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Linear mode conversion of Langmuir/z waves to electromagnetic radiation near the plasma and upper

hybrid frequency in the presence of density gradients is potentially relevant to type II and III solar

radio bursts, ionospheric radar experiments, pulsars, and continuum radiation for planetary

magnetospheres. Here, we study mode conversion in warm, magnetized plasmas using a numerical

electron fluid simulation code when the density gradient has a wide range of angle, d, to the ambient

magnetic field, B0, for a range of incident Langmuir/z wavevectors. Our results include: (1) Left-

handed polarized ordinary (oL) and right-handed polarized extraordinary (xR) mode waves are

produced in various ranges of d for X0¼ (xL/c)1/3(xce/x)< 1.5, where xce is the (angular) electron

cyclotron frequency, x is the angular wave frequency, L is the length scale of the (linear) density

gradient, and c is the speed of light; (2) the xR mode is produced most strongly in the range,

40� < d< 60�, for intermediately magnetized plasmas with X0¼ 1.0 and 1.5, while it is produced

over a wider range, 0� � d� 90�, for weakly magnetized plasmas with X0¼ 0.1 and 0.7; (3) the

maximum total conversion efficiencies for wave power from the Langmuir/z mode to radiation are of

order 50%–99% and the corresponding energy conversion efficiencies are 5%–14% (depending on

the adiabatic index c and b¼ Te/mec
2, where Te is the electron temperature and me is the electron) for

various X0; (4) the mode conversion window becomes wider as X0 and d increase. Hence, the

results in this paper confirm that linear mode conversion under these conditions can explain the weak

total circular polarization of interplanetary type II and III solar radio bursts because a strong xR
mode can be generated via linear mode conversion near d� 45�.VC 2013 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4837515]

I. INTRODUCTION

Standard linear analyses of dispersion relations for ho-

mogeneous plasmas yield wave modes that are uncoupled

and distinct. However, in inhomogeneous plasmas, the wave

modes are often coupled to each other. For some range of

frequency and angle of propagation, the energy can be trans-

formed linearly from one mode to another with constant fre-

quency via a process called linear mode conversion (LMC).1

Density gradients facilitate LMC from the Langmuir/z
mode into electromagnetic (EM) waves when the wave fre-

quency is near the electron plasma frequency (xpe). This

LMC process is potentially relevant to radiation from fore-

shock regions upstream of Earth’s bowshock,2,3 type II and

III radio bursts from the solar corona and interplanetary

medium4–10 radiation from the outer heliosphere,11 and iono-

spheric medium frequency bursts.12 LMC also occurs near

the upper hybrid resonance (xUH) and is believed to be im-

portant in producing continuum radiation in the magneto-

spheres of Earth and other magnetized planets,13–17 and

auroral roar emissions.18

Recent progress in LMC theory suggests that LMC can

effectively generate solar and heliospheric emissions.4–6

Kim et al.4,5 (hereafter KCR08) demonstrated that LMC can

produce the right-handed polarized extraordinary (xR) mode

as well as the left-handed polarized ordinary (oL) mode from

Langmuir/z waves, contrary to earlier expectations that re-

stricted the mode conversion process to only the oL mode.19

They suggested that the partially polarized type II and III ra-

dio bursts, which have degrees of polarization between 0%

and 70%, but are never 100% polarized,20 could be directly

generated via the LMC process because the production of

both xR- and oL-mode radiation by LMC leads immediately

to weakly circularly polarized radiation. KCR08 also showed

that the energy conversion efficiency, defined as the ratio

between of energy densities for incoming Langmuir/z and

outgoing EM waves, is similar to nonlinear and observed

conversion efficiencies.

The angle between the density gradient and the back-

ground magnetic field (d) varies from 0� to 90� in space.

Continuum radiation from planetary magnetospheres is

believed to come preferentially from a source near the magnetic

equator.13,21–25 There, the average density gradient (rN0) is

approximately radial, and the background magnetic field (B0) is

perpendicular to the magnetic equator, so d¼ 90�.22,26 For type
II and III bursts in the corona and solar wind and terrestrial

foreshock emissions, rN0 is directed radially outward from the

Sun, while the direction of B0 with respect to the radial direc-

tion (density gradient) is d� 45� (Refs. 8 and 26) at 1AU and

increases beyond 1AU asymptoting to d� 90� in the outer
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heliosphere, according to the Parker model for B0. However,

most previous LMC studies for simplicity focused on parallel

density cases where rN0 jj B0.
2,4,5,27,28 For the parallel case,

LMC occurs near x�xpe, where x is the incoming wave fre-

quency but in the perpendicular density case29–32 whererN0 \
B0 and LMC occurs near x�xUH.

