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Rotation and Kinetic Modifications of the Tokamak Ideal-Wall Pressure Limit
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The impact of toroidal rotation, energetic ions, and drift-kinetic effects on the tokamak ideal wall mode
stability limit is considered theoretically and compared to experiment for the first time. It is shown that high
toroidal rotation can be an important destabilizing mechanism primarily through the angular velocity shear;
non-Maxwellian fast ions can also be destabilizing, and drift-kinetic damping can potentially offset these
destabilization mechanisms. These results are obtained using the unique parameter regime accessible in the
spherical torus NSTX of high toroidal rotation speed relative to the thermal and Alfvén speeds and high
kinetic pressure relative to the magnetic pressure. Inclusion of rotation and kinetic effects significantly
improves agreement between measured and predicted ideal stability characteristics and may provide new
insight into tearing mode triggering.

DOI: 10.1103/PhysRevLett.113.255002 PACS numbers: 52.55.Fa, 52.55.Wq

Magnetic fusion reactors based on the tokamak will
require operation at high normalized pressure to efficiently
generate high fusion power and to generate sufficient
pressure-gradient driven current to confine the plasma in
steady state [1,2]. The stability of such configurations is
limited primarily by pressure-driven kink instabilities which
can grow very rapidly on a near-Alfvénic time scale τA of a
few hundred μs. Importantly, the placement of a resistive
conducting wall near the plasma surface can slow kink
growth to time scales on the order of the flux penetration
time through the wall τwall leading to a much more slowly
growing (1–10 ms) resistive wall mode (RWM) [3,4]
provided the plasma pressure is below the kink stability
limit in the presence of an “ideal” (i.e., superconducting)
wall. Both active feedback control [5–9] and plasma rotation
and kinetic damping [10–18] have been shown to be
capable of stabilizing the RWM to pressure values near
the ideal-wall limit (IWL). In contrast, plasma operation
above the IWL is generally not possible due to the onset of
the ideal wall mode (IWM) which grows and/or propagates
too rapidly for practical feedback control. Toroidal plasma
rotation Ωϕ separates the RWM and IWM branches of the
with-wall kink dispersion relation [11], and these modes
are distinguished by their characteristic growth rates γ
and real frequencies ω. In particular, γτwall ∼ 1;ωτwall ∼ 1

for the RWM and γτA ∼ 1%–10%, ω ∼Ωϕ for the IWM.
At sufficiently high plasma Ωϕ, the IWM ωτwall ≫ 1 and
the resistive wall appears superconducting [11].
Rotation and kinetic effects for the IWM are studied

for the first time and are found to be important when
rotation approaches the ion thermal speed and for high
β ¼ plasma pressure=magnetic pressure. HighΩϕ and β are
accessible in neutral beam injection heated spherical
tokamaks (STs) [19], and high Ωϕ can also be accessed

in conventional tokamaks. This Letter describes kinetic
stability analysis for several NSTX [20,21] ST plasmas that
are RWM stable but unstable to the IWM.
Rotation and kinetic effects are studied using the MARS-K

[15,22,23] linear stability code and can be understood from
a complex energy functional derived by taking a moment of

the perturbed force operator ~F with the mode perpendicular

displacement ~ξ⊥ [24]. The resulting dispersion relation is

δW þ δK ¼ 0 where the perturbed potential energy δW ≡
− 1

2

R
d3x~F · ~ξ�⊥ and the perturbed kinetic energy δK ≡

1
2

R
d3xρ½γ þ iðω − nΩϕÞ�2j ~ξ⊥j2 where n is the toroidal

mode number. The real part of the dispersion relation
can be expressed as: γ2 ¼ ℜeðδŴÞ=δK1 where

δK1 ≡ − 1
2

R
d3xρj ~ξ⊥j2. Instability occurs for ℜeðδŴÞ< 0

since δK1 is real and negative definite. Here, δŴ≡
δW þ δK2 ¼ δWf þ δWv þ δWk þ δŴrot where δŴrot ¼
δWrot þ δK2 and δK2 ≡ − 1

2

R
d3xρðω − nΩϕÞ2j ~ξ⊥j2 ≤ 0

is a mode-plasma differential rotation energy.
The nonrotating ideal plasma fluid (δWf) and vacuum
(δWv) terms are given by standard definitions [25,26],

