy due to
flow with or against the inductive parallel electric field.

T Act on Eq. (18) with fdA (Tsofs/Fsm), on Eq. (21) with
de @0 [using Eq. (18) to substitute for 0:;fs], and on
Eq. (15) with 7(477)71de(87514”). Use the facts that [for
arbitrary spatial functions f1 and f2, and assuming compatible
radial boundary conditions]: geometric factors depend only
on s; Fsy and F!,, depend only on s (via B), v, and
p, and are even in vj; {-,-} and K do not differentiate
with respect to s; fdxfdy{fl,fg} = fdxfdle(fl) =
0; [dWV| = [(dW/B)Byds, where [dW/B is spatially
constant, annihilates velocity-space derivatives, and commutes
with spatial derivatives and integration; Vi is self-adjoint under
f dx f dy, thus so are Jy and I'gs (whose spatial coefficients
depend only on s); Jo and I'gs are independent of time and v||3
msvHvHFSAI = (MVHB)&,” F51\/1.

2The K®F!,, term in the last row of Eq. (18) does mnot
contribute to Egs. (22) or (23) for the following reason: Only the
z- and y-averaged portions of fs or ¢ (respectively) can make a
nonvanishing contribution. These evolve according to the z- and
y-averaged Egs. (18) and (21), written here with an overline to
indicate the zy-average:

Oufs + (Ze/e) (v /Tso) Fsn O Ay + 0V fo —mi (V) B)Ou, fs
+ ('UHFSM/Tso)ZeVHg = (223)_1(#B + msvﬁ)ICsz/M,

Z/dWZeﬁ:o.

This is a linear system, with no direct coupling to other modes.
We therefore assume that finite-frequency modes have damped
away, and solve for the steady-state solution. Considering first
the odd-in-v| portion of the steady-state equation (to which
the even-in-v K*F],, does not contribute), we find an even-
in-v) fs with a nonvanishing gyrocenter density perturbation
that is signed with —Zed, implying by the quasineutrality
condition that ¢ and the even-in-v| fs must vanish. The
even-in-v|| portion of the equation contains the response to the

(inhomogeneous) K*F!,, term, for which the steady-state s is
odd in v)|, automatically satisfying the Poisson equation. Since

#=0and fs is odd in ||, the contributions of the K*F{,, term
to Egs. (22) and (23) vanish. [Collisional dissipation would allow
a nonvanishing but small contribution of this term, proportional
to the weak neoclassical heat flux, which we neglect relative to
the turbulent one.]
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2.8. Even/odd decomposition

In the delta-f free energy equations [Eqgs. (22)—(24)],
the dominant sources are even in v, while many of
the dissipation channels are odd in v). For this reason,
the flow of energy in phase space may be clarified with
the decomposition f, = f¢v + f°4, splitting apart the

even f5V(v)) = [fs(v)) + fs(—v))]/2 and odd f4(v)) =
[fs(v)) — fs(—vy)]/2 portions.'® Taking the even and
odd portions of Eq. (18) yields the evolution equations:

o fs + (C/Bo){Jo¢7fev}—(msvﬁJruB) (he¥)/2Ze
+oy V) £ =By oy { Jo Ay, £} —my WllB)avuf
= [(¢/Bo)dy(Jo®) + (uB+msvf)K* /2Ze]F,,,  (25)
Oufd + (Zevy [cTuo) FansOrJo A + C/Bo {Joo, 121}
+oVheY =By oy {Jo Ay, B} —m (i B8y hYY
—(msvf +pB)K(f3)/2Ze=—By o  FL,, 0, (Jo Ay (26)

in which hSY = f& 4 (Fsn/Ts0)ZeJop. The field
equations are nearly unchanged:

1-T
2 2 Os _ ev
ES nsoZ2e TS(J¢— §Sj/dWZeJOfs ,

4
vid=-— Z/dW Zev) Jo f2°.

(27)

(28)

Using Egs. (25)—(28), we can again derive free
energy conservatlon laws, decomposing Uss = UsY”
Ued for Uy = fdATSO (f&V)?/2F,,, and US i
f dATsO(fSOd)2/2FsM:

1
Ot =[N | £ mc? + WK ()

s o ev 1 ev VB

o sd[vn(vufs g oy J5) =0, 1
T <Jo¢>>ff”f} (20)
8tU5‘§d:/ dA[_Ze”uf . {LJOA“ V) (Jo¢)—{JOAE|;,OJO¢}}

T,
g2 oy (V2= g oy, £ av,lf d
—fé)dU”Tso 8(JOAH)F } (30)
utso=3 / A [~ (maaf + uB) £ K (o)
+Zev) £V (Jo0) = By { A Jol]], (3)
O Usn= %Z / dA Zev) f210, Do A, (32)

The free energy sources and transfer pathways of
Egs. (29)-(32) are sketched in Fig. 2.  Although

13 Here and throughout the section, we will often suppress the
dependencies other than v, since they are left unchanged when
we take the even and odd (in v||) portions of fs.

O(fevl'zF/

M

O(fe‘/ L‘F/

eM

oYK (o) oK (Jod)

o<l Vi (Jod) < f2opV ) (Jod)

od
U

O(fodvnatJoAH O(JZOdUHatJoA”

fo;()dv‘lbIE'\,I C)(de'UHbT

Figure 2. Free-energy flow in Egs. (29)-(32), arrow heads
indicating typical direction of energy transfer. Thick green
arrows indicate the terms that dominate the energy flows in the
low-frequency, low-k | scenario of Sec. 4.2. The transfer terms o
f;’dvn V| f$Y refer to the entire second rows of Egs. (29) and (30).
Contravariant component notation is used for v = vy - Vz
and the fluctuating magnetic direction b* = Bo_lay(JoA“). The
parallel gradient terms here also intend the nonlinear parallel
gradients.

O(j;OdUHva;CV o(f;odU”V”f;ev

eM

Egs. (29) and (30) sum to Eq. (22), the split Uss —
Uy + Ué‘;d will help elucidate the free energy transfer
that drives a symmetry-breaking momentum flux.

3. Symmetry

If one assumes an up-down symmetric magnetic
geometry, no background toroidal rotation or ro-
tation shear, and no background E x B shear,
then the lowest-order fluxtube delta-f equations sat-
isfy a symmetry that annihilates the statistically
averaged leading-order radial flux of toroidal an-
gular momentum [16]. In specific, if the func-
tions fs(xa Y, 8,0, Ky t)a (b(xa Y, S, t)v and AH (.’E, Y, S,t)
jointly solve the nonlinear gyrokinetic system, then
so do the functions —fi(—z,+y,—s, —vH,—l—,u,—i—t),
—¢(—x,+y, —s,+t), and Aj(—z,+y, —s,+t). How-
ever, the leading-order radial flux of toroidal angular
momentum changes sign under this transform. Since
the two solutions should occur with equal probabil-
ity, one concludes that the radial flux of toroidal an-
gular momentum must vanish in the statistical aver-
age. In this section, we will verify that our Egs. (18),
(21), and (15) satisfy the above symmetry, show that
our leading-order momentum flux is odd under the
transform, briefly discuss the role of neoclassical flows
in symmetry breaking, and identify a “skew-ness” in
the symmetry transform that will lead to our residual
stress in Sec. 4.
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For an up-down symmetric magnetic geome-
try, our geometric coefficients are straightforwardly
found!* to satisfy B(—s) = B(s), K*(—s) = —K*(s),
K¥(—s5) = K¥(s), g75(=s) = go(s), g"¥(—s) =
—g™¥(s), and g¥¥(—s) = g¢¥¥(s). Since V2 vanishes
for all equilibrium quantities (which depend only on s
in the radially local geometry), it is easily verified that
Vﬁ_ is invariant under the transformation, which in-
verts the sign of 9, but not of d,. The equilibrium dis-
tribution Fy,, and its gradient F!,, are also both invari-
ant under the transform, since both are independent of
x and are even in v and s. Invariance of V2, Fsu, and
B under the transform jointly imply that the Bessel op-
erators Jy and I'gs are also invariant. Substitution of
the transformed functions into Egs. (18), (21), and (15)
then reproduces the original equations,'® which im-
plies (assuming compatible boundary conditions)
that for every solution [fs(x,y, s, v, u,t), é(z,y,s,t),
Aj(z,y,s,t)], the corresponding transformed functions
[_fs(_ir? +y, =S, —Y5 + 4, +t)7 —¢(—{E7 +y, —s, +t)7
Aj(=x,+y, —s, +1)] also constitute a solution.