Recently, LMC for the case of oblique density gradients

has been examined.6 Using a warm plasma wave simulation

code developed in Ref. 4, Schleyer et al.6 (hereafter SCK13)
calculated the mode conversion efficiencies in weakly magne-

tized plasmas. They showed that the energy conversion effi-

ciency is strongly dependent on the angle d, b¼Te/mec
2,

where Te is the electron temperature, me is the electron mass,

and c is the speed of light, and the incident angle h of

Langmuir/z waves to the density gradient. They also showed

that the power conversion efficiency, defined as the ratio

between incoming and outgoing Langmuir wave power, is in-

dependent of b. However, they only adopted a single back-

ground magnetic field strength (B0) and ratio xce/xpe¼ 0.005,

where xce is the electron gyrofrequency, in a weakly magne-

tized plasma. Because both the mode conversion efficiencies

and outgoing EM wave polarization depend on xce/xpe (Refs.

4 and 5) and can vary substantially in strongly magnetized

plasmas, it is necessary to investigate how wave polarizations

and conversion efficiencies depend on B0 and d.
The purpose of this paper is to investigate the LMC pro-

cess as a function of d, B0, and h and to examine the conver-

sion efficiency from Langmuir/z to oL and xR waves,

respectively. This paper provides an extension of the previ-

ous simulations and analyses of KCR08 and SCK13 into pa-

rameter regimes relevant to the entire heliosphere. We

determine the power of the incoming and reflected

Langmuir/z waves and the outgoing oL and xR modes from

the simulated data and calculate the total, oL and xR modes’

energy and power conversion efficiencies. We also construct

the hodograms and polarization ellipses of outgoing EM

waves and compare the results with theory.

This paper is structured as follows: In Sec. II, the defini-

tions of the power and energy conversion efficiencies and

the relationship between these conversion efficiencies are

described. Section III describes the simulations model

descriptions and presents simulation results for the conver-

sion efficiencies and outgoing wave polarizations. The last

section contains a brief discussion and the conclusions.

II. MODE CONVERSION EFFICIENCIES

A. Definitions of mode conversion efficiency

The mode conversion efficiency from one mode to

another can be defined using wave energy density or power.

The energy mode conversion efficiency (e) is defined as the

fraction of energy from the incoming Langmuir/z mode

wave (uLin) converted into EM wave energy (uEMout)
5

e ¼ uEMout
uLin

; (1)

where uEMout ¼
P

i¼x;y;z jEij2EM;out, u
L
in ¼

P
i¼x;y;z jEij2L;in, jEij2L;in,

and jEij2EM;out are the spatial power spectra of the Langmuir/z

and transverse fields in the ith dimension, respectively. The

power conversion efficiency (ep) is

ep ¼ 1� jRLj2 ¼ 1� SLout
SLin

¼ 1� uLout
uLin

; (2)

where S is the Poynting flux and RL is the reflection coeffi-

cient of the Langmuir/z mode. If there is only one outgoing

EM wave mode, then the relationship between e and ep
becomes4–6

ep
e
¼ vEMg

vLg
; (3)

where vg
EM and vg

L are group velocities of EM and

Langmuir/z waves. For unmagnetized plasmas, the group ve-

locity ratio (jvgEM/vgLj) between EM and Langmuir/z waves
is reduced5,6 to jvgEM/vgLj � (cb)�1/2, where c is the adiabatic
index, thus,

ep
e
� ðcbÞ�1

2: (4)

In magnetized plasmas, there are two different outgoing

EM waves (i.e., oL and xR waves) and the total energy con-

version efficiency can be described as the sum of the oL (e�)
and xR (eþ) conversion efficiencies

e � eþ þ e�; (5)

where the superscripts 6 represent xR and oL mode waves,

respectively. The relationship between ep and e is

ep ¼ 1� jRLj2 � eþ
vþg
vLg

þ e�
v�g
vLg

: (6)

Equation (6) clearly shows that the relationship between e
and ep in strongly magnetized plasmas is not as simple as for

unmagnetized or weakly magnetized plasmas, because vg
6 is

a function of B0, N0, c, b, and wavevector, k. In weakly mag-

netized plasmas, the ratio between the two conversion effi-

ciencies reduces to Eq. (3) since vg
þ� vg

�� kc2/x.

B. Parameters for conversion efficiency

The mode conversion efficiency is expected to be pri-

marily a function of the quantities28,33

q ¼ ðk0LÞ2=3sin2hLin (7)

and

X0 ¼ k0Lð Þ1=3Y1=2
e ; (8)

where k0¼x/c, L is the density scale length, hLin is the inci-
dent angle of Langmuir/z waves to rN0, and Ye¼xce/x.
Willes and Cairns34 generalized Eq. (7) and found that the

mode conversion efficiency is primarily a function of

q ¼ ðk0LÞ2=3K2
?; (9)
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where K\¼ k\/k0 is the normalized wavevector perpendicu-

lar to rN0 of the incoming Langmuir/z waves.
Similar to KCR08 and Ref. 34, the maximum of hLin for

outgoing oL and xR waves (hL6max-in) can be calculated

from K2
\¼ (KL sinhL6in)

