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Accurate calculation of perturbed distribution function δf and perturbed magnetic field δB is
essential to achieve prediction of non-ambipolar transport and neoclassical toroidal viscosity (NTV)
in perturbed tokamaks. This paper reports a study of the NTV with a δf particle code (POCA)
and improved understanding of magnetic braking in tokamak experiments. POCA calculates the
NTV by computing δf with guiding-center orbit motion and using δB from the ideal perturbed
equilibrium code (IPEC). Theories of NTV for magnetic field resonance, collisionality dependency,
and toroidal mode coupling are tested in the simple configurations using the particle simulations.
The POCA simulations are also compared with experimental estimations for NTV, which are mea-
sured from angular momentum balance (DIII-D) and toroidal rotational damping rate (NSTX).
The calculation shows reasonable agreement in total NTV torque for the DIII-D discharge with
weak rotational resonances in the ν−

√
ν regime. In NSTX discharges where the bounce-harmonic

resonances dominantly appear, the POCA simulation gives total NTV torques comparable to the
measurements, however large discrepancies are found in the detailed damping and NTV profiles. It
is discussed that a self-consistent calculation of δB using general perturbed equilibria is eventually
necessary since a non-ideal plasma response can change the perturbed field and thereby the NTV
torque.

I. INTRODUCTION

Magnetic perturbations in tokamaks, induced by in-
trinsic error fields or externally applied non-axisymmetric
fields, distort particle orbits through deformed or broken
flux surfaces and can fundamentally change neoclassical
transport [1–3]. In particular, modification in toroidal
momentum transport and toroidal rotation can be pro-
nounced apparently due to the toroidal symmetry brak-
ing in the magnetic field, as often called magnetic brak-
ing of toroidal rotation via neoclassical toroidal viscos-
ity (NTV) [4–6]. Since even a magnetic perturbation as
small as |δB/B| ∼ 10−4 can substantially change toroidal
rotation and thus various plasma instabilities [7–9], it
is not only essential to understand physics but also to
develop a highly precise tool for prediction of magnetic
braking and NTV.

One of key components in NTV description is the cal-
culations of δf , the perturbed distribution function, on
non-axisymmetric magnetic field perturbations δB. Sub-
stantial progress has been made in physics understand-
ing by analytic δf treatments [10–15]. However, in order
to achieve accuracy required for NTV prediction in prac-
tice, numerical calculations are necessary to avoid various
approximations in analytic theories such as large aspect-
ratio expansion, bounce-averaging of trapped particles,
zero-banana-orbit width, regime separation, or simpli-
fied collision operators. POCA (Particle Orbit Code for

Anisotropic pressures) has been developed for this pur-
pose [16], and to provide improved NTV predictability
by following exact guiding-center orbit motions of parti-
cles and precisely calculating δf and NTV. In addition
to actual applications to magnetic experiments, POCA
has also been actively used to verify several fundamental
aspects that were predicted in NTV theories.

In this paper, the applications of the particle simu-
lation code, POCA to calculation of NTV in magnetic
braking experiments for DIII-D and NSTX are presented
by computing δf with the guiding-center orbit motion
and using δB from the ideal perturbed equilibrium code,
IPEC. Section 2 describes the methods to calculate δf
and NTV in POCA simulations. Numerical tests of NTV
physics, such as collisional dependencies in the presence
of precession, and mode coupling or decoupling, are pre-
sented in Section 3. A technique for reconstructing δB
including ideal plasma responses for experimental appli-
cations is explained in Sec. 4. Then POCA applications
to actual magnetic braking experiments in DIII-D and
NSTX are presented in Sec. 5, where the NTV torques,
obtained from global angular momentum balance in DIII-
D and estimated from rotational damping rate in NSTX,
are compared with the POCA simulation and the com-
bined NTV theory. Issues for improving the NTV predic-
tion are discussed in Sec. 6, and the concluding remarks
are given in Sec. 7.
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II. GUIDING-CENTER PARTICLE
SIMULATION FOR CALCULATION OF δf AND

NTV

A guiding-center orbit code, POCA solves the Fokker-
Planck equation with a δf Monte Carlo method to ob-
tain the perturbed distribution function δf [16, 17]. The
Fokker-Planck equation is written as

d ln fM
dt

+
df̂

dt
= Cm, (1)

where the distribution function f is approximated to f ≈
fM (1 + f̂) with the local Maxwellian fM , and Cm ≡
C/f with the pitch-angle scattering collision operator C
modified to conserve the toroidal momentum [17]. The
reduced Fokker-Planck equation can be rewritten as

df̂

dt
= −~v · ~∇ψ∂ ln fM

∂ψ
+ Cm, (2)

then f̂ is obtained by

∆f̂ =−
[
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]
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λ∆t− e

T

dΦ
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∆ψ,

(3)

where ν is the collision frequency, u is the parallel flow ve-
locity, λ is the pitch-angle, and Φ is the electric potential.
The first term in the right hand side of Eq. 3 represents
the δf driven by particle drift motions, and the second
term is the momentum correction term to preserve the
toroidal momentum conservation. The last term repre-
sents the electric potential effect, which is directly re-

lated to the toroidal rotation and ~E × ~B precession by
Er = −dΦ/dr.