Compatibility of boundary conditions is not a triv-
ial requirement, and is generally satisfied only if one
makes the (fluxtube) approximation of toroidal peri-
odicity at & = 1/n for integer n > 1: Recall that
the true (full flux-surface) poloidal (s) boundary con-
ditions are shifted-periodic fs(z, 9 =1/2,£—q(x)/2) =
fs(x, 9 = —1/2,€ + q(x)/2), where only the nonin-
tegral part of ¢ is significant (due to perodicity in
€). If we truncate our toroidal domain at & = 1/n
for integer n > 1, these boundary conditions remain
formally unchanged, but now only the nonintegral
part of (ng) is significant. If we apply the symme-
try transform (x — —z, ¢ = —9, £ = +&) to some
function, the transformed function would satisfy the
boundary conditions fs(—z,9 = —1/2,& — q(x)/2)
= fo(—z,9 = 1/2,¢6 4+ q(x)/2), equivalently
written as fs(z,9 = 1/2,& + q(-x)/2) =
fs(@x, 9 = —=1/2,¢ — q(—x)/2). These transformed
boundary conditions are equivalent to the actual ones
only if the shift ¢(x) is odd in z, an assumption that
we can only make if we take the n > 1 limit, as we
discussed towards the end of Sec. 2.2. For this reason,
only the fluxtube limit (not simply radial locality) is
enough to imply the validity of this symmetry argu-
ment.

Assuming compatible boundary conditions, it
remains to be shown that our leading-order mo-
mentum flux changes sign under the symmetry

14The Hamada angle ¢ is equal to /27 plus an axisymmetric
function. For an up-down symmetric magnetic geometry, this
axisymmetric function may be chosen odd in 6.

15 As one approach, evaluate the equations for the transformed
functions at the point (—z,+y, —s, —v||, +u, +t), then express
everything in terms of the original functions and the geometric
coefficients all evaluated at the point (z,y, s, v, i, ).

transform. Decomposing Fy — fs + Fsy in
Eq. (12) and using the leading-order fluxtube ap-
proximations to the characteristics (R - Vz) —
[—(c/Bo)ay(Jowe)—(msvﬁ—&—uB)lC””ﬂZe] [c.f. Eq. (16)
and following], we obtain the leading-order flux-
surface-averaged contravariant x-component of the
flux of parallel toroidal angular momentum as
—(fumvybol(e/ Bo)y (Jotbe) + (myu? + uB)K= [2Ze])
- <F5MZ6(J0AH)bs(,Bo_lay(Jo(b)).lﬁ Evaluating this
momentum flux with the transformed solution changes
its sign, implying that it should vanish in the aver-
age for solutions determined with our delta-f system
of equations.!” Interestingly, the (local) divergence of
this radial momentum flux is invariant under the trans-
form, since 9, — —0;. The invariance of this (phys-
ically insignificant) local divergence does not contra-
dict the general argument, since the averaged radial
flux divergence is zero, due to the statistical radial ho-
mogeneity that follows from radial locality.!® In fact,
one may conclude that the radial momentum trans-
port due to the leading-order Reynolds and Maxwell
stress must vanish in the average because its diver-
gence [(Zefs0,(Jotbe))] is invariant under the trans-
form,'® which takes + — —z, so the undifferentiated
radial fluxes must flip sign.2°

16 Note that the nonlinear contribution of the fluctuating elec-

tromagnetic parallel toroidal angular momentum is subdominant
to the mechanical one, by

fs(Ze/e) Do A ZeA| kB 1 kiA)
fsmsy) kips B

cmsvis k| B <L
The Fy MAH term that we retain is formally of the same order
as the mechanical parallel momentum term, but note that only
FLR-correction portions of the FsMA” term survive, due to
leading-order charge neutrality.

I7If we consider a “local flux-surface average” [taking (---) —
vnhH-1 fdsfdy in the local variables| then, strictly speaking,
this argument only shows that the statistical average of the flux-
surface-averaged momentum flux terms must be odd in z, thus
that its x integral must vanish. [Specific boundary conditions
in x may allow stronger conclusions. For example, periodic
boundary conditions in z should make the system translation-
invariant in z, allowing us to conclude that the momentum flux
terms vanish separately at each flux surface (in the statistical
average).] However, recalling that our delta-f model is radially
local, it is actually the full domain integral of the delta-f result
that corresponds to the flux-surface average in the global model.
18 Statistical radial homogeneity within the flux tube only
strictly holds if suitable boundary conditions in z are chosen
(e.g. periodic). However, radial variation within the flux tube
(including a nonvanishing momentum flux divergence within
the local domain) is not physically meaningful, resulting purely
from the (artificial) local radial boundary conditions. The
divergence of the radial momentum flux in Eq. (12) should be
interpreted using the difference between the domain-integrated
local momentum flux in two radially nearby local domains.

19 Simple toroidal derivatives 0, are proportional to dy, thus are
invariant under the transform.

20The logic in the main text is not quite complete, since
a momentum flux divergence that is statistically even in x
may arise from a momentum flux that includes a (nonzero)

term that is statistically constant in . However, this
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As an interesting aside: Eq. (18) retains the curva-
ture drift acting on the background Maxwellian, thus
includes the first-order neoclassical flows. These are
solved for together with the turbulent fluctuations, so
the resulting turbulent flux includes corresponding ef-
fects of the neoclassical disturbance to the background
Maxwellian. Despite this fact, the leading-order mo-
mentum flux is constrained by the symmetry argu-
ment to vanish. This suggests that the neoclassical
flows alone are not able to give rise to nonvanishing
turbulent residual stress, in an otherwise leading-order
delta-f system. Although Eq. (18) does not explicitly
include collisions, any sensible linear collision opera-
tor will be invariant under the symmetry transform,
leaving this result intact. The introduction of an inho-
mogeneous (but radially constant) neoclassical radial
electrical field will also not disturb the result, since
it would be invariant to the transform, just like the
radial electric field we have retained, —0d,¢. How-
ever, profile curvature, background radial electric field
shear, and higher-order terms like nonlinear parallel
acceleration would violate the leading-order symmetry
and are therefore not prohibited from causing residual
stress, although a self-consistent radially global treat-
ment may expose constraints on their contributions.