2¼ (K6 sinh6out)
2, where K6 are

normalized wave numbers and h6out is the angle between K6

and rN0 of outgoing oL (�) and xR (þ) waves. Because the

maximum of sinh6out is 1

hL6max�in ¼ sin�1 K6

KL

� �
� sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
cb

1� Xe

s
K6

0
@

1
A; (10)

where K6¼K6 (h6out¼ 90�), (KL)2¼ (1 – Xe)/(cb) is the

normalized wave numbers of the Langmuir/z mode and

Xe¼ (xpe/x)
2. For h6out¼p/2, since outgoing oL and xR

waves propagate perpendicular to rN0, the angle between

wavevector to B0 becomes jp/2�/j (for instance, 90� for

B0jjrN0 and 0� for B0\rN0). Because EM waves far from

the resonance cone in warm plasmas can be treated as cold

plasma waves,35 K6 for outgoing EM waves in the region

far from the mode conversion area can be calculated using

the Appleton-Hartree equation21 under the cold plasma

approximation,

K6
� �2 � 1� Xeð1� XeÞ

1� Xe � Y2
e sin

2jp=2� /j
2

6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y4
e sin

4jp=2� /j
4

þ Y2
e ð1� XeÞ2cos2jp=2� /j

s : (11)

From Eq. (7), (10), and (11), the maximum of q then can be

calculated as

q6max�in ¼ k0Lð Þ2=3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Xe

cb

s
K6

0
@

1
A

2

: (12)

Figure 1 shows hL6max-in and q6max-in as a function of X0

for xpe¼ 2� 105 s�1, k0L¼ 1� 103, cb¼ 0.01, Xe¼ 0.95, and

d¼ 0�, 30�, 60�, and 90�, respectively. In this figure, h�max-in

for oL waves clearly increases when d and/or X0 increase, and

h–max-in always exceeds 0
�. For d¼ 0�, hLmax-in does not depend

on X0 because the dispersion of two oL modes in Eq. (11) can

be reduced to K2¼ 1 – Xe, which is independent of B0. For the

xR mode, hþmax has a maximum value of 5.74� near d¼ 0� for

cb¼ 0.01 and decreases when d and/or X0 increases. The maxi-

mum value of X0 for mode-converted xR-mode waves, which

occurs when qþmax¼ 0 and hþmax¼ 0�, can be derived from

Eqs. (8) and (11) when Kþ
\ ! 0 and Ye¼ (1–Xe), thus,

X0� (k0L)
1/3(1 �Xe)

1/2¼ 2.24 for the given conditions.

Based on h6max-in we can determine whether oL- and/or
xR-mode waves can be generated from the Langmuir/z waves
or not. Both oL and xR modes can be produced by LMC when

hL< hþmax< h–max, but only the oL mode can be generated for

hþmax< hL< h–max, while no EM waves can be produced for

hL> h–max. We examine wave simulations described in Sec. III

for 0� � d� 90�, X0< 2, and 0.01� q� 3.5, respectively. In

the simulations, the adopted values of q are lower than the val-

ues of qþmax-in in Figure 1 so that both oL and xR modes can be

generated from Langmuir/z waves via the LMC process.

III. NUMERICAL SIMULATIONS

A. Model description

To investigate LMC between Langmuir/z and EM waves

in warm magnetized plasmas we use the numerical fluid sim-

ulation code developed in Ref. 4. Assuming the plasma

obeys an adiabatic pressure law with PN-c¼ constant, where

P and N are the plasma pressure and density, respectively,

the code solves the linearized Maxwell equations, the elec-

tron momentum and continuity equations for an electron

fluid with finite mass and thermal pressure, and Ohm’s law

r� E ¼ � @B

@t
; (13)

r� B ¼ l0Jþ
1

c2
@E

@t
; (14)

N0me
@v

@t
¼ �N0e Eþ v� B0ð Þ � neE0 �rp� �v; (15)

J ¼ �N0ev; (16)

FIG. 1. The maximum angles h¼ h6max-in in degrees and maximum values

of q¼ q6max-in, where the superscripts 6 represent xR and oL mode waves,

respectively, for LMC into ((a) and (c)) the oL and ((b) and (d)) xR modes as

functions of X0¼ (k0L)
1/3Y1/2 for k0L¼ 1� 103, cb¼ 0.01, and X0¼ 0.95.

Here, d is the angle between density gradient and the ambient magnetic

field.
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@n

@t
¼ �r � ðN0vÞ; (17)

P ¼ cnP0=N0; (18)

P0 ¼ T0N0; (19)

and

E0 ¼ �rP0

N0e
: (20)

Here, E, B, v, and J are the perturbed electric and magnetic

fields, electron velocity, and current density, n and p are the

perturbed electron density and pressure, and P0, E0, and �
are the background electron pressure, magnetic fields, and

collisional frequency, respectively. Since we have adopted a

constant B0 in slab geometry, there is no background electron

velocity and current in the simulation. In addition, � is only

adopted near the boundary to absorb waves. Note that only

linear perturbations are contained in Eqs. (13)–(20).

In order to solve equations numerically, the following

assumptions are adopted:

1. We assume that rN0 lies in the z direction and B0¼ (B0

sind, 0, B0 cosd), where d is the angle between B0 and

rN0. For simplicity, B0 is assumed to be constant. We

perform wave simulations for X0¼ 0.1–2.0.