The particle trajectories in guiding-center motion be-
tween collisions are then calculated by the Hamiltonian
orbit equations on Boozer coordinates [18]. An exam-
ple of the guiding-center drift motion in an axisymmet-
ric NSTX plasma is illustrated in Fig. 1, reflecting a
typical feature of the magnetic field line structures in
NSTX. As presented in Ref. [16], the distortion of this
guiding-center motion by non-axisymmetric perturbation
can lead to rapid radial transport, and thus to radial cur-
rent and toroidal torque with NTV.

In POCA simulations, NTV torque is obtained by eval-
uating perturbed anisotropic pressure [19, 20]. In Boozer
coordinates,

τϕ ≡ 〈eϕ · ∇ ·P〉 =

〈
δP

B

∂B

∂ϕ

〉
, (4)

where eϕ = ∂x/∂ϕ, δP is the perturbed pressure de-
fined by δP =

∫
d3v(Mv2‖ + Mv2⊥/2)δf , and the brack-

ets denote the flux surface average. These POCA cal-
culations for NTV have been successfully tested with
semi-analytic methods in zero precession limits, and have

FIG. 1: 3D trajectory of a single guiding-center orbit mo-
tion in an axisymmetric NSTX plasma, calculated by POCA.
Collisions were neglected here.

also numerically demonstrated several key aspects in
NTV physics, such as δB2 dependence, phase-mixing by
toroidal precession, and rotational resonances such as
bounce-harmonic resonances, as presented in Ref. [16]
and [21]. The further numerical tests on other key as-
pects, such as field resonance, the collisionality depen-
dence in finite toroidal precession, and mode coupling,
will be described here in the next section.

III. TESTING NTV PHYSICS WITH THE
PARTICLE SIMULATIONS

In this section, numerical tests of essential NTV
features such as the 1/ν and ν−

√
ν behaviors, the

superbanana-plateau, the bounce-harmonic resonances,
and the toroidal mode decoupling are presented using

the particle simulations in the zero and finite ~E × ~B.

A. Field resonance

A magnetic braking is often assumed to be driven
mainly by non-resonant magnetic perturbations. This
supposition, however, can be misleading, since particle
orbits can be repetitively distorted at most when the
field patterns are resonant with orbit patterns, that is,
m−nq ∼ 0. This can be also seen in various semi-analytic
methods, as the bounce-averaged integral for (m,n) per-
turbation becomes the largest in such a condition. This
field resonance has been tested in POCA, by estimat-
ing NTV for each single harmonics (m,n) of the actual
variation in the field strength in each flux surface hav-
ing a safety factor q. Here the magnetic perturbations
δB/B0 = δmn(ψn) cos(mθ−nϕ) with δmn(ψn) = 0.02ψ2

n

are applied to a background plasma of ν∗ ∼ 1.0 in [16],
which is in the 1/ν regime. Fixing the toroidal mode
number as n = 3, the poloidal mode number is varied by
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FIG. 2: NTV torque profiles by (m = 6, 7, 8, n = 3) modes.
Strong NTV peaks appear at the resonant flux surfaces where
q = 6/3, 7/3, and 8/3 for each poloidal mode number.

m = 6, 7, and 8 to change the resonant mode. The ~E× ~B
rotation is set to be zero for simplicity here.

As shown in Fig. 2, strong NTV peaks appear nearby
the resonant flux surfaces at q = 6/3, 7/3, and 8/3 cor-
responding to the applied poloidal mode numbers. The
peak flux surface is shifted by the applied mode, and the
NTV is dominated by the resonant perturbation, while
NTVs rapidly drop at the off-resonant flux surfaces. Note
much stronger torques are found at the edge rather than
the core, but this is just due to the envelope change by
the field attenuation from the edge to the core. One can
also see that overall trend of NTV profiles by POCA is
highly consistent with the combined NTV calculations in
this high aspect-ratio and the low β case, as described in
[16].

A subtlety about the field resonance, however, still ex-
ists due to plasma response to externally applied mag-
netic perturbations. Resonant components of exter-
nal magnetic perturbations typically produce stronger
plasma response than non-resonant components. They
either can be too much disruptive to see NTV effects or
can be strongly attenuated by screening effects, depend-
ing on radial locations of flux surfaces and stability char-
acteristics of plasma targets. This interference is not ex-
pected for non-resonant external perturbations and thus
NTV effects can be seen more apparently. However, if
external perturbations are too much non-resonant, i. e.,
very far from the resonant condition m − nq ∼ 0, their
effects can be too weak or noisy to produce NTV. Note
there are extra complications in bounce-harmonic reso-
nances, i. e., m − nq ± ` ∼ 0. It will be interesting in
the future to examine a proper decomposition of external
magnetic perturbations by their relative importance on
NTV, but this subtle balance should be considered with
a self-consistent plasma response model.