Before moving on, we highlight a necessary skew-
ness of the coordinate transformation, which will
lead to the symmetry breaking discussed in the next
section.  As sketched in Fig. 3(a), the covariant
poloidal direction Oy|v,¢R o O;R is aligned with the
(equilibrium) magnetic field, which must happen since
both Vz and Vy are orthogonal to b. This is the

possibility may be ruled out by examining a procedure to
actually derive the undifferentiated momentum flux. By adding
0 = (ZefsOp (e — Ye)) + (Ze(Jofs — Jofs)Opte), rearranging,
integrating by parts as needed in ¢, and using Egs. (21) and (15),
we obtain

—(ZefsDp (Jotbe)) = (Zefs0p(1=Jo)e) + (Yedo (1= o) Zefs)
+ ) (n:0/Te0) 276 (90, (1-T0:)@) + (4m) 7 (40, V2 A))

Each of the Bessel operators (1 — Jp) and (1 — I'gs) may
be cast as an ascending power series in Vi, beginning
with (V2)L Neglecting perpendicular variation of the
(axisymmetric) coefficients of these expansions (by the radially
local orderings), the problem is thus reduced to manipulation
of terms of the analogous forms [fs&pViéwe + weBWViZfS},
[¢8¢V2l£¢], and [AHBQOVZLAH], for £ > 1. Repeated integrations
by parts on the Laplacians allow us to recast each of these terms
as a linear combination of total divergences and total toroidal
partials, the latter of which vanish under the flux surface average.
The total divergences may be recast using the radially local flux-
surface property (V - w) = 0z (w - Vz) (for arbitrary vector w).
The general form of the undifferentiated flux terms (the various
instances of w - V&) shows that all of them flip sign under the
transformation, allowing one to unambiguously conclude that
the leading-order undifferentiated momentum flux corresponding
to (ZefsOp(Jorbe)) is statistically odd in x, thus vanishes under
the domain integral.

10
&gR XX lA)
(a) agRa&R
7485R
P> 4
748£R
d:R
(b) 741%
O:R
O R

— (09 R)

Figure 3. (a) Sketch of the covariant poloidal (9yR) and
binormal (9¢ R) directions. The horizontal direction is toroidal.
Alignment of O¢ R with the toroidal direction is the reason that
O¢lv,9 = (0¢R) - V captures only toroidal variation. (b) Sketch
of the effective transformations of the covariant vectors, showing
that while the parallel gradient b-V o (09 R)-V = Oylv,¢ clearly
changes sign under the transform, the perpendicular gradient
within the flux surface is composed of a linear combination
of (9yR) - V (which changes sign) and (9¢R) - V (which has
unchanged sign). This implies that E| has no definite parity
under the transform, which causes the symmetry breaking that
we derive in Sec. 4.

reason that dy = (JyR) -V is proportional to V,
thus captures only slow spatial variation, allowing us
to order 9y <« k. The covariant binormal direction
O¢lvoR o< Oy R is aligned with the toroidal direction.
This choice means that 0 = (J¢R) - V captures
only toroidal variation and vanishes for axisymmetric
quantities. Simple periodicity in y also follows
directly from the purely toroidal orientation of J:R,
combined with physical toroidal periodicity. All of
these properties were necessary for the construction
of the radially local delta-f system and the resulting
symmetry argument. However, they imply that while
the parallel gradient simply changes sign under the
symmetry transform, the perpendicular gradient (and
therefore the perpendicular electric field) does not
have a definite parity [Fig. 3(b)], a result that follows
directly from the fact that b is not orthogonal to V.
This skewness causes the symmetry breaking that we
will now derive.

4. Symmetry Breaking

In this section, we will discuss the geometry of
the radial E x B drift and the resulting symmetry
breaking in a simple, pictorial way. We will identify
a portion of the E x B drift, small in the delta-f
orderings, that contributes a momentum flux that is
invariant to the symmetry transformation presented
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in Sec. 3. The symmetry argument therefore does
not prevent the solution of our delta-f model from
driving a residual stress via this term. Further,
we will find that the resulting momentum flux term
is proportional to a free-energy transfer term that
appears in the leading-order delta-f formulation of
Secs. 2.2 and 2.3. That free-energy term plays a
definite role in the free-energy balance for low-k,
low-frequency turbulence, which causes it to have
a preferred sign and a nonzero average, even in
fully nonlinear, saturated turbulence. Due to the
correspondence of forms between the momentum flux
and free-energy transfer terms, this symmetry breaking
causes a definitely-signed momentum flux in real space,
in particular transferring co-current momentum in the
radially outward direction, leading to counter-current
toroidal rotation peaking in the core.

4.1. Geometry of the E x B Drift

The symmetry breaking results from a skewness in
the symmetry transform, as we discussed in the
previous section. We will concretely evaluate this
symmetry breaking and the resulting momentum flux
using a simple, geometric formulation.  Although
we will write things in terms of our local flux-tube
coordinates x, y, and s, our analysis rests on only
the few properties that we list now, all of which are
necessary for the construction of the delta-f geometry
and its symmetry properties: Since the geometry is
axisymmetric with good nested flux surfaces, we may
specify radial position with a flux-surface label z,
which is axisymmetric and satisfies b-Va = 0. Poloidal
position is specified by a distended but axisymmetric
poloidal angle label s. The binormal coordinate y
is chosen so that b - Vy = 0, allowing it to label
perpendicular position within the flux surface. These
choices are necessary for our symmetry arguments:
The definition of y allows us to conclude that b-V =
(b-V5)ds 50 Dsuy = (b-Vs)~'b-V captures only slow
variation, a fact that is used in the delta-f orderings.
The choice of an axisymmetric poloidal coordinate s,
combined with the necessarily axisymmetric definition
of z, implies that the partial dy|, s is proportional to a
simple toroidal derivative (¢ - V for ¢ = RV ), since
holding = and s fixed is equivalent to holding R and
vertical position z fixed. This property implies that
that O0yls,s vanishes (exactly) for any axisymmetric
quantity and that toroidal periodicity implies simple
periodicity in y, both facts that we used in deriving the
structure of the radially local geometry (Sec. 2.2) and
the symmetry transform’s constraints on momentum
flux (Sec. 3).

Consider next the contribution of the neglected
portion of the E x B drift in a simple, geometric
way. Defining the radial and poloidal directions & =

11

(Vz)/|Vz| and p = ¢ x &, decompose b = bp@ + b,p.
Since & x b = (¢ — le;)/bp, the radial component of
the E x B drift is

A C 2 o c
c.f. the upper left of Fig. 4. For the momentum flux
[Eq. (12)], we actually need the contravariant radial
component of the E x B drift, which we may write

(¢ — brb) V(Jo9),(33)

aSZl
vy = vy - Vo =vL, + 0%, (34)
for
Vh = =50 (h0)  vh = ph0u(lod),  (35)

in which b, = b-9y|,,«R = —27Rbr L /V' ~ —br /by is
the covariant y component of the magnetic direction.
In either Eq. (33) or (34), the first term is the leading-
order contribution. The symmetry arguments in Sec. 3
demonstrated that the statistically averaged radial flux
of parallel toroidal angular momentum due to this term
must vanish, when calculated with the solution of the
delta-f equations given in Sec. 2.2. The second term
[vE, in Eq. (34)] is smaller than the first term by
ky/(kLby), thus is neglected in Eq. (18). This term
represents neither true parallel physics nor particle
acceleration, rather it simply cancels the parallel
gradient contribution that was incorrectly included in
the first term, leaving the true V (Jo¢), as is needed
for a geometrically exact evaluation of the radial £ x B
drift. The domain-averaged contribution of v%, to
the radial flux of mechanical parallel toroidal angular
momentum is given by Hff) => Hgs) for??

Hffs) = Vp}l /dA fsmsv)byv,
1 =27
-V BV

with V}, the domain volume. Noting that b,(+s) =
bg,(—s) for an up-down symmetric magnetic geometry,
it is readily verified that Hg(fs) is invariant under
the symmetry transform, thus is not restricted from
driving a residual stress. Further, as we will now show,
the connection of this term with the free energy flux
will actually force it to break symmetry and drive
residual stress in parameter regimes where there is
significant energy transfer to ion parallel flows.

/ dA fomav b2V Jog, (36)

21 From Sec. 2.2, recall the Clebsch form B = ByVz x Vy and
the unit Jacobian (Vz x Vy - Vs)~! = 1, which lead to

ve - Vz = (¢/B?)B - [(8yJo¢)Vy + (8sJo$)Vs] x Vz
= —(¢/Bo)dy(Jos) + (¢/B)(8sJod)b - 8y R.