2. We define Xe¼x2
pe/x

2 with

Xe Zð Þ ¼ X0

X0 1þ Z=Lð Þ
for Z � 0

for Z > 0;

(
(21)

where X0¼Xe (Z¼ 0)¼x2
p0 / x

2 and Z¼ k0z is a normal-

ized length. Typical solar wind values for the electron

density, with xp0¼ 2� 105 s�1and density scale length

with k0L¼ 1� 103 are used. However, in order to save

computing time, we assume that cb¼ 0.01 rather than

more plausible values of 10�4–10�5 for the corona and

solar wind. Here, we also assumed X0¼ 0.95 similar to

the previous simulation studies.4–6 Although both power

and energy conversion efficiencies depend on cb,6,36 the

simulation results for both the conversion efficiency and

conversion window can be scaled to realistic parameter

and the dependence of c is weak compared to the depend-

ence on b.6 Thus, we adopt c¼ 1, for simplicity. Under

given conditions, mode conversion occurs near Zmc¼ k0L
(1 �X0)¼ 50 when x�xpe.

3. Since collisions are adopted only near the boundary,

plasma in the region where mode conversion occurs in the

simulation box can be considered collisionless.

4. Because there is no background gradient in the X and Y

direction, all variables may be represented as a superposi-

tion of Fourier modes with dependence, A¼A(Z, t) exp
(iKx X), where X and Kx are normalized lengths and wave-

numbers: X¼ k0x and Kx¼ kx/k0. Here, Kx is constant by

Snell’s law, and we assume Ky¼ 0 without loss of

generality.

5. We divided the simulation box into four regions (see

Figure 2 in Ref. 5); region I has constant N0 but waves are

damped due to imposition of collisions, region II has con-

stant N0 where Langmuir/z modes are generated in elec-

tric fields, region III has constant N0, and region IV has

inhomogeneous N0, where mode conversion occurs.

Although reflecting boundary conditions are used in the

code, the waves damp before they reach the boundary in

region I due to collisions so the boundary condition is

effectively an outgoing boundary. Moreover, waves never

reach the boundary in region IV because they are reflected

and/or mode converted before they region that boundary.

6. The size of each region in the simulation box is arbitrary:

ZI¼ 80kLk0, where k
L ¼ 2pc

ffiffiffiffiffi
cb

p ðx2
0 � x2

p0Þ�1=2
is wave-

length of Langmuir wave in unmagnetized plasma, for

region I, ZII¼ 10kLk0 for region II, ZIII¼ 50, 250, or

650kLk0 for region III, and ZIV¼ 100kLk0þ Zmc for region

IV, respectively. In order to describe short wavelength

Langmuir/z waves as well as long wavelength EM waves,

the spatial grid size dZ is chosen to be dZ¼ k0k
L/14.

7. For weakly magnetized plasmas (X0¼ 0.1 and 0.7), we

adopt a short simulation box with ZIII¼ 50kLk0, but for
intermediately magnetized plasmas, longer simulation

boxes with ZIII¼ 650kLk0 and 250kLk0 are used for

X0¼ 1.0 and 1.5, respectively.

8. Initial Langmuir/z waves are generated continuously by

driving the Ex and Ez components in region II with a wave

having a single frequency x and wavevector K¼ (KL
x,0,

KL
z)¼ (KLsinhLin, 0,K

LcoshLin). Time histories of the elec-

tric and magnetic fields in region III are then recorded

during the stationary time period, after the initial transi-

ents have died out.

B. Calculations of mode conversion efficiency

Calculations of the conversion efficiency from the simulation

data require the wave power in each wave mode, obtained

from the Fourier transform (in Z) of the wave solution in

region III where the density is constant and decomposition into

the normal modes is straightforward. In order to distinguish the

two separate peaks of oL and xR waves in the Fourier-

transformed K domain, the resolution dK¼ 2p/ZIII should be

smaller than the difference in wavenumber of the two peaks, at

least dK� jKþ
z–K

–
zj. For weakly magnetized cases of

X0¼ 0.1 and 0.7, because Kþ
z�K–

z, dK becomes extremely

small and ZIII should be infinite or extremely large to separate

two wave modes. Therefore, in order to save computing time,

we adopt a short simulation box with ZIII¼ 50kLk0. With the

short simulation box, dK is not sufficiently small enough to

separate the oL and xR modes and thus the power in the oL
and xR modes cannot be determined directly from the simula-

tion data. For the intermediate magnetized plasmas, we adopt a

longer simulation domain satisfying dK< jKþ
z–K

–
zj, which

enables us to calculate the separate mode conversion efficien-

cies for both the oL and xR wave modes.

Figure 2 shows the peaks in the power spectra for vari-

ous magnetization conditions in shorter and longer simula-

tion boxes. The spatial dependences of the EM waveforms

from Ey (the ES waves have Ex and Ez field only) in the left

column of Figure 2 show direct evidence for superposition of

two EM wave modes for all X0 cases. Since K–
z�Kþ

z and
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dK> jKþ
z–K

–
zj for X0¼ 0.7, there is only one peak in the

power spectra for X0¼ 0.7 in Figure 2(a). However, two sep-

arated peaks of oL and xR waves are clearly seen in the right

columns of Figures 2(b) and 2(c). The xR and oL mode

waves are dominant for X0¼ 1.0 and 1.5, respectively.