B. Collisionality dependency of NTV with finite
~E × ~B

NTV physics strongly depends on collisionality and
toroidal precession rates, as NTV regimes are frequently
defined by these two parameters. Mainly two distinct
trends have been predicted; 1/ν [11] dependency in rel-
atively high collisionality and ν−

√
ν [13] roll-over when

collisionality becomes lower than precession. When pre-
cession is very low, 1/ν regime can be extended to
lower collisionality regime and connected to so-called
superbanana-plateau regime, where precession can be ze-

roed by cancelation between electric ~E× ~B and magnetic
precession. On the other hand, when precession becomes
strong enough, bounce-harmonic resonances can occur
and largely enhance transport.

In order to test these parametric dependencies, POCA
simulations were performed to scan NTV in a wide range

of collisionality 10−4 < ν∗ < 104 in three different ~E× ~B
precession rates as shown in Fig. 3. Results were also
compared with combined NTV calculations, which can
provide theoretically predicted trends reasonably well in
simplified geometry as tested here. The collisionality, ν∗
has been scanned by multiplying density by a constant
while dividing temperature by the same constant for the
plasmas in Fig. 2(a) and Ref. [16] with n0 = 2.0 × 1017

m−3, T0 = 0.5 keV. Thus, the total pressure was not
affected by the collisionality variation in the scan. The
applied field is (m,n) = (7, 3) and NTV torque density
is estimated at ψn = 0.45 which is close to the resonant
flux surface.

POCA and combined NTV results both show the fun-
damental 1/ν behaviors in high collisionality and pre-

dicted transition to ν−
√
ν regime when ~E × ~B is finite.

There are nonetheless quantitative differences between
two results, which becomes more apparent in higher col-
lisionality where one can see POCA predicts larger NTV
than combined NTV in general. This is because com-
bined NTV only includes trapped particle effects, but
in higher collisionality, the fraction of trapped particles
becomes smaller and passing particle effects can be dom-
inant in transport process.

The zero ~E × ~B limit, 3(a), has even an important
qualitative discrepancy between two results. When col-
lisionality is sufficiently low, POCA shows superbanana-
plateau (SBP) behavior that has been predicted from
theory [22]. On the other hand, combined NTV does not
show SBP as already claimed once by numerical testing
work with a global particle simulation code, FORTEC-3D
[20]. The failure in combined NTV for SBP is due to geo-
metric and pitch-angle simplifications in magnetic preces-
sion, but the difference between POCA and FORTEC-3D
results possibly implies that SBP may a local effect and
may be not as strong as expected due to its sharp res-
onant conditions. This issue has been discussed in the
recent paper by Logan [23], which reported a recovery of
SBP regime by eliminating the large aspect-ratio approx-
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(a) ωE = 0 (b) ωE ~ 30 rad/s (c) ωE ~ 103 rad/s

POCA

Combined formula

FIG. 3: Comparison of NTV between POCA (red-symbol) and combined formula (blue-solid) as a function of collisionality

with fixed ~E × ~B frequency at (a) ωE = 0, (b) ωE ∼ 30 rad/s, and (c) ωE ∼ 103 rad/s. Shaded is the theoretically estimated
boundary (a) for SBP and 1/ν regime, and (b)(c) for ν−

√
ν and 1/ν regime.

(a) Closed orbit (l=1, n=1) (b) Closed orbit (l=1, n=2) (c) Closed orbit (l=1, n=3)

FIG. 4: 3D particle trajectories of the closed orbit with ~E × ~B (red) compared to the original banana orbit (blue) in NSTX.
The closed orbit of the `-class particle toroidally circulates ` cycles for n bounces as shown for (a) (`, n)=(1, 1), (b) (1, 2), and
(c) (1, 3).

imation in the combined NTV theory. As argued in Ref.
[23], open issues remain in the SBP regime of NTV and
it is another important subject that can be tested by a
dedicated study combining the local and global particle
simulation, even though it is beyond the scope of this
paper. It is also notable that the lowest collisionality in
the collisionality scan almost touches a limit of local ap-
proach where narrow annulus is defined for a home flux
surface, thus it would be very difficult to further reduce
the collisionality to test superbanana regime due to large
banana orbit width of particles with very high thermal
velocity. This is one of the limitations of local particle
simulation, implying a necessity of a global approach.
This issue will be further studied in the future, as NTV
prediction in low collisionality is critical for the next-step
devices and ITER.

With a high ~E× ~B, 3(c), both calculations show strong
enhancement of NTV by bounce-harmonic resonances
[14, 25, 26]. Since the bounce frequency is much higher

than ~E× ~B frequency in the whole range of collisionality
in Fig. 3(b), the bounce-harmonic resonances hardly oc-
cur. On the other hand, the bounce frequency is largely

similar to ~E × ~B frequency in 3(c), thus the bounce-
harmonic resonances take effects as indicated by overall
increment of NTV torque. The resonant peaks can also

be seen in (c) by the bumps and variations in addition to
the expected ν to ν−

√
ν trends, although the peak values

and positions are not perfectly consistent. The impor-
tance of bounce-harmonic resonances have been recently
verified by simulations [21] and observed in experiments
[27]. As discussed in references, the perpendicular mo-

tion by ~E× ~B precession can largely suppress radial par-
ticle drifts by phase-mixing, but the phase-mixing can

disappear in bounce-harmonic resonances as the ~E × ~B
precession is large enough to resonate with the paral-
lel motion [21]. Together with the SBP resonance with

small ~E × ~B [15, 22], the bounce-harmonic resonance is
an important mechanism enhancing NTV transport. It
should be noted that collisionality boundaries between
SBP, 1/ν, and ν−

√
ν regimes in the POCA simulation

are found to be shifted from the theoretical estimations
[24], which can be caused by overlapping of collisionality
regimes due to different pitch-angle and energy of parti-
cles in the Maxwellian distribution.