δWk ≡ 1
2

R
d3xð∇ · ~~pkÞ · ~ξ�⊥ where ~~pk is the kinetic pressure

tensor, and the rotation potential energy δWrot ≡
δWΩ þ δWdΩ þ δWcf . The Coriolis force contributes the

first two terms: δWΩ ¼ −
R
d3xρΩϕ½γ þ iðω − nΩϕÞ� ~̂Z ×

~ξ · ~ξ�⊥ and δWdΩ ¼ R
d3xRρΩϕξ

�⊥R∇Ωϕ · ~ξ, and the cen-

trifugal force contributes δWcf ¼ 1
2

R
d3xRΩ2

ϕ
~ξ�⊥R∇ ·ρ~ξ. The

terms δWdΩ and δK2 are analogous to Kelvin-Helmholtz
drive [27–35], and scalings of the δW terms indicate
rotation will significantly impact pressure limits when
δŴrot∼δW∇p⇒vϕ∼vth-ion=

ffiffiffi
q

p
⇒ΩϕτA∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βthermal=2q

p
.
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Kinetic effects [15] enter through mode-particle reso-
nances at small values of the denominator of

δWk ∝
n½ω�N þ ðϵ̂k − 3

2
Þω�T þ ωE� − ðω − iγÞ

n½hωDi þ ωE� þ ðαnqþ lÞωb − iνeff − ðω − iγÞ ;

where n is the toroidal mode number, the density (N)
nd temperature (T) diamagnetic frequencies ω� for
species index j are ω�Nj

≡ ð1=eZjÞðdTj=dψÞ and
ω�Tj

≡ ðTj=eZjNjÞðdNj=dψÞ, the normalized particle

energy ϵ̂k ¼ E=kBT, the ~E × ~B rotation frequency ωE ¼
dΦðψÞ=dψ where ΦðψÞ is the electrostatic potential on a
flux surface with poloidal flux function ψ ¼ RAϕ, ω − iγ is
the complex mode frequency, hωDi is the bounce-average
trapped-particle toroidal precession frequency, α is an
integer ¼ 0, 1 for trapped, passing particles, respectively,
q is the magnetic safety factor, l is the integer bounce-
harmonic number, ωb is the bounce frequency, and νeff is
the effective collision frequency. Electrons and thermal and
fast ions are included in the calculations, and fast ions are
modeled as an isotropic slowing-down distribution.
Rotation [36] is included in LRDFIT [37,38] equilibrium

reconstructions, assuming the rotation is purely toroidal
½vϕ ¼ RΩϕðψÞ� and using a modified Grad-Shafranov
equation with pressure of the form pðψ ; RÞ ¼
p̂ðψÞ expfUðψÞ½ðR=RaxisÞ2 − 1�g [39] where UðψÞ ∝ Ω2

ϕ.
The dominant effect of high rotation is to lower the
reconstructed q [40] in the core by Δq ≈ −0.1 to −0.2.
MARS-K does not presently include equilibrium rotation and
is interfaced to the static equilibrium code CHEASE [41].
The reconstructed hJϕ=RiðψÞ profile is used in CHEASE to
approximately conserve qðψÞ and plasma current IP as
pressure is varied. The CHEASE pðψÞ is set to either p̂
from the reconstruction or to the measured thermal p̂ plus
fast-ion pressure pfastðψÞ from TRANSP [42,43].
The early flat-top phase of NSTX discharges was

often unstable to low-frequency n ¼ 1 modes with f ¼
15–30 kHz ∼ fϕ ¼ Ωϕ=2π that occur at β values far below
the calculated static plasma ideal-wall β limit. An important
uncertainty in this analysis is fast-ion redistribution or loss
[44–46] caused by higher-frequency Alfvénic instabilities.
For the first plasma studied, there is good agreement
between reconstructed (measured) and TRANSP-calculated
stored energy (neutron rate) prior to mode onset. However,
Fig. 1(a) shows that thermalþ fast-ion β without fast-ion
redistribution (blue) is significantly more peaked than the
reconstructed total (black), and that fast-ion density
profile broadening (red) conserving fast-ion number
and stored energy can bring the total β profile into
agreement with reconstruction. Figure 1(b) shows the core
q ≈ 2 at mode onset, the deuterium thermal Mach
number Ms−D ≡ R̄Ωϕ=vth−D has a maximum value of
0.8 which should contribute to mode destabilization,
and Ms−D ≈ 6 × ωEτA. The normalized minor
radius ¼ ψ0.5

n , ψn ≡ ðψ − ψ axisÞ=ðψ edge − ψ axisÞ, R̄ðψnÞ≡
fMax½Rðψn;θÞ�þMin½Rðψn;θÞ�g=2, R0¼R̄ð1Þ, τA≡R0=vA,

vA≡BT0=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ0ρð0Þ

p
, BT0 is the vacuum toroidal field at R0,

and ρðψnÞ is the plasma mass density profile.
Figure 2(a) shows the amplitude evolution of the n ¼ 1

mode which becomes unstable near t ¼ 0.376 s with
effective mode growth rate γeff ≈ 1 ms. Using redistributed
fast-ion density profiles consistent with the reconstructed
total β as shown in Fig. 1(a), Fig. 2(b) shows the
experimental βN evolution and MARS-K marginal βN
values assuming plasma resistivity η ¼ 0. These MARS-K
IWM calculations benefit from recent extensive code
benchmarking for the RWM [47]. Here, βN [48–50]
≡βTaBT0=IP½%mT=MA�, βT≡2μ0hpi=B2