In order to calculate the energy of each of the wave

modes, we adopt a wavenumber bandpass filter that covers

the bandwidth Kmode�dK�Kmode�Kmodeþ dK, where

Kmode is a center wavenumber of outgoing EM waves and

dK¼ 2p/ZIII, and then we calculate the electric power of

each mode according to

umode ¼
X
j

X
2dK

KmodeþdK
Kmode�dK

~EjðKÞ ~Ej
	ðKÞ; (22)

where ~E is the bandpass-filtered Fourier transform of E in the

spatial variable, Z. For the weakly case of X0¼ 0.1 and 0.7,

since Kmode¼Kþ
z�K–

z as shown in Figure 2(a), the peak in

the total electric power contains both oL and xR waves. For

the longer simulation box, the total electric power of the out-

going EM waves is sum of the power of the oL and xR waves

uEMout ¼ u�out þ uþout: (23)

C. Simulation results: X05 0.1 and 0.7

For weakly magnetized plasmas with X0¼ 0.1 and 0.7,

we calculate the power (e) and energy (ep) conversion

efficiencies without separating into oL and xR modes and

plot contours of e and ep as a function of q and d in Figure 3.

For X0¼ 0.1 in Figures 3(a) and 3(b), both conversion

efficiencies are independent of d and are similar to the

unmagnetized plasma cases33,34 and the parallel density gra-

dient case of d¼ 0�.4,5 The maximum power (ep
max) and

energy (emax) conversion efficiencies are ep
max� 50% and

emax� 5%, respectively, for those parameters. Owing to the

weak B0, the ratio of the group speeds (vg
EM/vg

L) of the EM

and Langmuir/z waves can be reduced to the unmagnetized

plasma case of (cb)�1/2 in Eq. (2). Therefore, ep/e� 10

¼ (cb)�1/2 for given conditions and the simulation results are

in good agreement with theoretical ratios.

For X0¼ 0.7 in Figures 3(c) and 3(d), both conversion

efficiencies are shown maximize for the perpendicular den-

sity gradient (d¼ 90�, where ep
max� 80% and emax� 8%)

and minimize for parallel orientation (d¼ 0�, where

ep
max� 40% and emax� 4%), see also Ref. 6. The power

(Dqp) and energy (Dq) mode conversion q windows become

wider when d increases, which is similar to the previous sim-

ulation results of SCK13 for X0¼ 0.76. In this case, the effi-

ciency ratio, ep/e, also can be reduced to the unmagnetized

approximation, ep/e� 10¼ (cb)�1/2. We define a qmax (where

e¼ emax) and qp
max (where ep¼ ep

max) for each d. The value

of qmax and qp
max are almost constant as d varies and

qmax� qp
max� 0.5 for both X0¼ 0.1 and 0.7 in Figure 3.

By assuming that both the oL and xR modes are per-

fectly circularly polarized and analyzing hodograms in their

FIG. 2. (Left) Spatial dependence of

real Ey, which is the pure EM wave

modes for given conditions and (right)

power spectra of complex Ey for (a)

X0¼ 0.7, d¼ 40�, and q¼ 1.09, (b)

X0¼ 1.5, d¼ 40�, and q¼ 0.8, and (c)

X0¼ 1.5, d¼ 40�, and q¼ 0.8, respec-

tively. In the left columns, the abscissa

is the Z direction and the ordinate is

the normalized electric amplitude in

arbitrary units. Simulation domains of

regions I–IV are marked as blue

dashed lines and the red dashed lines

are where mode conversion occurs. In

the right column, the power is also nor-

malized in arbitrary units and the

abscissa is normalized wavenumber

Kz¼ kz/k0. The solid red and blue verti-
cal lines are where Kz¼Kz

– and Kz
x,

respectively.
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simulations, KCR08 separated the total conversion efficiency

into separate conversion efficiencies for the oL and xR waves

for d¼ 0�. However, the oL- and xR- mode waves cannot be

assumed to be 100% circularly polarized waves for d= 0�

even in weakly magnetized plasmas, and the method that

KCR08 used is not appropriate. In addition, the homogene-

ous portion of the simulation domain chosen is too small to

resolve the oL and xR mode conversion efficiencies directly

for X0¼ 0.1 and 0.7. Instead, we compose hodograms for the

outgoing waves and compare them with the polarization

ellipses analysis of the oL and xR modes.

In order to construct hodograms, we choose a single spa-

tial point in region III and use a wavenumber bandpass filter

to extract the pure long wavelength EM waves. This is

because the long wavelength EM modes and short wave-

length Langmuir/z waves have comparable amplitudes in

both Ex and Ez. Then, the electric fields E¼ (Ex, Ey, Ez) are

rotated to (E\, Ey, Ejj) with

E?
Ejj

� �
¼ cos d �sin d

sin d cos d

� �
Ex

Ez

� �
; (24)

where Ejj(\) is an electric field parallel (perpendicular) to B0.