In Ref. [21], closed orbits were newly found in the
simplified large aspect-ratio tokamak configurations with
circular-shaped plasmas. The closed orbits of `-class par-
ticles toroidally circulates ` cycles for n bounces when
the rotational resonance condition, `ωb ∼ nωE is satis-
fied. Here, ` is the digit representing the bouncing class
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FIG. 5: Comparisons of NTV profiles between three-mode (red) and linear sum of single-mode (black) perturbations. Three-
modes are considered with the fixed poloidal mode for (a) and (b), and the fixed toroidal mode for (c) and (d). Broken curves
indicate the NTV profiles by single-mode perturbation, and black solid curve does their sum.

of particles, ωb is the bounce frequency, and ωE is the
~E× ~B electric precession frequency. We found such closed
orbits in the real tokamak configuration of NSTX as pre-
sented in Fig. 4. A single-harmonic perturbation was
applied to simplify the magnetic perturbation as in the
previous section, and the closed orbits were formed on
the corresponding flux surfaces satisfying the resonant
field condition m− nq ± ` = 0, as described in Ref. [21].

One can notice that the closed orbits can indeed exist
in the real tokamak configuration and their trajectories

are even more complex. The ~E× ~B precessions almost al-
ways exist in practice and make the particle orbits much

more complicated compared to the zero- ~E × ~B or the
single-harmonic case. The bounce-harmonic resonances

always occur for a fraction of particles in the finite ~E× ~B
due to Maxwellian energy distribution, and on every sur-
face due to multi-harmonic magnetic perturbations. This
bounce-harmonic effect is automatically included in the
POCA simulation by the guiding-center drift motions so

that the orbit closing and evolution by ~E × ~B are real-
istically taken into account. The bounce-harmonic reso-
nances can be easily dominant in the magnetic braking

experiments with the finite ~E × ~B, and thus it is impor-
tant to include them in the NTV calculations. These will
be further discussed for the practical magnetic braking
discharges in Sec. 5.

C. Toroidal and poloidal mode coupling

NTV theory in tokamaks predict poloidal mode cou-
pling but toroidal mode decoupling, due to the quasi-
linear nature of treatment on unperturbed axisymmetric
magnetic field [28, 29]. This mode coupling issue is criti-
cal in some practical cases, such as tritium-breeding test
blanket modules (TBMs) in ITER, which are expected to
produce multi-toroidal and poloidal harmonic perturba-
tions [30]. For test, we applied three-mode magnetic per-
turbations expressed as δB/B0 =

∑
δmn(ψn) cos(mθ −

nϕ) to the model plasma in Sec. 3.1. The resulting NTV
torque was compared with the linear NTV sum of three
single-mode perturbations with the same harmonics.

Simulation results are presented in Fig. 5, showing
indeed little to no toroidal mode coupling effect. Fig.
5(a) and 5(b) are the comparison of NTV profiles, where
three-mode in toroidal harmonics was considered with a
fixed poloidal mode. The mode numbers were selected to
control the distance between the resonant flux surfaces to
the applied perturbations, thus 5(a) is the case for a large
distance between the peak NTVs while 5(b) is the one for
a small gap. It is found that the NTV profiles from the
three-mode harmonics is almost the same as the sum of
single modes regardless of the gap between the resonant
surfaces.
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Poloidal mode coupling effect was also checked in a
similar manner but by changing the poloidal mode num-
ber with a fixed toroidal mode number. By comparing
Fig. 5(c) and 5(d), one can find the poloidal modes
are decoupled when the gap distance is large in 5(c)
but can be coupled when the gap is reduced in 5(d).
Fig. 5(d) shows that the NTV density from the three-
mode harmonics is largely different from the linear sum of
the single-mode especially around the resonant flux sur-
faces, indicating nonlinear response of NTV to the multi-
poloidal harmonics and thereby strong poloidal mode
coupling [31].

IV. RECONSTRUCTION OF PERTURBED
MAGNETIC FIELD δB FOR PARTICLE

SIMULATION

An accurate calculation of the perturbed magnetic field
δB is the key to the precise NTV estimation. The spa-
tial structure of δB must be consistent with nested flux
surface everywhere, which is also one of the fundamental
assumptions of NTV theories. POCA code uses δB com-
puted by IPEC, which is a well-known ideal perturbed
equilibrium code, capable of computing δB with an ideal
plasma response [32]. When ideal plasma response is
included for this, however, δB profiles can be very com-
plicated especially around the rational surfaces due to
the ideal constraints for the nested flux surfaces. These
fine structures of δB are unnecessary for guiding-center
orbits, especially for ions. Thus, POCA uses Chebyshev
polynomials radially, and Fourier modes poloidally and
toroidally to represent 3D structure of the magnetic field
obtained with IPEC. Then, δB is expressed as

δB(ψn) =
∑
m,n

nc∑
j

aj cos[j cos−1(x)] cos(mθ − nϕ)

+bj cos[j cos−1(x)] sin(mθ − nϕ),

(5)

where nc is the degree of polynomials, aj and bj are the
Chebyshev coefficients for each degree j, and x = 2ψn−1.

