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The linear dispersion relation for the mirror instability is discussed in context of the gyrokinetic theory. The
obejctive is to provide a coherent view of the various kinetic approaches used to derive the dispersion relation.
The method based on gyrocenter phase space transformations is adopted in order to display the origin and
ordering of various terms.

The linear dispersion relation for the mirror
instability,1 has been previously derived using the
fully kinetic theory, for example in Refs. 2 and 3;
and the gyrokinetic theory in Ref. 4. The purpose
of this brief communication is to elaborate on the
relationship between the results of these approaches.
Specifically the source of various terms appearing in the
gyrokinetic dispersion relation will be identified, and
their derivation will be described in detail. Gyrokinetic
models are important for efficient simulation of low
frequency plasma phenomena, and understanding the
relationship of these models to fully kinetic ones enables
clear physical interpretation of results.
The derivation of the mirror mode dispersion relation

will first be outlined in the framework of the fully ki-
netic theory, and then in the framework of gyrokinetic
theory. The method based on gyrocenter phase space
transformations5 is adopted in order to display the ori-
gin and ordering of various terms.
For simplicity, a collisionless plasma with single bi-

Maxwellian ion species and cold electron species is as-
sumed, and only co-planar magnetic perturbations are
allowed, i.e. k⊥ · δB = k⊥δB⊥, where k⊥ is the wave
vector perpendicular to the background magnetic field
B0 which is uniform and pointing in the z-direction; δ
designates the perturbation.

I. “FULLY KINETIC” DERIVATION

The dominant component of the dielectric tensor is ǫyy,
and the dispersion relation is

ǫyy −
k2⊥c

2

ω2
−

k2‖c
2

ω2
= 0, (1)

where the fully kinetic ǫyy for a bi-Maxwellian plasma,

i.e. with F0 = n0

√

m3

(2π)3T 2
⊥T‖

e−(mv2

‖/2T‖+µB0/T⊥), may
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be written as6

ǫyy =1 +
ω2
p

ω2

∞
∑

n=−∞

e−z

(

n2

z
In(z) + 2zIn(z)− 2zI ′n(z)

)

×
(

T⊥

T‖
[1 + ζnZ (ζn)]− 1 +

nΩi√
2k‖vth‖

Z (ζn)

)

,

(2)

where ζn = (ω − nΩi) /
√
2k‖vth‖, ω is the frequency of

the wave, k‖ is the wave vector parallel to the background
mangetic field, Ωi ≡ eB0/mc is the ion cyclotron fre-
quency, vth‖,⊥ ≡

√

T‖,⊥/m is the parallel and perpen-
dicular thermal velocity of ions, T‖,⊥ is the parallel and
perpendicular temperature, v‖ is the parallel velocity co-

ordinate, µ ≡ mv2⊥/2B0 is the ion magnetic moment co-
ordinate, ω2

p = 4πn0e
2/m, and n0 is the plasma density

which is constant. In are the Modified Bessel Functions
of the first kind of order n, n being an integer, and their
argument is z ≡ k2⊥ρ

2
i , where ρi ≡ vth⊥/Ωi. Z is the

plasma dispersion function. More detail can be found in
Ref. 6.
Considering only the n = 0 and n = ±1 contributions,

Eq. (1) may be written as

1 +

(

k‖

k⊥

)2

− ω2

k2⊥c
2
− T⊥

T‖

[

β⊥ − β‖ + β⊥ζ0Z(ζ0)
]

× [I0(z)− I ′0(z)] e
−z

− β⊥

∑

n=±1

e−z

(

n2

2z2
In(z) + In(z)− I ′n(z)

)

×
(

T⊥

T‖
[1 + ζnZ(ζn)]− 1 +

nΩi√
2k‖vth‖

Z(ζn)

)

= 0,

(3)

where β‖,⊥ ≡ 8πn0T‖,⊥/B
2
0 . With ω/Ωi,

√
2k‖vth‖/Ωi ≪

1, the asymptotic expansion of the Z function may be
used to write
(

T⊥

T‖
[1 + ζnZ(ζn)]− 1 +

nΩi√
2k‖vth‖

Z(ζn)

)

≈ ω

nΩi
+

ω2

n2Ω2
i

+
1

2

(

1− T⊥

T‖

)

(√
2k‖vth‖

nΩi

)2

... (4)
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Substituting into Eq. (3) and performing the sum, the
first order term cancels due to n = ±1 symmetry. The
second order term in ω/Ωi results in the fast compres-
sional mode, and thus under the assumption of low fre-
quency only the second order term in k‖vth‖/Ωi survives.

Explicitly, using Bessel Function indentities,7 the follow-
ing relation is obtained

1 +

(

k‖

k⊥

)2

− ω2

k2⊥c
2
− T⊥

T‖

[

β⊥ − β‖ + β⊥ζ0Z(ζ0)
]

× [I0(z)− I ′0(z)] e
−z

− αbβ⊥

z

ω2

Ω2
i

− αbβ⊥

(

T‖

T⊥
− 1

)(

k‖

k⊥

)2

= 0, (5)

where αb ≡ [−2zI0(z) + I1(z)/z + 2 (1 + z) I1(z)] e
−z

(the notation has been adopted from Ref. 4). Neglecting
terms ω2/k2⊥c

2 ≪ 1 and ω2/Ω2
i ≪ 1, while using I ′0 = I1,

the final form of the dispersion relation is

1 +

(

k‖

k⊥

)2
[

1 + αb

(

β⊥ − β‖

)]

− T⊥

T‖

[

β⊥ − β‖ + β⊥ζ0Z (ζ0)
]

[I0(z)− I1(z)] e
−z = 0.