In Figure 4, we plot hodograms of the polarization of

the electric field transverse to B0 (i.e., E\ and Ey) for (a)

X0¼ 0.1 and (b) 0.7, respectively. The columns are for

d¼ 20�, 40�, 60�, and 80� and we choose a value of

q¼ 0.425 that is close to qmax for all d. The hodograms are

normalized to the maximum value in each component so that

a circularly polarized field would appear as a circle. The

hodograms in Figure 4 confirm that in weakly magnetized

plasmas both oL and xR wave modes are produced via LMC

process in various d, as explained in detail below.

Figure 4(a) shows that the sum of the EM waves for

X0¼ 0.1 are almost purely linearly polarized and that the

polarization changes from linear to elliptical as d increases.

The ratios b/a of semi-major to semi-minor axes are 0, 0,

FIG. 3. Contour plot of the power (ep)
and total energy (e) conversion effi-

ciencies in the q-d plane for X0¼ 0.95,

xp0¼ 2� 105 s�1, k0L¼ 1� 103, and

cb¼ 0.01 for (a) X0¼ 0.1 and (b) 0.7.

FIG. 4. Hodograms showing the polar-

ization of the electric field transverse to

B0 (i.e., E\ and Ey) for (a) X0¼ 0.1 and

(b) 0.7. Columns represent for d¼ 20�,
40�, 60�, and 80�, respectively.
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0.03, and 0.08, while the theoretical ratios b/a of xR and oL
wave modes are 60.8, 60.55, 60.23, and 60.12 for

d¼ 20�, 40�, 60�, and 80�, respectively, where 6 represents

xR and oL waves. Thus, the linear polarization for d¼ 20�

and 40�, the right-handed elliptical polarization (RHP) for

d¼ 60�, and left-handed elliptical polarization (LHP) for

d¼ 80� are evidence of the mixture of two EM wave modes.

For X0¼ 0.7 in Figure 4(b), RHP and linear polariza-

tions are dominant for d¼ 0�–60� and 80�, respectively. The
ratios b/a are 0.14, 0.25, 0.53, and 0, for d¼ 20�, 40�, 60�,
and 80�, respectively, while the corresponding theoretical

ratios b/a of the xR (oL) wave modes are 60.8, 0.57(�0.52),

0.27(�0.19), and 0.18(�0.08). Although the xR mode is

dominant in this case, the simulated jb/aj is much less (or

more) than theoretical values because the outgoing EM

waves are not 100% composed of xR waves but is a mixture

of oL and xR waves. The results in Figure 4 are similar to

wave simulations for d¼ 0� that show linear polarized or

RHP outgoing EM waves for X0< 1.

D. Simulation results: X05 1.0 and 1.5

For intermediately magnetized cases, we adopt longer

simulation boxes with ZIII¼ 650kLk0 for X0¼ 1.0 and

ZIII¼ 250kLk0 for X0¼ 1.5, respectively. Since fine resolu-

tion of dK¼ 2p/ZIII enables us to calculate the energy con-

version efficiencies from Langmuir to oL and xR waves from

the simulation data directly, we directly determine the power

(ep), total energy (e), Langmuir energy to oL-mode (e–), and
Langmuir energy to xR-mode (eþ) conversion efficiencies,

respectively. These efficiencies are shown as a function of q
and d in Figure 5.

For X0¼ 1.0 in Figures 5(a) and 5(b), ep and e decrease
compared to the value for X0¼ 0.7 at small d but increase for

large d. The minimum power and total energy conversion effi-

ciencies occur near d¼ 0� and the maximum conversion effi-

ciencies increase up to ep
max� 95.5% and emax� 12% near

d� 60� and q� 1.1, as found in Ref. 6, while e increases up
to 4% for (X0, d)¼ (0.7, 0�) and 8% for (X0, d)¼ (0.7, 90�) in
Figure 3. The minimum near d¼ 0� is expected to be due to

an interference effect between incoming and reflecting

Langmuir/z waves, as shown in Ref. 5. Both e and ep increase
rapidly when d increases from 0� to 60� but decrease slightly
for 60� < d< 90�. The value of q(p)

max increases as d increases
and Dqp becomes slightly wider.

Figures 5(c) and 5(d) plot the energy conversion effi-

ciencies directly into oL (e�) and xR (eþ) wave modes for

X0¼ 1.0. For most conditions of (d, q) we determined e� and

FIG. 5. Contour plot of the power con-

version efficiency ep and the total

energy (e), oL-mode (e–), and energy to
xR-mode (eþ) conversion efficiencies

in the q–d plane for ((a)-(d)) X0¼ 1.0

and ((e)-(h)) 1.5, respectively. Here,

the black color represents regions

where the oL and xR modes cannot be

separated for each other due to the lim-

ited wavevector resolution of the

simulations.

122103-7 Kim, Cairns, and Johnson Phys. Plasmas 20, 122103 (2013)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

198.35.0.79 On: Sat, 07 Dec 2013 19:48:12



eþ directly from the simulation data; however, in the black

regions in Figures 5(c) and 5(d), we can only calculate the

total conversion efficiency e because dK is not small enough

to separate the two peaks.