Fig. 6 shows comparisons of the δB profiles between
original IPEC result and fitting in the NSTX discharges,
where the radial profiles are taken at (θ, ϕ) = (0, 0) with
nc = 20. One can notice that the fitted profiles reflect
overall trend of complex field structure very well, even
though the strong peaks at the rational flux surfaces are
effectively smoothed. The fitting function is sensitive to
the degree of Chebyshev polynomials nc as seen in Fig.
7, where each fitting curve is drawn for different nc. A
lower degree fitting roughly follows the original δB with
wobbling, and shows a poor fitting quality at the edge
containing dense rational surfaces. On the other hand,
high degree gives a better fitting to the IPEC calculation,
so that it follows very well the rapid δB changes at the ra-
tional surfaces and effectively smoothes unnecessary res-
onant peaks. The degree of polynomials of nc ≥ 20 is
found to provide good resolutions for the examples, but

this can depend on the discharge condition. Note higher
degree usually guarantees an accurate fitting but requires
longer simulation time. In the following experimental
analyses, nc = 20 is used to simultaneously satisfy the
computational accuracy and efficiency.

V. NTV CALCULATIONS IN MAGNETIC
BRAKING EXPERIMENTS

In parallel with numerical verifications as described,
POCA has been actively applied to magnetic braking
discharges in DIII-D and NSTX. For the simulations,
IPEC first computes the perturbed magnetic field δB
with the ideal plasma response, and then POCA cal-
culates the NTV using the δB from Eq. 5 and kinetic
profile measurements for temperature, density and rota-
tion. The electric potential profile in Eq. 3 is obtained

from a radial force balance equation∇p = eN( ~E+~u× ~B),
which is given by measurements. It was from measured
pressure and toroidal rotation, and neoclassical estima-
tion of poloidal rotation in NSTX, while the poloidal
rotation was also measured in DIII-D. Note the POCA
uses a given potential profile but does not evolve it self-
consistently, thus errors in the electric potential always
remain impacting on the NTV torque. This could be
improved by self-consistent calculation of the electric po-
tential in the future.

Our test cases are essentially identical to ones previ-
ously computed by combined NTV calculations [14] and
published in [33] for DIII-D and in [34] for NSTX, but
with further updates in several aspects; (1) Previous cal-
culations used regular spatial grid with 100 ∼ 200 points.
This is not even close to the original IPEC spatial reso-
lution of grids, which are adaptive and easily have ∼ 104

grid points. New calculations have the full IPEC grid as
one can see clear resonant peaks in every rational surface.
(2) The integration in the velocity space is also increased
in order to capture sharp peaks of bounce-harmonic res-
onances in the energy space. (3) Last, especially for
NSTX, IPEC equilibrium calculation itself has been im-
proved more reliably for high n > 2, by changing mag-
netic coordinates from Hamada to Boozer or hybrid and
thus allow Jacobian to follow the large changes of 1/B2 in
NSTX, up to two orders of magnitudes in a flux surface.
Nevertheless, conclusions in the previous work remain
the same, as Ref. [34] showed that the combined NTV
based on Lagrangian δB in IPEC improved the consis-
tency between theory and experiment within an order of
magnitude but the accuracy is still not sufficient to pre-
dict the damping rates in details. Here POCA suggests
another possible improvement in the NTV prediction.

A. QH-mode discharge in DIII-D

A QH-mode discharge 145117 in DIII-D tokamak was
selected to validate the NTV calculation using POCA.
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FIG. 7: Sensitivity of Chebyshev fitting to the degree of poly-
nomials. δB profiles for NSTX 124439 in Fig. 6(a) are taken.

The QH-mode is believed to be accessible by strong ro-
tational shears at the edge, and non-axisymmetric mag-
netic perturbations have been utilized to produce fa-
vorable rotation profiles [35]. For this discharge, non-
resonant n = 3 non-axisymmetric magnetic perturba-
tions were applied using I-coil and C-coil to the NBI-
heated plasma (IP = 1.1 MA, BT = 1.95 T), so the
net-NBI torque at the ITER-relevant level was achieved
with the magnetic braking by the NTV torque [33].

Collisionality regime of this discharge can be esti-
mated by comparing the collision frequency, ν/ε with
the electric precession frequency, nqωE [36]. Fig. 8
presents the profiles of these frequencies for the dis-
charge together with the bounce frequency of trapped
ions, ωb = ωtπ

√
ε/4
√

2, where ωt is the transit frequency.
It is indicated that the plasma is in the ν−

√
ν regime

since ν/ε� nqωE . However, one can expect the bounce-
harmonic resonances can take effects at the edge where
`ωb ∼ nωE can be satisfied [14, 21], thus they can drive
stronger NTV than predicted by the ν−

√
ν theory.