22Note that the global flux-surface averages used in the full-F

Eq. (12) correspond to a full domain average in the radially local
Eq. (36).
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o

Figure 4. Side view of a toroidally asymmetric low-frequency
fluctuation, with darker shading again showing larger 7,
proportional to ¢ by the low-k, electron adiabatic response.
At frequencies < kjvi;, ions flow along b out of the density

hump. The radial E x B drift, proportional to & x b - V(Jog) is
decomposed into a part v%; due to toroidal potential variation

(¢-V¢) and a part v%, due to parallel potential variation (b-V).
Although v%, (not shown) is now nonzero, its leading-order
contribution to the momentum flux vanishes by symmetry. The
correction term v%, breaks the symmetry and brings counter-
(co-)current parallel momentum inwards (outwards).

4.2. Free energy and momentum fluxes

As we have stressed, the symmetry-breaking momen-
tum flux prz ) results simply from the E x B advection
of parallel toroidal angular momentum, with V| (Jo¢)
appearing due to a symmetry-breaking correction v%,
to the leading-order fluxtube approximation for the
E x B drift. Nevertheless, Hgs) has a very similar form

to the domain-averaged term
. [dA dA o
quis = 7/7Z6’U” fSVH J0¢ =— VfZG”U” fS de J0¢, (37)
pl pl

which appears in Egs. (22) and (30) and captures free
energy transfer from the potential (Usg) to parallel
flows (Up29) via electrostatic parallel acceleration. [This
energy transfer is sometimes referred to as “Landau
damping” in kinetic wave calculations. This must
be distinguished from “Landau closure,” which refers
to dissipative terms added to gyrofluid models to
model the kinetic damping of higher moments by phase

mixing.] The integrand in quls is almost directly

proportional to that of Hfazs), which differs only by

a species-dependent constant factor times the b?p =
b2 R? ~ R? weighting, approaching a constant factor
for large aspect ratio. Noting that Hg) is dominated
by the ion contribution Hfi), and assuming either large
aspect ratio or a not-too-strong poloidal variation of
the energy transfer terms, a net free energy transfer
from the potential Usjp into ion parallel flows Ugid,

equivalent to T“i > 0, implies that Hg) will be nonzero

with the sign of BY, equivalent to the sign of the
toroidal plasma current I, corresponding to a radially
outward flux of co-current momentum.
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Why should we expect net energy transfer to
ion parallel flows? The answer follows quite simply
from the structure of the energy equations for the
decomposition of f, into its even-in-v| (“state”)
portion f¢ and odd-in-v; (“flux”) portion fo9, as
derived in Sec. 2.3. The background Maxwellian Fj,,
and its radial gradient F7, are even in vj. For this
reason, the even portion of the free energy (Uy)
contains by far the dominant energy source, resulting
from the E x B heat flux down the profile gradients
JAA f&T0(c/Bo)dy(Jod)(FL,,/Fsn). In contrast, the
odd portion of the free energy (Ug2?) has only the
typically weak source due to magnetic flutter transport
— [ dAfedoy Ty By ' 0y (JoAy)(Fl,,/Fsu). Since much
of the free energy dissipation acts on ) U;‘;d while the
dominant source is in Y Uy, a steady-state energy
balance will require nonvanishing free energy transfer
from > U to Y. U2, Consulting Eqs. (29)—(31)
and Fig. 2, there are only two basic transfer channels
to accomplish this. First, there is a direct transfer
mechanism, related to parallel flow generation by the
parallel pressure gradient, that is given in the equal-
and-opposite second rows of Egs. (29) and (30). These
terms have no counterpart in the fluxes on the RHS
of Eq. (12), thus do not result in a symmetry-breaking
momentum flux. However, there is also an indirect
transfer mechanism, passing energy from Us3" through
Usy, then completing the energy transfer to parallel
flows by electrostatic parallel acceleration Td‘)lS7 which

due to the close relation to Hgs) is indeed capable of

causing momentum flux.

Let’s consider a typical scenario for this second
energy-transfer pathway: Recall first that due to the
electrons’ small mass, their contribution to H((pz) (and
to the toroidal momentum flux in general) is quite
small.?>  So, in order for Hg) to take significant
values, the free energy transfer terms must act to excite
ion parallel flows (T (zlslz # 0). It is very difficult for
this to occur unless there are potential fluctuations at
frequency scales w < kjvs ~ vii/qR, since at higher
frequencies there are very few ions in resonance with
the parallel phase velocity w/kj. We may estimate
turbulent frequencies roughly with the drift frequency
w ~ kipvy/L,, for L, the plasma gradient scale
length, of order the device minor radius a for typical
core turbulence. In that case, we see that our low-
frequency requirement will typically be satisfied only
for low k, fluctuations, k) p; < L) /qR, about k p; <

~

23 Note also that unlike T(L‘s,
Z in HEPQS), so we expect ion and electron contributions to add in

ZS Hgs) for the common case that they approximately cancel

there is no factor of species charge

in ZS T”S. However, the electron contribution is smaller by at

least ~ (me/m;)'/2, so we neglect it.
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|bp| in the core. For the typical tokamak case b, =
B,/B < 1, these k, are low enough that J, ~ 1
and I'ps =~ 1. Further, these frequencies are so low
compared to electron parallel transit that electrons
approximate adiabatic response, fgv ~ eMeé/Teo. In
this case, energy transfer from UgY into UZd via the
second row of Eq. (30) for electrons is approximately
cancelled by transfer from U(;d to Usp via T(!e <0

[in the first row of Eq. (30)].2* The energy is then
transferred from Us, to ion parallel flows Ugd via

quji > 0. This final transfer will result in a radially

outward flux of co-current momentum via Hg ). The
dominant energy pathways for this regime are sketched
with thick green arrows in Fig. 2.

As an alternate viewpoint, note that for approx-
imately adiabatic electrons and kj p; < 1, the Pois-
son equation constrains the ion gyrocenter density to
be 7;/nio ~ e(/g/Teo (although it does not restrict the
fluctuating ion temperature or detailed shape of the
ion distribution function). In this case, density fluc-
tuations may cause a correlation between ion pressure
fluctuations and qz~5, so that the ~parallel ion pressure
acceleration captured by the second row of Eq. (30) will
typically be accompanied by an electrostatic ion paral-
lel acceleration due to quli [in the first row of Eq. (30)],
so that the net nonvanishing energy transfer into U
comes partially from T(LIZ. > 0, resulting in nonzero Hg )
with the sign of I,,.%°

The energy transfer term quli contains contribu-
tions from axisymmetric as well as nonaxisymmetric
portions of f; and ¢. The axisymmetric portion cap-
tures an energy transfer involved in geodesic acoustic
mode (GAM) damping, as sketched in Fig. 1 and dis-
cussed in detail in Ref. [23]. In the present notation,
the GAM energy pathway appears as follows: Turbu-
lent Reynolds stress excites a zonal E x B flow, the
kinetic energy of which is contained in the axisymmet-
ric part of Usy. The E x B compressibility (due to
VB) results in an energy transfer to density fluctua-
tions, acting here via the K(Jy¢) term in 9,UY.%% Due
to the low-k adiabatic electron response, the resulting
parallel density gradient is matched by a parallel elec-

2~4 The nonzonal curvature-mediated energy transfer term o<
fEVK(Jog) also becomes small for adiabatic electrons, although
this is not central to our argument.

25The electrostatic energy transfer TL in this case will be

(ZTeo/Tio) times the energy transfer to ion parallel flows due to
the parallel density gradient. However, the nonvanishing parallel
ion temperature gradient may behave quite differently from the
density gradient.