For X0¼ 1.0, e� is minimum near d¼ 0� and increases

with d. For intermediate 40� < d< 60� and 0.5< q< 1.5, e�

has a peak but does not exceed 46% of the maximum e. At
larger d, e� increases significantly and has its overall maxi-

mum. The oL mode waves are dominant for large d. In con-

trast to e�, eþ in Figure 5(d) shows the maximum near

d� 50� of about 7.4%.

For X0¼ 1.5, ep
max in Figure 5(e) increases up to 99% for

all d and qp
max increases as d increases; thus, Dqp shifts to

higher q without changing ep
max(d) as d increases. The width

Dq for X0¼ 0.7 increases as d increases in Figure 3; however,

emax also increases with d. Different to ep
max, emax(d) varies

with d as shown in Figure 5(f); emax peaks near d¼ 50�–60�

and 1.3< q< 1.7. The peak value emax� 14% is higher than

the value of 12% for X0¼ 1.0. Figure 5(e) also shows that Dq
slightly increases in d.

For X0¼ 1.5, the oL mode is dominant for all q and d in

Figures 5(g) and 5(h); the maximum of e� is 13.5% while

the maximum of eþ is 2.7%. The only domain with signifi-

cant eþ lies in the intermediate density gradient cases of

30� < d< 70�, which is similar to the case X0¼ 1.0 in Figure

5(d). Therefore, Figure 5 confirms that xR-mode waves can

be generated from incoming Langmuir/z wave modes by

LMC and that such radiation occurs effectively only for

oblique density gradients and not for parallel or perpendicu-

lar density gradients.

In order to verify the relationship relates ep and e in

Eq. (6), in Figure 6, we plot the energy conversion efficiency

(ep
c) for X0¼ 1.0 and 1.5 that calculated from simulated e6 in

Figure 5 and the theoretical ratio of group speed between EM

and Langmuir/z waves (vg
6/vg

L). The theoretical ratio of

group speeds vg
6/vg

L in Figures 6(a), 6(b), 6(d), and 6(e)

clearly shows that vg
þ= vg

� and strongly depends on B0, q,
and d. The value of ep

c in Figures 6(c) and 6(f) increases over

100% under some conditions, but, in most cases, ep
c agrees

well with power conversion efficiencies. For instance, for (X0,

d, q)¼ (1.0, 50, 1.3), where e is close to emax, vg
�/vg

L¼ 7.8

and vg
þ/vg

L¼ 6.4, and ep
c is �102% agreeing well with the

simulation result of ep� 99%.

E. Dependence on magnetic field strength

In Figures 3, 5, and 6, we found that the conversion effi-

ciencies increase as X0 increases. For instance, emax

increases from 5% to 14% and ep
max increases from 50% to

99% as X0 increases from 0.1 to 1.5. It is also found that

Dq(p) becomes wider with increasing X0 except for smaller

d. However, four cases of X0 are not enough to determine

how conversion efficiencies vary in X0.

In order to investigate the detailed characteristics of

how conversion efficiencies depend on B0, we performed

multiple simulations 0.1<X0< 2. In these simulations, we

adopt smaller ZIII¼ 50kLk0 and wavenumber bandpass filter

that covers bandwidth Kþ -dK<K<Kþþ dK in order to

contain both oL and xR waves. Figure 7 plots e as a function
of X0 for d¼ 0�, 30�, 60�, and 90�, with blue, green, and red

FIG. 6. For X0¼ 1.0 and 1.5, ((a) and

(b), (d) and (e)) the group velocity ra-

tio between the oL (�) and xR (þ)

wave modes and Langmuir/z waves,

((c) and (f)) the total energy conver-

sion efficiencies as calculated from the

seperates oL and xR modes.
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colors representing the locations q¼ 0.25, 0.5, and 0.75,

respectively. The maximum conversion efficiency emax

increases up to 10.4% at d¼ 60� for q¼ 0.75. For d¼ 0�,
emax occurs at q¼ 0.5, but for d¼ 30�–90�, emax occurs at

q¼ 0.75. For d¼ 0� in Figure 7(a), as shown by KCR08, the

conversion efficiencies oscillate in X0 due to interference

between incoming and reflecting Langmuir/z wave modes.

For d¼ 30�, weak oscillations are found for q¼ 0.25, but

these oscillations become weaker as q increases. For d¼ 60�

and 90�, we found no oscillation with X0. Figures 7(c) and 7

(d) clearly show that emax occurs at higher X0 when q
increases and at lower X0 when d increases. The result for

d¼ 90� in Figures 3, 5, and 7 shows good agreement with

the inverse LMC problems of ordinary and extraordinary

waves to upper hybrid waves in cold plasma, for which Ref.

37 showed that the maximum power conversion efficiency,

emax, occurs at higher X0 when q increases; for instance, at

(X0, q)¼ (0.7, 0.8), (1,1), and (1.55, 1.22).