T0, hpi is volume-
average pressure, and a is the plasma minor radius.
Figure 2(b) shows that fluid marginal with-wall βN limits
at low rotation (solid green) are all more than twice the
experimental marginal βN ≈ 3.5. For these calculations,

FIG. 1 (color online). Radial profiles of (a) total, thermal, and
fast-ion β, and (b) safety factor q and normalized Ωϕ and ωE
frequencies.

FIG. 2 (color online). Time evolution of: (a) mode amplitude,
(b) βN values, (c) mode frequency, and (d) plasma rotation
frequency.
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the experimental Ωϕ and ωE profiles are scaled linearly by
the same factor such that Ωϕð0ÞτA ¼ 0.03. The marginal
with-wall βN values using the experimental Ωϕ (solid
orange) decrease from 8.3 to 5.5 at mode onset consistent
with increasing destabilization from the increasing fϕ
shown in Fig. 2(d). Wall stabilization is important at both
low and higher Ωϕ as evident from the ΔβN ¼ 1.5 to 3
difference between the solid and dashed green and orange
curves. As shown by the solid red curves in Fig. 2(b), only
full kinetic MARS-K calculations including wall stabiliza-
tion, experimental Ωϕ, and non-Maxwellian fast ions have
marginal βN values consistent with experimental mode
onset time and marginal βN . As indicated by the two red
plus symbols with no fast-ion redistribution, the predicted
marginal βN ≈ 1.8 is much lower and the predicted ω
higher than experiment, highlighting the importance of
fast-ion profile broadening.
Importantly, by 15 ms after mode onset, all computed

stability limits are well above the experimental βN value,
but the mode persists for another 120 ms. This suggests the
slowly decaying mode in the experiment is a tearing mode
possibly triggered [51–55] by proximity to the kinetic IWM
limit. Figure 2(c) shows that the kinetic predicted f is near
the experimental f ≈ 26 kHz at mode onset and that the
fluid f (orange) is well below this frequency. This implies
that fast ions increase the mode f toward fE at the q ¼ 2
surface which may facilitate seeding [56–61] of a m=n ¼
2=1 tearing mode. Figures 2(c) and 2(d) show that the mode
f drops by ≈10 kHz within 10 ms after mode onset and
f ≈ fE at the q ¼ 2 surface thereafter.
To assess whether the observed mode is ideal or

resistive at mode onset, the method of Callen [62] is used.
Figure 3(a) shows the computed γ̂MHD for the kinetic MARS-K
analysis at t ¼ 0.374 s from Fig. 2. Figure 3(b) shows the
experimental βNðtÞ (black) and the linear fit (green) used
to determine γh. The predicted marginal βN ¼ 3.41 agrees
with the experimental marginal βN ¼ 3.48 to within the

uncertainty of the diamagnetic flux measurement used to
constrain β [see Fig. 2(b)]. Using an amplitude smoothing
width ≈0.5 ms such that a time-evolving fit to the Callen
model ξ¼ ξ0exp½ðγefftÞð1þαÞ� results in a nearly constant α
immediately after mode onset, Fig. 3(c) shows that 1þ α ≈
1.5 (blue) for the first 0.5 ms of mode growth consistent with
ideal instability. This figure also shows the predicted ideal
growth-rate evolution γ̂MHDðγhtÞ1=2 (green) is consistent with
the fitted γeffðtÞ (red) for the first 0.5 ms of mode growth.
Soft x-ray (SXR) data can also be used to check

consistency with an ideal eigenfunction. Assuming SXR

emission ϵðψ ;θ;ϕÞ¼ ϵ0ðψÞþδϵðψ ;θ;ϕÞ and δϵ ∝ ~ξ ·∇ϵ0,
Fig. 4(a) shows the perpendicular displacement profile
from MARS-K and Figs. 4(b)–4(e) show the simultaneous
best fit to the 4(b) total emission, 4(c) line-integrated
fluctuation amplitude profile, and 4(d) and 4(e) mode
phase. The free parameters in the fit are the ϵ0ðψÞ profile
(red) and the MARS-K mode amplitude and phase. As is
evident from the figure, the predicted mode eigenfunction
peaks between ψ0.5