26In principle, other physics (such as a spatially varying
turbulent density flux) could also excite an axisymmetric but
poloidally asymmetric density, leading to an axisymmetric spin-
up term in the same way as the GAM damping. However, this
seems unlikely to occur, as there is no apparent statistical or
energy-flux drive for this mechanism.
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tric field, which transfers energy to ion parallel flows,
corresponding to T“i > 0 and causing a radial outflux
of co-current momentum via Hfoz).

To close this section, we may use the above analy-
sis to derive a scaling for the spin-up resulting from
Hg). We assume that a fraction 0 < f;, < 1 of
the free energy is transferred to ion parallel flows by
Td‘)li.27 Although f; must generally be determined
by numerical simulation, it will tend to be order-
unity for low-frequency turbulence w < Fkjvy and
very small for higher-frequency turbulence w > kjjvy;.
The domain-averaged free energy source may be es-
timated as Vo' 30 [dA fo 750y (Jove)TeoFly /Fan ~
> s Qs/Lrs, for Qg and Ly, respectively the species’
heat flux and temperature gradient scale length. If
a fraction fr, of this passes through T”Z., then Tq!i ~
fo> Qs/Lrs ~ frLQ/Li, so we get a domain-
averaged residual stress around

Pze QR
LL Ut

(2) 27Tm7/

RQT”
Y ZeBV'

(38)

for pig = vii/|Qeinl, vii = (Tio/mi)l/27 and (signed)
Qeip = ZeBp/m;c. To estimate the magnitude of
the core rotation peaking, we need to balance this
residual stress against viscous saturation: Let U, be
the core rotation peaking Mach number, with U,vy;
roughly defined as toroidal rotation at the ¢ = 1 surface
minus toroidal rotation at the pedestal top. Taking
Qi — XiniOTiO/LTia Qe — XeneOTEO/LTev and viscous
momentum flux to x,niom;RU,vs /Ly, for transport
coefficients x4, Xe, and X, we may balance the angular
momentum fluxes:

niomiRUp vt 2y ns0Tso
e . P

~—fig (39)
If we then assume x,, ~ x; and (for simplicity) xi ~ Xe,
Lpi ~ Lye ~ Ly — Ly, njg ~ neo, Teo ~ Tio, we get
the simple estimate

Uy~ —fr=—" (40)

chBLJ_

or, using Ampere’s Law 2mrBp~47l,/c and assuming

Z=1,

To(keV
Tl ks,
T, (MA) L

resembling the scaling of rotation peaking observed

in discharges with counter-current peaking, and

comparable in magnitude for order-unity fr.[4, 5, 7,
8,9, 10]

Uvri ~ =5f17 (41)

27Note that this definition of f;, is slightly different than that
in Ref. [23], where fr also includes energy transfer due to the
parallel gradient of ion pressure.
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5. Discussion

In this section, we will highlight some features of
our symmetry-breaking momentum flux, including
requirements for a minimal model, possible effects of
electromagnetic fluctuations, the role of full-F' energy
balance, and preliminary comparison with experiment.

Our momentum flux term Hg) is independent
of toroidal rotation and its radial gradient, thus
represents a residual stress. The symmetry-breaking
occurs due to the similarity in form between the
residual stress term HE,,Q ) and the free-energy transfer

term Td‘)li. Fundamentally, T(!i has a preferred
sign because of steady-state free-energy balance in
parameter regimes where strong dissipation acts via
the ion parallel flow energy Ug)id, as demonstrated
in Sec. 4.2.28 In particular, this symmetry breaking
follows from free-energy balance for fully saturated
turbulence, thus it is a truly nonlinear mechanism.
Unlike quasilinear calculations, our model does not
rely on any assumed linear phase relationships. Since
our momentum flux is driven by a free-energy transfer
term, rather than a source term, damped modes
(like GAMs) may be as important (or more) as the
unstable modes in driving this term. However, our
spin-up mechanism may only act in regimes with
low-frequency turbulent fluctuations w < kv, since
higher-frequency fluctuations do not strongly excite
ion parallel flows. One important consequence is that
this mechanism is likely weak in the edge region since
the steepness of the edge profiles Ljdge < (kLpi/k))
implies that edge turbulence drift frequencies ~
k1 pivei/ Lj_dge are much higher than k| v,;, while typical
edge ¢ is large enough to prevent effective ion Landau
damping of GAMs.

The minimum requirements for a set of equations
to model this residual stress mechanism are less
stringent than one might expect. Our model is radially
local, and does not rely on any profile effects, so a
radially local delta-f model is enough. Either linear
or nonlinear polarization may be used in general, as
long as the conservative structure is not violated, since
the relevant linear-polarization simplification is the
one made to the energy transfer term, e.g. to discard
(R - VH,) relative to (R - VH;) in Eq. (10), almost
always a good approximation.?? Further, even though

281n principle, our mechanism could drive co-current rotation
peaking for T(L‘i < 0, an “inverse Landau damping” regime,
as occurs quasilinearly for the slab ITG mode. However, this
situation is unlikely to occur in saturated turbulence, due to
the absence of any strong free-energy source for Ug’ld and to the
tendency of the electron adiabatic response to drive ion parallel
flows.

29In either case, one may evaluate the Hamiltonian drifts in
this term’s R as (c/ZeB"l‘)I; X VHp, since b x V(H1 + Hp)

-V(Hy + Hp) =bx VH; - VH; = 0.

14

the momentum flux term results from a higher-order
drift that does not affect the leading-order delta-f

fluctuations, the statistics of that momentum flux Hgf)

are slaved to the free-energy transfer term T(i‘)li7 which is
already well-determined at leading order. In this sense,
the momentum flux is ’parasitic’: it is determined
by leading-order fluctuations, but does not directly
feed back on them, although the eventual resulting
rotation profile may have an effect. Even so, self-
consistent simulations retaining v%, remain desirable,
in order to verify that the predicted momentum
flux is not significantly modified by other effects of
the geometrically higher-order portion of the E x B
drift. Critically, the model must respect the relevant
conservation laws, specifically free energy conservation
for the delta-f equations, since it is the steady-state
free-energy balance that drives the symmetry breaking.

How do electromagnetic effects modify our
picture? Note first that for a typical low-8 plasma,
the Alfvén speed is much faster than the ion thermal
speed, so electromagnetic fluctuations are generally too
high-frequency to excite our residual stress mechanism.
They are also fast enough that electron response is
not even approximately adiabatic. Further, note that
the symmetry-breaking portion of the E x B drift
(vg,) follows only from V| ¢, the linear, electrostatic
portion of the parallel electric field Ej. Although the
fluctuating vector potential may contribute to the E x
B drift via fluctuating magnetic direction, magnetic
field strength, and inductive electric field, all of these
are much smaller than our symmetry-breaking portion,
given in Eqs. (33) and (34),3° thus may be neglected in
evaluating v;. However, the inductive parallel electric
field —¢'0;Aj may contribute significantly to Ej,

30Let’s estimate contributions of the fluctuating vector potential
to v, compared with our symmetry-breaking portion v, =
(¢/Bo)by V| (Jog) ~ c¢/Bor. First, fluctuations in the magnetic
direction b = B~1V x (A b) = B"Y(VA|) x b+ B~1AV x b
are seen to be small:

(¢/ BYbxV (Jod)Va=(c/B?)[(VA|xb)+A| (Vxb)]-V (Jo¢)xVa
with

= b 1
(¢/Bo)byV | Jod B2/ Bo)by V) dod B
and
AV xb)-V(Jog) x Vo AR ' (kid) kiA)r
~ = ~ — <1
(¢/Bo)by V) (Jog) Bé/r B R

For the inductive electric field, note that only the perpendicular
portion of the perturbed vector potential A contributes to the
E x B drift. Pressure balance allows us to order the fluctuating
field strength B by taking 87p ~ (Bo + B)))? — B ~ 2BoB|
for fluctuating plasma pressure p, thus k; A, /B ~ BH/B ~
8np/2B2. Taking dip ~ ve - Vpo ~ (C/Bo)klzj;po/LL we may
then estimate the relative contribution
%i)XCilatAL Odnp/k) B o Admpg T

~ = L«
(¢/Bo)by V) (Jog) co/r B2 L, <1
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actually cancelling the —V) ¢ term in the ideal MHD
regime.! Since the energy transfer from fields to U
is due to ion parallel current times the total Ej, as one
may infer e.g. from Eq. (30), the effect of 9; 4 will be
to decorrelate the net energy transfer to flows from the
x fi"deV”qb transfer term, which is all that appears

in the momentum flux Hgi). So, rotation peaking due
to our mechanism may be expected to be very weak
or absent in strongly electromagnetic regimes such as
ideal MHD.