Total NTV torque in the discharge was measured using

an angular momentum balance equation and estimated
at ∼ 3 Nm, as described in Ref. [33]. There is no mea-
surement for the NTV profile in this discharge, therefore
the total NTV is used for a comparison with the simu-
lation. Fig. 9 presents the calculation results of NTV
torque profile by POCA and combined NTV, and shows
a good agreement in the profile and amplitude. The
POCA calculation predicts stronger NTV at the core and
weaker NTV at the edge than the theory, but the over-
all trend is consistent to each other. Both calculations
agree well with the experimental estimation for the to-
tal NTV torque, i.e. 2.94 Nm by POCA and 2.64 Nm
by theory, indicating the successful application of the de-
veloped particle simulation. Strong peaks in the theory
calculation in Fig. 9 are due to the amplification of NTV
at the rational surfaces by τϕ ∝ (δB)2 since the theory
uses δB directly from IPEC. It is not yet entirely clear
why a NTV peak around ψN = 0.2 appears in the POCA
simulation. It would be possible that finite orbit width
in the POCA simulation causes a shift of NTV peak near
the axis in the combined NTV result or passing particles
only included in the POCA might play a role on the peak
as discussed in Ref. [37]. It is currently not possible to
find a clear answer in this paper, but would be available
in the future through developing numerical and theoret-
ical methods to quantify the effects of finite orbit width
and passing particles.

It is interesting to notice that the combined theory
calculation indicates ` = 0 class particles are dominant
in driving the NTV torque for the analyzed discharge as
shown in Fig. 10, where the contributions from each `-
class particles for the NTV are separately displayed. The
bounce-harmonic resonances are found to be very small
at the core but become strong at the edge by ` = −5 and
−6 class particles, which is consistent with the regime
analysis in Fig. 8.
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FIG. 8: Frequency profiles of ion collision, electric precession,
and ion bounce motion for the DIII-D 145117. It is indicated
that the plasma is in the ν−

√
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harmonic resonance can be important at the edge.
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FIG. 9: NTV profiles for DIII-D discharge 145117 by POCA
(red) and the combined theory (blue). Both calculations pro-
vide a reasonable prediction in total NTV torque (2.94 Nm
by POCA, 2.64 Nm by theory), which is estimated at ∼ 3 Nm
in the experiment.

B. NSTX discharges with fast toroidal rotation

Two magnetic braking discharges 124439 and 132729
for NSTX were analyzed using POCA. Axisymmetric
equilibriums are reconstructed using LRDFIT [38]. The
toroidal rotation speed, uϕ is measured by charge ex-
change recombination spectroscopy (CHERS) based on
carbon impurities, assuming the CHERS represents the
main ion rotation. The poloidal rotation is neglected in
the simulations due to the fast toroidal rotation in the
selected discharges.

For the NSTX discharges, NTV torque profiles were
measured from toroidal rotation changes by the magnetic
braking, as described in Ref [34]. In the discharge 124439,
where κ = 2.3, Ip = 0.8 MA, and BT = 0.45 T in the
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FIG. 10: NTV profiles calculated by the combined formula for
dominant `-classes. Bounce-harmonic resonances are found to
be important only in the pedestal due to slow toroidal rotation
in the discharge.

lower single null configuration, the toroidal rotation was
observed to damp and relax to a different rotational equi-
librium after n = 3 magnetic braking was fully applied by
EF/RWM coils. Particle transport was not changed even
though the non-axisymmetric fields produce a strong mo-
mentum transport, and it was clearly indicated that the
damping is purely driven by the n = 3 magnetic braking.

A reference discharge, where the plasma is identical
except the magnetic braking, is useful to estimate the
toroidal rotational damping rate, νdamp. The rotational
damping rate can be measured by calculating the rotation
changes of the target discharge compared to the reference
shot. A short time period after turning on EF/RWM
coils is considered so that an exponential decay of the
rotation can be linearized [34]. Then, the NTV is calcu-
lated from the damping rate using

τϕ ≈ νdampu
ϕ
NRMN, (6)

where M is the mass of a species, N is the density, R
is the major radius, and uϕN is the neoclassical toroidal
flow. The neoclassical toroidal flow is defined by

uϕN ≡ uϕ + CN

∣∣∣∣ 1

eZ

dT

dχ

∣∣∣∣ , (7)

where χ is the poloidal flux function. The second term of
Eq. 7 represents a neoclassical offset flow with CN ≈ 3.5
for 1/ν regime, CN ≈ 0.92 for ν−

√
ν regime, and CN ≈

2.0 for combined regime [11, 14]. The offset flow has not
been measured in NSTX, so it is analytically calculated
using Eq. 7.

The plasma regimes for the discharge can be estimated
from Fig. 11, where the collision, the electric precession,
and the bounce frequencies are compared. One can find
the plasma is in the ν−

√
ν regime at the core and in the

1/ν regime at the edge. However, the regimes are not
identified as clearly as in the DIII-D case. The bounce
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frequency is in the comparable range to the electric pre-
cession frequency in the entire region, thus one can eas-
ily expect strong bounce-harmonic resonances. Such
impacts of the bounce-harmonic resonances are clearly
found from the NTV torque profiles for each `-class par-
ticles calculated by the combined NTV. Fig. 12 shows
that the ` = 0 class particles in the 1/ν regime have lo-
cal contributions at the edge (ψN > 0.8), as indicated by
highest collision frequency, ν/ε > nqωE , ωE in Fig. 11.
However, the bounce-harmonic resonances by ` = 3, 4,
and 5 class particles drive much stronger NTV than the
` = 0 class particles at the core (ψN < 0.8), where the
plasmas are largely in the ν−

√
ν.