IV. DISCUSSIONS AND SUMMARY

Extending KCR08 and SCK13, we study mode conver-

sion in warm magnetized plasmas using a numerical electron

fluid simulation code where the density gradient has a wide

range of angles d to the ambient magnetic field B0 for a

range of incident Langmuir wavevectors. One of the advan-

tages of our wave code is that we can use it to directly deter-

mine the separate energy conversion efficiencies to oL and

xR waves. Our results show that both oL and xR waves are

produced for X0¼ (k0L)
1/3(xce/x)< 1.5. The xR modes are

produced over a wider range, 0� � d� 90�, for weakly mag-

netized plasmas with X0¼ 0.1 and 0.7 and are produced

most strongly in the range, 40� < d< 60�, for intermediately

magnetized plasmas with X0¼ 1.0 and 1.5.

This finding is interesting because d varies from 0� to 90�

in space; for instance, d� 0� in the solar corona, d� 45� in the

solar wind at 1AU,8,26 and d� 90� at the Earth’s magnetic equa-

tor.22,26 As shown in Figures 3 and 5 as well as KCR08, because

the xR wave generation condition can be determined by X0,

KCR08 and Ref. 38 estimated the typical value of X0 in various

spaces such as Xsc� 0.98 for the solar corona, Xsw� 0.87 for

solar wind at 1AU, Xpp� 1.1–8.4 for Earth’s plasmapause,

Xmp� 0.2–0.9 for magnetopause, and Xps� 0.2–0.6 for plasma

sheet boundary layer (PSBL), respectively.

Since we adopt the typical parameters in solar wind at

1AU (except for the plasma temperature) the results thus

suggest that the LMC process may play an important role in

producing partially polarized solar radio emissions, espe-

cially in the solar wind at 1 AU. This result is consistent

with observations of type II and III bursts with degrees of

polarization between 0% and 70%.20

For d� 90�, as shown in Figure 5, the xR-mode waves

can be produced for X0< 1.0. Terrestrial continuum radia-

tions, which occur for d� 90�, are observed as oL-mode

waves15 or both oL- and xR-mode waves.39,40 Because

Xps� 0.2–0.6< 1.0, Schleyer et al.40 expected that both oL
and xR-mode waves are generated in the PSBL, which is

consistent with observations.39 Therefore, the results in this

paper confirm and generalize the conclusions of KCR08 to

arbitrary d.
Similar to SCK13, both the power and energy conver-

sion efficiencies show continuous bands in the q–d plane for

all X0. For X0¼ 0.1 and 1.5, ep
max(d, X0) is relatively inde-

pendent of d, however, ep
max(d, X0) increases with increasing

d for X0¼ 0.7 and 1.0. For weakly magnetized plasmas, the

total energy conversion efficiency differs from the power

conversion efficiency by the ratio of the group velocity for

each mode (e� ep vg
L/vg

EM� ep (cb)1/2); however, in the

intermediately or strongly magnetized plasmas, ep/e varies

with d because the ratio of group speed is different for the oL
and xR modes and is a function of B0 and d. The maximum

efficiencies ep
max and emax increase from 50% to 99% and

5% to 14% as X0 increases from 0.1 to 1.5, respectively, and

the window Dq(p) becomes wider.

There are several limitations to the analysis presented in

this paper. First, though Langmuir waves are more typically

observed as wavepackets rather than continuous waves,41–43

only a single continuous Langmuir wave train with constant

frequency has been simulated. When wave packets propagate

into the density gradient, the incoming and outgoing wave-

numbers (and frequency) will vary with time and frequency

and the mode conversion efficiency will vary with time and

should be appropriately averaged, which is a simple general-

ization of Cairns and Willes.10 Thus, the conversion should

only apply to the time-average,10,38 and the averaging further

reduces the efficiency by a factor on the order of 10–30 for

the solar wind and corona.

Second, a simple density gradient has been adopted in

this paper. However, a Langmuir wave packet could occur in

FIG. 7. Energy conversion efficiencies e as a function of X0 without separa-

tion into the oL and xR modes for q¼ 0.25 (blue), 0.5, (green), and 0.75

(red), respectively. The values of X0, k0L, and cb are as in Figures 3 and 5.
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small density fluctuations and such small-scale density fluc-

tuations could affect wave propagation and mode conversion

efficiencies. Combining a linear density profile with super-

posed density fluctuations, Willes et al.44 found trapped

modes and resonant variations in the conversion efficiency

(e.g., increased efficiency when integer numbers of wave-

lengths fit within a cavity formed by the superposed turbu-

lence). Recently, Yu et al.45 calculated the mode conversion

efficiencies from incoming EM waves to plasma oscillations

in small density fluctuations shorter than wavelength and

they found that a special incident angle exists at which the

power mode conversion increases to almost 100% with sen-

sitive dependences on incident parameters.

In addition, Recent STEREO observations showed that a

significant number of the waveforms are consistent with

trapped eigenmodes of Langmuir waves in density depletion,

corresponding to waves in a potential well.41,46,47 Because

the observed eigenmodes are standing waves, they are in

same ways equivalent to oppositely directed Langmuir

waves, which are required for the generation of radio emis-

sion near xpe harmonic by a nonlinear process. As the

trapped Langmuir waves are being reflected continuously at

each side of the density well, there may also be LMC of the

fundamental mode.48,49 Therefore, the study of LMC for

incoming Langmuir/z wave packets in realistic density pro-

files remains an interesting and important area for future

work.
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