Interestingly, a term analogous to TJJS appears in
the full-F" energy balance [Egs. (9) and (10)], coming
from the parallel flow (v|B/Bj) part of R. This
shows that the net free-energy transfer from electrons
to ions in the ~adiabatic electron case (Sec. 4.2) is
accompanied by a transfer of actual thermal energy
from F, to F;. In certain regimes with To > Tjg, it
is therefore not impossible that full-F' thermal energy
transfer from electrons to ions could also drive rotation
peaking. However, the size of this transfer channel
is small: it may be estimated as [ dA Fyv)(B/B}) -
VZ€J0¢ ~ (pfk”vti)neoTeOVpl ~ TLe()Te()Vpl/TE fOI'
px = (pi/L1) < 1 and gyro-Bohm 7, ~ (L) /p?vy),
taking profile scale length L, of the same order as
k[l. In contrast, collisional energy transfer should

occur at a rate ~ vieneo(Teo — Ti0)Vp1 for electron-ion
energy-transfer collision rate v;.. Assuming v;.7, >
1, as is both typical for present-day experiments
and required for any eventual fusion reactor, simple
electron-ion collisions will dominate the F.Hy <
F;Hy transfer pathway and keep the two species’
temperatures similar, at least in the core where the
parasitic momentum flux may be active.

Are there other related forms between energy
transfer channels and momentum flux terms? While
this is not impossible, a careful comparison of the mo-
mentum flux terms in Eq. (12) with the energy transfer
terms in Egs. (29)—(32) has not exposed another pair

comparable to T2 and TL.?’Q For Egs. (9)-(11), which
assuming a low-f plasma. Modification of the B~! factor is
similarly small in 3, since

c[(B+B)) ' =B bx V(Joo)
(¢/Bo)by V| (Jod)

where k| rp/po is broadly order-unity.

31In fact, in a near-ideal-MHD regime, one may estimate that
the small surviving E|| will be anticorrelated with (—V¢), which
could potentially lead to co-current peaking. However, this effect
(if any) would be very weak due to high frequencies and the near-
cancellation between —c_latA” and —V”qS in E”,

32This is easily verified by grouping terms by powers of
v, ¢, and A If you wuse the flux-divergence form
—(Fs0,(H — %UHJOAH» from Eq. (12), recall the implicit sum
over species, then note that the combinations ZeFj, ZevHFS,
Zefs, ZeU”fS are constrained by the Poisson equation and
Ampere’s Law, thus behave quite differently from terms with
even powers of Z or with factors of ms. Alternatively, this term

~ 5 4
I p TPo

~(k|r ~(k r—)— 1,

(J_)B (J_ )B2 <
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use nonlinear polarization, the full-F' energy transfer
term [~ [ dA Fyv(B/B[)- VH,] has a partner term in
the momentum flux equation [the geometric correction
to (Fymgvby(c/ZeBi)b x VH, - VV)]. This pair is

5(,2), but is much smaller since

analogous to Td!i and II
H, < H;.

A detailed, quantitative comparison with experi-
ment is well beyond the scope of a simple analytical
model as presented here, but we offer a few brief com-
ments. First, the basic scaling [Egs. (39)—(41), roughly
predicting the toroidal velocity at the ¢ = 1 surface mi-
nus that at pedestal top] exhibits Rice-like scaling o
To/I, and is of the same order of magnitude as exper-
imental observations of counter-current core rotation
peaking [4, 5, 7, 8, 9, 10]. Since our model is a residual
stress, it is consistent with peaked intrinsic rotation
profiles that pass through zero [4, 5, 6, 7, 8, 9, 10].
The dependence of this model solely on turbulence
properties, rather than depending on equilibrium ef-
fects like neoclassical flows, allows it to be consistent
with the threshhold-like dependence exhibited by core
rotation reversals [7, 14, 29]. As one other interesting
point of comparison, an extensive database of intrinsic
rotation discharges (in L- and H-modes, with various
heating methods) showed a robust linear relationship
between density peaking and counter-current core ro-
tation peaking [8]. Particle peaking in the core is re-
lated to electron drift resonance, which becomes active
for w < kyviepe/R [30, 31], a frequency criterion that
is quite similar to that for our counter-current peak-
ing mechanism w < vy;/qR, with typically order-unity
ratio (ki veepe/R)/(vi/qR) ~ qk1 pi(ZTeo/Tio). This
suggests that turbulence regimes that have a lot of low-
frequency fluctuations will independently excite both
density and counter-current rotation peaking, while
those with predominantly higher-frequency turbulent
fluctuations will not excite either. More quantitative
comparisons will require numerical simulation, while
qualitative tests could look for correlations between ro-
tation peaking and turbulent fluctuation regimes, ex-
pecting counter-current peaking to occur together with
low-frequency electrostatic turbulence.

6. Summary

We identify a portion of the radial E x B drift, usually
neglected in local delta-f formulations, that drives an
outward flux of co-current momentum, resulting in
counter-current rotation peaking in the tokamak core.
This part of the E x B drift, v%,, is smaller than
the typically retained portion (vi,) by kj/(kLb,) but,
unlike v%,, it is not prohibited from driving residual
stress in an up-down symmetric magnetic geometry

can be recast in explicit flux-divergence form, following Ref. [18],
removing the near cancellation.
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(Secs. 3 and 4.1). Further, Hfi), the advection of ion
parallel toroidal momentum by v%,, has an extremely
similar form to qus‘w the term for free-energy transfer
from the electrostatic potential energy Usp to ion
parallel flow energy Ugd [Eqgs. (36) and (37)]. Since
the dominant free energy source supplies energy to
fs¥ (the even-in-vj portion of delta-f,), while much
of the dissipation acts on fo¢ (the odd-in-v) portion
of delta-fs), steady-state free-energy balance implies
a net energy transfer from >, Ug" to >, U2d. At low
frequencies, electron adiabatic response causes much of
this transfer to go to Ug’id via Usg, resulting in Tq!i >0

thus I_L(PQ) # 0 with the sign of B?, corresponding to
an outflux of co-current toroidal angular momentum
(Sec. 4.2). This momentum flux is a residual stress that
results from robustly nonlinear symmetry breaking,
with no use made of any quasilinear approximations.
The use of a free-energy-conserving delta-f model is
key to recover this result, but higher-order corrections
to the delta-f gyrokinetic equation are not needed.
The momentum flux exhibits a scaling and order
of magnitude that are consistent with experimental
observations [Egs. (39)—(41)]. The flux becomes small
at high frequencies w > kjvy, which may explain
the experimentally observed correlation between core
density and counter-current rotation peaking.
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Appendix A. Derivation using Lagrangian
Field Theory

The Lagrangian field theory underlying the gyrokinetic
equations used here was first derived in Ref. [24]. In
this Appendix, included for completeness, we apply
the formalism to a specific Lagrangian to derive the
full-F equations given in Sec. 2.1, closely following
Ref. [25]. Most symbols are defined in Sec. 2.1. Recall
that we use a symplectic formalism here, in which
electromagnetic fluctuations (A4)) are included in A*
and potential (¢) fluctuations in H.