Such strong bounce-harmonic resonances cause signif-
icant discrepancies among POCA and combined NTV
calculations, and even measurements. Fig. 13(a) shows
a comparison of the rotational damping rate between the
measurement and POCA, drawn together with a predic-
tion by combined formula. Interestingly, the NTV torque
profile by POCA is similar to the theory calculation in
shape but much stronger in amplitude by an order of
magnitude. On the other hand, the POCA calculation
roughly shows agreement with the estimated damping
profile at the outer region at ψN > 0.5. Large discrep-
ancies are still found at ψN < 0.5. Fig. 13(b) shows
the NTV profiles by POCA and the measurement. Sim-
ilarly, POCA indicates weaker NTV at inner region and
stronger at outer region. Note that the POCA simu-
lations have predicted stronger bounce-harmonic reso-
nances and thereby stronger NTV than the theory in the
fast rotating plasmas [21]. Underestimated NTV by the
combined theory would be consistent to the expectation
that the analytic theory becomes less precise in fast rotat-
ing plasmas due to strong distortions in particle orbits by
fast precession. POCA gives 2.7 Nm in total NTV torque,
which is more comparable to the experimental value 3.5
Nm than the combined theory prediction of 0.55 Nm.

Another NSTX discharge 132729, where Ip = 1.1 MA
and BT = 0.55 T, was analyzed for the NTV in the same
manner. For this discharge, 750 A of current was run
in the NSTX to produce strong n = 3 magnetic brak-
ing, as described in Ref. [39]. In this discharge, the
plasma is in the similar collisionality regime with 124439,
and strong bounce-harmonic resonances are expected as
well due to the fast toroidal rotation. Fig. 14 presents
comparisons of the damping rate and NTV torque pro-
files for 132729. Large discrepancies are found in both
profiles, where POCA predicts weaker NTV at the in-
ner and edge region and stronger NTV elsewhere. The
disagreements in the profiles are more significant at the
core, which might be caused by experimental and nu-
merical uncertainties as will be discussed in the next sec-
tion. However, it is interesting to find that the total
NTV torque with POCA is still comparable to the mea-
surement due to sub-dominant contribution of the core
region to the total torque; POCA gives 3.5 Nm and the
experiment 5.1 Nm. Theory still largely underestimate
the total torque at 0.44 Nm. One can notice that only
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FIG. 11: Frequency profiles of the ion collision, the electric
precession, and the ion bounce motion for the NSTX 124439.
It is indicated that the plasma is in ν−

√
ν regime at the core

and in 1/ν regime at the edge. Bounce-harmonic resonances
take dominant effects in the whole region due to fast toroidal
rotation.
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FIG. 12: NTV profiles calculated by the combined formula for
dominant `-classes. Bounce-harmonic resonances are found to
take dominant effects in the overall region due to fast toroidal
rotation, and ` = 0 particles take local effects at the edge.

measurement shows strong NTV at the edge unlike the-
ory and simulation, even though NTV drops at the edge
are consistent in Figs. 9 and 13 for other discharges. This
could be due to the sensitivity in measuring the rota-
tional damping rate. The toroidal rotation measurement
in the discharge 132729 was relatively unclean compared
to 124439, which might cause an abnormally large NTV
at the core as well as at the boundary. Detailed transport
analysis cross-checking other diagnostics will be required
to resolve these uncertainties.

It is notable that the NSTX experiment has many
difficulties in calculating the NTV torque compared to
the DIII-D configuration, which may result in the large
discrepancies between theory, simulation, and measure-
ments. Theoretical approximations such as the large
aspect-ratio expansion and the zero-orbit-width assump-
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FIG. 13: Comparison of (a) rotational damping rate and (b) NTV torque profile between measurement (black), POCA (red)
and theory (blue) for NSTX discharge 124439. Total NTV torque is measured at 3.5 Nm, and agrees well with 2.7 Nm from
POCA in spite of discrepancies in the profile. NTV profile by POCA with nc = 10 is drawn for comparison (green), showing a
poor agreement at the edge due to less accurate fitting of δB.

tion become crucial and invalid for NSTX due to the
low aspect-ratio and weak toroidal magnetic field. In
addition, the bounce-harmonic resonance effects become
stronger than theory prediction when the rotation is fast
in NSTX since particle transport by bounce-harmonic
resonances can be largely underestimated without finite-
orbit-width [21]. Passing particle effects excluded in the-
ory have also non-negligible contributions on stronger
NTV predicted by POCA simulations even in the large
aspect-ratio [37]. These elements all make the compari-
son of the simulation with the measurements more com-
plicated, but should be thoroughly tested to validate par-
ticle simulations and NTV in experiments.