n ¼ 0.5 and 0.8 consistent with the SXR
data, and a smoothly increasing ϵ0ðψÞ profile (from core
to edge) can reproduce the mean and fluctuating emission
features using the kinetic eigenfunction from MARS-K. SXR
fits during the mode decay phase show poor agreement
with MARS-K but good agreement with a perturbed-helical-
flux island model [39] of a 2=1 tearing mode. Overall, the
agreement between the measured and predicted marginal
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FIG. 3 (color online). (a) MARS-K γ vs βN , (b) experimental
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βN;ω; γ, and ~ξ ·∇ψ0.5
n strongly indicate the presence of a

kink mode with a βN limit reduced by rotation and fast ions
that initiates anm=n ¼ 2=1 tearing mode that subsequently
decays after kink drive has been reduced.
The large reduction in marginal βN fromΩϕ and fast ions

and resultant triggering of tearing modes is not a universal
result. Figure 5 plots the evolution and profiles of a
higher βN ¼ 5.1–5.5 state typical of the later phases of
high-performance NSTX H-mode plasmas in which the
minimum q evolves downward to qmin ¼ 1.2–1.5. The
reconstruction methodology for this shot is the same as
for the previous case. It is again found that the TRANSP

βfastðψÞ computed without redistribution is significantly
more peaked than the reconstructed βfast ¼ reconstructed
βtotal − βthermal, and the reconstructed βfast is used in the
stability analysis. Figures 5(a) and 5(b) show the onset of a
fast-growing n ¼ 1 mode which leads to a 25% drop in βN .
Figures 5(c) and 5(d) show β; q, and rotation profiles.
Ms−Dðψn ¼ 0Þ is again ≈0.8 which should contribute to
mode destabilization, and Ms−D ≈ 4 × ωEτA.
Figure 6(a) shows that experimental Ωϕ again reduces the

predicted βN limit—in this case, from 5.6 (black) to 4.2
(red). However, for this plasma, the inclusion of full kinetic
effects substantially restabilizes the rotation-destabilized
IWM as indicated by the three γ curves (green, blue, orange)
for the varied fast-ion pressure profiles shown in the figure
inset. The figure shows variations in fast-ion pressure
peaking (consistent with reconstructed ptotal) lead to only
small variations in the marginal βN ¼ 5.3–5.5, and that the
kinetic marginal βN is more consistent with the experimental
marginal βN range than the fluid IWM prediction.
Figure 6(b) shows that inclusion of kinetic effects results
in predicted mode f more consistent with experiment than
the fluid treatment, and that the most peaked fast-ion profile

(blue) has a mode f most consistent with experiment.
Figure 6(b) also shows that the measured/predicted mode
f ¼ 22–24 kHz is significantly higher than fE at the q ¼ 2
surface (15–16 kHz) which may reduce the drive for tearing
mode triggering despite exceeding the IWM β limit.
Figure 7 summarizes the instability drives for both shots

near marginal stability and shows the fast-ion δWk−f domi-
nates δWk and thermal species contribute less. Analysis not
shown here finds, for both cases, that δWk−f is dominated by
the nonadiabatic part of δWk⊥ through the precession
resonance [63] ω ≈ hωDi þ ωE between ψ0.5

n ¼ 0.45 and
0.75, δWk−e is also dominated by the precession resonance,
and δWk−i has contributions from precession, bounce, and
passing resonances. Figure 7 shows shot 119 621 has a
smaller δWk−f fraction consistent with a lower fast-ion β
fraction evident from comparing Figs. 5(c) and 1(a). The
destabilizingδWcur from the equilibriumJ∥ is comparable for
both shots and is also comparable inmagnitude to δŴrot. Shot
138 065 has a more negative δŴrot than 119 621 consistent
with a larger decrease in marginal βN from rotation, and the
rotation-shear-related δK2 and δWΩ terms are dominant.
In conclusion, MARS-K linear kinetic stability calcula-

tions show that including rotation, slowing down fast ions,
and drift-kinetic effects can substantially improve agree-
ment between predicted and measured IWM stability
characteristics in rapidly rotating high-β plasmas. Future
work will broaden the equilibrium conditions studied,

FIG. 5 (color online). Time evolution of: (a) mode frequency,
and (b) βN , radial profiles of: (c) β, (d) q and normalized Ωϕ;ωE.
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normalized by the sum of positive-definite (i.e., stabilizing) fluid
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assess the impact of anisotropic fast ions, and further study
tearing mode triggering by the IWM.
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