We begin with a single-particle Lagrangian for
species s,

ms

Z . .
Lys (2,2,8) = "= A (2,0)- R4 p" =0 —H (2,1) (A1)

where ¢ is the gyroangle. In the definition of L,;,
the phase-space coordinates are z = (R,v),u,7),
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with time derivatives 2 = (R,b”,u,ﬂ) treated as
independent variables. Neither A* nor H depend
on 2. The field variables A and ¢, implicit in A*
and H respectively, are evaluated at the gyrocenter
position R. (The effects of gyroaveraging are explicitly
included in the form of L,;.) Consider then phase-
space trajectories z;(zs0,t) and 25(zs0,t) defined over
a time interval ¢ € [to,t1], constrained by zs(2s0,t0) =
zs0. Use D, to denote the phase-space Jacobian for
species s, so that [ d®z D, indicates integration over
phase space. The system Lagrangian is then defined
as

L iz/d(;ZSODSO(ZSO)FSO (st)Lps (Zs (z507t)77;5 (z507t)at)

1 2
- 8—ﬂ/dV|VLA\|| . (A.2)

We will seek extrema of the corresponding action
integral

ty
Ii/ dt L
to

under variation of the trajectories z;(zs0,t) and fields
#(R,t) (in H) and Aj(R,t) (in A*). The endpoints
in time and space are held fixed, for both trajectories
and fields.

Variation of the trajectories zs — z; + 0z (one s
at a time) leads to Euler-Lagrange equations that give
the characteristics,® which may be written in standard
form in terms of L,:

dt (azg Lps) == azs Lps, (A4)

where d; is the time derivative along the trajectories, as
usual.3* In Eq. (A.4), the ¥ component yields ji = 0,3°
the v component yields b-R = vH,?’G and the R
component yields

A Z .
{th*(zs (t),t) = ;aR|R (A*-R) — 0gH. (A.5)

(A.3)

Expanding d; — 9, + R - Or + i’\lavu and using the
vector identity V(A* - R) = Rx (V x A*)+(R-V)A*
with V = aR|UH,,U«,19,2 here, this may be rewritten as
A Ze . Ze

mbiy — =R x B* = —VH — —“bdiJoA|.  (A6)
Taking the perpendicular (bx) and ~parallel (B*:)
components of Eq. (A.6) yields Egs. (1) and (2).
We may also take the p component to determine 99,

33Note that Dso(zs0), Fso(zs0), and the field term
— de VLA |2/87 are all independent of the trajectories
Zs.

34 As one does the variation of L considering Lps to depend on
zs0 and t, one may identify d¢ = O¢|z,-

35This follows since H and A* are both independent of ¥.

36 Here we used the fact that (H — msvﬁ/Z) and Jop are both

independent of v, in this symplectic formulation.
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but this is unnecessary since all other equations are
independent of ¥ and .37

The distribution function Fy is mapped to
Eulerian coordinates by the conservation of phase-
space trajectories:

Ds(z,t)Fs( ) /d stDSO( ) 90(z50)5 (Z zs(z507 ))v(A7)

with time partial®®

at (Ds Fs ) :/d6 ZSODSO (st)FsO <Z50>(— Zs az) 56(z_zs(z30 7t))

0| [ 20 D0 e Frond 2,0 08620t
=—0, - [Ds (z,t) Fs (2,t) 2 (2,t)] . (A.8)
Noting that the velocity-space Jacobian is 27rB|’|k /ms,
Eq. (A.8) is equivalent to Eq. (3).3°

Finally, we must solve for the fields. Varying the
function ¢ — ¢+ d¢ in I yields the Poisson equation®’

0 Z / B* ZeJT(B” )+J3 (B M o) —¢J¢ (B M), (A.9)

where M is defined in Eq. (7) and JO is the adjoint to
Jo under spatial integration [dV. Similarly, varying
Ay — A+ 0A) in [ yields the gyrokinetic Ampere’s
Law

V2A = Z/ e zedy (BiuF.).

If we assume Jy to be self—adpmt under [dV, then
Egs. (A.9) and (A.10) reduce to Egs. (6) and (8). Note
that the energy and toroidal angular momentum are
also conserved in a more general system with Jg % Jo,
as long as Egs. (A.9) and (A.10) are used instead of
Egs. (6) and (8).

A conservative system with linearized polarization
may also be derived via the above procedure, if one
simplifies the Hamiltonian to Hy + H; and adds a field
term — Y, [ d%z Dy, (2)Fsun(2)Hp(z,t) to the system
Lagrangian L. [In the field term, Fy,, is a static
background distribution function, typically taken to be
Maxwellian, and Dy,, is a static background Jacobian

(A.10)

37Since ¥ and D; are independent of 9, if we assume Fy is also
independent of ¢, then so is Fs at all ¢. Alternatively we may
consider the “ring average” % f dv Fs, which is independent of
¢ for any Fso and which supplies all the needed information for
the other equations [Egs. (1), (2), and ring-averaged Egs. (A.8),
(A.9), and (A.10)].

38 Note that zs and 25 are functions of zsg and ¢ alone. In
particular, both zs and 25 are independent of z.

39The real-space Jacobian is independent of ¢ and v), and is
implicit in the divergence operator V-.

40The extremization is conceptually clearest if one takes ¢ —
¢+ an for real number a and function n(R, t), then sets 9o = 0
at a = 0, for arbitrary 7n. It is convenient to multiply the
integrand in I by 1 = fd6z 8%(z — z5(zs0,t)). The boundary
term at g = 0 vanishes because Jo(p = 0) is the identity
operator.
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(neglecting  Aj), thus with velocity-space portion
simplified to a multiple of B}, = b-Vx(A+ émsvuf)).
Although the field term does not involve the phase-
space trajectories zs(zs0,t), thus knows nothing about
the time-dependent Fy, it retains information about
¢(R,t) via the time- (but not trajectory-) dependent
Hy,(z,t).] Varying the simplified system, one finds
that the characteristics [Egs. (1) and (2)], gyrokinetic
equation [Eq. (3) or (5)], and Ampere’s Law [Eq. (8)

r (A.10)] are unchanged, except for the simplified H.
Varying the modified I with respect to ¢ produces a
Poisson equation identical to Eq. (A.9), except for the
substitution M — M,, with

ZQ 2 .
220, (B”MFSM) .

BBIT
Commonly used simplifications of M,, are given in
Ref. [25], but are not needed for the present work.

M, = — (A.11)

Appendix B. Toroidal Angular Momentum
Conservation

In this Appendix, we demonstrate that the gyrokinetic
system given by Egs. (1)-(3) and (6)—(8) conserves
toroidal angular momentum, working directly from the
referenced equations themselves. The derivation pro-
ceeds in two steps, roughly following Ref. [18]. First,
we calculate the evolution of the canonical toroidal an-
gular momentum P, = Z¢ A, + (£8 Jy A + myv))b, =
%A; along the trajectories given by Egs. (1) and (2).
Second, we use quasineutrality to eliminate the con-
tribution of the equilibrium vector potential A from
the conserved toroidal angular momentum. We use a
standard axisymmetric field formulation B = B,V +
VA, x Vi, with simple toroidal angle ¢,** B, =
B - R*Vy, and A, = A- R*Vp. We may decom-
pose any arbitrary vector as w = w,V¢ + w, with
wy, = w - R?Vp and w, - Vi = 0, in terms of which
Vxw = Vw, x Vo +V x w, and (V x wp), =
Vi x d,w,, where 9, = [(R?*Vy) - V]. We also use
the relation (V- w) = dy{(w - VV) for the flux-surface
average of a divergence.[26]

As our first step, we evaluate d,;P, = O0,/P, +
R. VP, + 00y, Py along the characteristics given by
Egs. (1) and (2):
Bﬂ‘dtP@:(VA:;xIA)beDB*)-VH+%1;HB*~VA§;.(B.1)
Decomposing A* = AZVp+A7 and b= bWch+f)p, for
which (0,A45)p = by0,(JoA|), shows that VA% x b —
bpB* = VA% xb,—b,V x A%, (VAL xb—b,B*) -V =

Bi, (VAL x b, — b,V x A7), = 0, B* - VA;, =
417 use the right-handed (R, z,¢) sign convention, so V¢ is

directed oppositely to the gradient of the azimuthal angle for
simple cylindrical coordinates.