VI. ISSUES FOR IMPROVING NTV
PREDICTION

The NTV torque can be measured from the toroidal
angular momentum balance and/or the toroidal rotation
diagnostics, but there are still many uncertainties that
must be improved in the future. First, separate trans-
port calculations such as TRANSP analysis in Ref. [33]
rather than the rotational damping rate are required in
order to obtain the total NTV from the toroidal angu-
lar momentum equation. However, one should be careful
when performing such transport analyses because they
contain their own uncertainties. For instance, the intrin-
sic torque caused by turbulence or internal MHD modes
should be properly treated in the momentum balance
equation. Second, the damping rate measured by carbon
ion rotation using CHERS can be different from that of
main ion due to a different responding time to the non-
axisymmetric perturbations. Also, an intrinsic assump-
tion such as uϕ ≈ ucarbon needs to be confirmed. Third,
neoclassical offset flow should be measured. When esti-
mating NTV torque profile from the measured damping
rate, theoretically calculated neoclassical offset flow was

used due to the absence of measurements. Generally,
the offset flow can be strong at the H-mode edge due to
a steep temperature gradient, so it can greatly enhance
the NTV value at the edge. If one ignores the offset flow
in the neoclassical toroidal flow in Eq. 7, Eq. 6 gives
reduced torques in the edge and smaller total values of
1.5 Nm for 124439 and 2.36 Nm for 132729, implying
the importance of offset rotation in the NTV measure-
ment. Thus, more robust diagnostics for the toroidal
rotation and offset flow are necessary to eliminate such
uncertainties. The neoclassical offset may be measured
or calculated with a series of experiments or simulations
scanning the NTV torque with toroidal plasma rotation,
which could be helpful to validate the coefficient CN in
the neoclassical theory.

For the simulation, it should be noted that the ideal
perturbed equilibria can fail in the high β plasmas and
strong NTV braking, as in the NSTX discharges. The
validity of the ideal perturbed equilibria has been the-
oretically discussed using dimensionless parameters in
Ref. [4]; s ≡ −δW/δWv and α ≡ −Tϕ/2NδWv with
δW the total energy, δWv the required energy to pro-
duce the same perturbation without plasma, and Tϕ the
total NTV torque. This theory indicates that the ideal
perturbed equilibria can be valid when |s| > |α|, cor-
responding to weak NTV. Otherwise, a shielding effect
associated with the toroidal toque becomes crucial to
prevent a penetration of the perturbed magnetic fields.
In this sense, the δB from the ideal perturbed equilib-
ria gives an inconsistent NTV by the ignorance of such
shielding effects.

The studied NSTX discharges satisfy |s| > |α|, indi-
cating the presented NTV based on ideal δB is globally
valid and explaining the rough quantitative agreements
in the total torque. However, the NTV effects on per-
turbed equilibria in fact can occur differently depending
on locations. The strong NTV spikes around the ratio-
nal surfaces can induce currents associated with NTV
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FIG. 14: Comparison of (a) the rotational damping rate and (b) the NTV torque profile among measurement (black), POCA
(red), and theory(blue) for NSTX discharge 132729.

and can change the field penetration and consequently
δB in the perturbed equilibrium. These local NTV ef-
fects should be considered particularly at the edge, which
is generally dense with the rational surfaces as shown in
Fig. 13 and 14. The self-consistent calculation of δB in-
cluding the non-ideal plasma response will eventually be
required to obtain self-consistent predictions of the per-
turbed equilibria and thereby the NTV transport. It can
be achieved from a general perturbed equilibrium code
solving 3D force balance with the perturbed anisotropic
tensor pressure.

VII. CONCLUSIONS

A Particle Orbit Code for Anisotropic pressures,
POCA has been developed for the accurate calculation of
δf by guiding-center drift given non-axisymmetric equi-
libria. NTV analysis has been carried out using ana-
lytic and practical non-axisymmetric magnetic field per-
turbations. Simulations with the analytic perturbation
consistently show the NTV physics such as the strong
field and rotational resonances, and toroidal mode de-
coupling in the NTV transport. POCA applications to
magnetic braking experiments in DIII-D and NSTX show
better quantitative predictions than analytic calculations
in total NTV torque, however large discrepancies remain
in the detailed NTV profiles, especially for NSTX dis-

charges. More robust estimation of NTV is necessary in
the future, and it can be achieved by dedicated rotation
measurement and integrated momentum transport anal-
ysis with reliable torque sources. Validation studies of
the particle simulations should continue on the various
plasma regimes in the various tokamak machines as well.

Theoretical and numerical uncertainties intrinsically
contained in the non-axisymmetric magnetic perturba-
tions could be eventually overcome through general per-
turbed equilibria. The calculation based on ideal per-
turbed equilibria breaks down in the high β plasmas and
in strong magnetic braking cases. Penetration of the per-
turbed field into the plasma can be significantly changed
by the non-ideal plasma response associated with the
strong local NTV. Thus, the self-consistent δB by a gen-
eral perturbed equilibria is required to achieve more pre-
cise NTV prediction. The self-consistent NTV calcula-
tion can be accomplished throughout an integrated calcu-
lation of the transport and the General Perturbed Equi-
librium Code (GPEC), which is actively under way.
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