Momentum flux parasitic to free-energy transfer
(Y x Ay) - VAL, and (V x Aj), - VA, =
(bp-B*)0,(JoA|). Using these results, we may rewrite
Eq. (B.1) in the simpler form

diPy = =0, [H — (Ze/c)v Jo 4] . (B.2)

As our second step, we take appropriate moments
of the distribution function, so that we may use
quasineutrality [Eq. (6)] to replace the nearly-canceling
species-summed (Ze/c) A, contribution with the E x B
portion of the toroidal angular momentum. First we
evaluate the evolution of parallel physical momentum
of species s, multiplying Eq. (3) by b<pmsv”/Bﬁ
and flux-surface averaging, recalling that [ dW/Bl’"‘
commutes with 0; and spatial differentiation and
annihilates 9, , obtaining
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quasineutrality relation [18]. Finally, summing
Egs. (B.3), (B.4) times (e/c), and (B.8), then

simplifying with Eq. (B.2), we obtain the desired
evolution equation for the toroidal angular momentum:

Op(Fs[mgvy + (Ze/c)JoAylb,) — 0 (P - VAy) Jc
+ v (Fsmgv) + (Ze/c) JoAbpR - VV)
= <Egdt7)¢> = — <F96LP[H - (ZG/C)UHJ()A”]> . (Bg)

This equation is the toroidal momentum transport
equation for our gyrokinetic model, the symplectic-
form analog of Ref. [18]’s Eq. (80).

The terms on the LHS of Eq. (B.9) respectively
capture the time variation of parallel toroidal angular
momentum and of E X B toroidal angular momentum
as well as the divergence of the radial flux of parallel

8t<Fsmsv\|b¢)+3v<Fsmsv\|bg;R-VW=<Fsdt(msv|\b¢)>-(B-3) toroidal angular momentum. Although it may not be

We may similarly evolve the contribution due to
electromagnetic fluctuations (times c¢/e), multiplying
Eq. (3) by Zb,(JoA|)/B| and flux-surface averaging
to get
O (Fiby ZJgA)) + Ov(Fsbp Z(Jo A ) R-VV)

= <Fsdt(Zb¢J0AH)> . (B.4)
The E x B contribution is a little more involved. First,
we define the polarization P as a solution to*?

V~P£ZZe/dWFS.

We time-differentiate Eq. (B.5), substitute using
Eq. (3) for each species s, and flux-surface average,
obtaining

O (P-VV) = —0y (ZeF,R-VV). (B.6)

For well-behaved (finite) P and ZeF, R, the quantities
(P-VV) and ZeF,R-VV must vanish at the magnetic
axis (V = 0), because VV goes to zero there. We may
therefore integrate Eq. (B.6) in V' to obtain

O (P-VV)=—(ZeF;R-VV). (B.7)

Since Eq. (6) may be used to relate V - P with
the polarization charge, Eq. (B.7) simply states that
the net radial current out of any flux-surface-enclosed
volume must vanish. Now multiply Eq. (B.7) by the
flux function —%GVALP to obtain

(B.5)

—8%<P-VA¢>:%(ZeFSR-VAw>:<Fsdt(ZeAw/C»'(B'S)

The quantity —%(P - VA,) is a generalized expression
for the toroidal angular momentum in the E x
B motion, as has been demonstrated using the

42Eq. (B.5) only defines P up to an arbitrary curl. However,
the arbitrary divergence-free portion makes no contribution to
Eq. (B.6), (B.8), (B.9), or (12). [If we let d.S be the outward area
differential for flux surface V', then for arbitrary vector w we have
[, VYV xw-VV = [ dVV.(wxVV)= [dS - wx VV =0,
since dS || VV ]

immediately obvious, the RHS captures the divergence
of the radial flux of E x B toroidal angular momentum.
This is shown for various functional forms of H in
Ref. [18], albeit in a canonical formulation (with A
in the Hamiltonian H, rather than in A* as here). For
our purposes, it is adequate to demonstrate that the
RHS of Eq. (B.9) is the divergence of some radial flux
term, without evaluating an explicit form for that flux.
Consider first the Hamiltonian contribution.
Since the zeroth-order Hamiltonian is axisymmetric
(0,Ho = 0), we only need to treat H; and H,. Us-
ing the facts that Jy is both axisymmetric (so 0,Jy =
Jo0,) and self-adjoint under [ dV,*? that the magnetic
geometry is axisymmetric, and that [ dW/Bﬁ com-
mutes with real-space differentiation and integration
and annihilates velocity-space derivatives,** we may
integrate the term radially (over all V') to find

/dV (FL0,H) = Z/dAFsa¢H = /dV(é)@c;S)

dw
XXS:/BF‘ {Z&]O(B‘TEg)+J0(B|’"‘MJo¢)*¢J0(B\>IkM)
—0,

(B.10)

where the last form vanished due to quasineutrality
[Eq. (6)]. Since [dV(F,0,H) = 0, we may express
the contribution of (Fy0,H) as the divergence of some
radial flux that vanishes at the boundary. Ref. [18]
gives explicit forms of this flux for various forms of H.

Consider now the electromagnetic term. Using
Eq. (8) and the facts that Jy is Hermitian under [ dV

43In fact, as discussed in Appendix A, we do not need to
make the typical assumption that Jy is self-adjoint. However,
if we allow non-self-adjoint Jy, then we must use the general
quasineutrality relation [Eq. (A.9)] rather than the simplified
one [Eq. (6)].

441n the integration by parts on u, the boundary term at u =0
vanishes because Jo(p = 0) is the identity operator.
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and commutes with 0, we obtain??

/ AV (Fs0y(Zev Jo A, /c)>=1 Z / dA ZeFyu) Jod, A,

7/(1]) dpA)) 47TZ/ +Zedo(B] Fsv))
:—/f(f)@Au)ViAu :—/%V[(0¢A\|)V¢A\|1~(B~11)

We may therefore express (F,0,(Zv)JoA))) as the
divergence of the flux in the last term of Eq. (B.11) (an
expression for the Maxwell stress), plus the divergence
of some other radial flux that vanishes at the boundary.

At the end of Appendix A, we described how one
may derive a full-F' gyrokinetic system with linearized
polarization, equivalent to Egs. (1)—(3), (6), and (8)
with the simplifications H — (Hy + H;) and M —
M. As is easily verified, the derivations of Egs. (B.2)
and (B.9) are unchanged by these simplifications, so
that Egs. (B.2) and (B.9) also hold for the system with
linearized polarization, as long as they are interpreted
using the simplified Hamiltonian (Hy + H;) and the
linearized polarizability M,,;. The demonstration that
the RHS of Eq. (B.9) is conservative is slightly modified
by the simplifications H — (Ho + H1) and M — M,,.
In particular, although Eq. (B.11) is not changed by
linearized polarization, Eq. (B.10) is modified to

/dAF&(Z&h@
/dV 0p0) Z/ B ZeJo(Bj F)
/dV Lp(ﬁ Z/ JOBHMMJOQS) ¢J0(B\|M )]

dw
:_,Z / ct

where the last equality follows because (BjM.,) is
axisymmetric.

/dVF(')H

>~ Jo(¢?)]=0,(B.12)
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