(6)

It can now be seen that the n = 0 component of the sum
in Eq. (3), while being of the lowest order in k‖vth‖/Ωi, is
sufficient to recover the mirror mode dispersion relation
as given in Eq. (35) of Ref. 2, for a homogeneous plasma
– this is Eq. (6) without the αb term. Meanwhile the
n = ±1 components are of higher order, and are needed
to recover the term proportional to αb, which is present in
the dispersion relation for a bi-Maxwellian plasma in Ref.
3 and 4. As k⊥ρi increases αb decreases, consequently
the term was dropped when finite-Larmor-radius effects
were considered in Ref. 2. As k⊥ρi → 0, αb approaches
its maximum value of 1/2, and the dispersion relation
takes on the form of Eq. (19) of Ref. 2. In conclusion,
from the fully kinetic theory it has been demonstrated
that the αb term enters the dispersion relation with the
second order in k‖vth‖/Ωi. The gyrokinetic theory will
now be used to recover the dispersion relation (6).

II. GYROKINETIC DERIVATION

Following Ref. 8, the lowest order transformation
equations from particle coordinates z ≡ (x,v) to guiding-
center coordinates Z0 ≡ (X0, v‖0, µ0, ξ0) are,

X0 = x− ρ0,

v‖0 = b̂ · v,
µ0 = mv2⊥/2B0,

ξ0 = tan−1 (ê1 · v/ê2 · v) , (7)

and from guiding-center to gyrocenter coordinates Z ≡
(X, v‖, µ, ξ) ,

X = X0 + δA⊥ × b̂

B0
− 1

m

(

b̂

Ωi
× ∂X0

S1 + b̂∂v‖0
S1

)

,

v‖ = v‖0 +
e

mc
δÃ‖ +

b̂

m
· ∂X0

S1, (8)

µ = µ0 +
e2

mc2
δA⊥ · ∂ξ0ρ0 +

e

mc
∂ξ0S1, (9)

ξ = ξ0 −
e2

mc2
δA⊥ · ∂µ0

ρ0 −
e

mc
∂µ0

S1,

to lowest order in perturbation amplitude, where X is
the gyrocenter position vector, v‖ the gyrocenter parallel
velocity, µ the magnetic moment, which is an adiabatic
invariant, and ξ is the gyro-phase angle. The definitions

of various symbols in are, v⊥ ≡
∣

∣

∣
b̂× (v× b̂)

∣

∣

∣
, ρ0 ≡

b̂ × v⊥/Ωi = ρ⊥(ê1 cos ξ0 − ê2 sin ξ0), ρ2⊥ = v2⊥/Ω
2
i =

2µ0B0/mΩ2
i , and the unit vector b̂ = ê1×ê2 points along

the equilibrium magnetic field at particle position. The
0 subscript designates the slowly evolving background
component, and δ the perturbed component. δφ and δA
are the perturbed scalar potential and vector potential,
respectively. Tilde designates the gyro-angle dependent
part of the field, thus δÃ‖ ≡ δA‖ −

〈

δA‖

〉

, where 〈 ... 〉
is the gyro-phase average. S1(X0, v‖0, µ0, ξ0, t) is the

phase-space gauge-function,9,10 and the subscript desig-
nates that it contains first order in perturbation ampli-
tude. It is the generating function for the gyrocenter
transformation and is the solution to the partial differ-
ential equation,11,12

(

∂t + v‖b · ∂X0

)

S1 +Ωi∂ξ0S1 =e (δφ− 〈δφ〉)
− e

c
(δA · v− 〈δA · v〉)

(10)

In the present case δφ = 0 = δA‖. Moving to Fourier
space with ∂t → −iω, ∂X0

→ ik, and using ω ≪ k‖v‖ +
Ωi, together with

(δA⊥ · v⊥ −〈δA⊥ · v⊥〉) =
c

e
µ0δB‖

(

2i

k⊥ρ⊥
eik⊥ρ⊥ cos ξ0 cos ξ0 −

2

k⊥ρ⊥
J1(−k⊥ρ⊥)

)

,

(11)

the equation for S1 may be written as

∂ξ0S1+
ik‖v‖0

Ωi
S1 =

− mc

e
µ0

δB‖

B0

2

k⊥ρ⊥

(

ieik⊥ρ⊥ cos ξ0 cos ξ0 − J1(−k⊥ρ⊥)
)

.

(12)

Since eλ cos θ cos θ = ∂λe
λ cos θ =

∑∞
n=−∞ I ′n(λ)e

inθ, using

S1 = A
∑∞

n=−∞ I ′n(ik⊥ρ⊥)e
inθ + B as the trial function
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yields the solution to Eq. (12) in the form

S1 = −mc

e
µ0

δB‖

B0

{

Ωi

k‖v‖0

2i

k⊥ρ⊥
J1(−k⊥ρ⊥)+

∞
∑

n=−∞

[

i−(n−1)Jn−1(−k⊥ρ⊥) + i−(n+1)Jn+1(−k⊥ρ⊥)
]

einξ0

k⊥ρ⊥
(

n+ k‖v‖0/Ωi

)

}

.

(13)

Expanding the second term with k‖v‖/Ωi ≪ 1 yields

S1 = −mc

e
µ0

δB‖

B0

{

∑

n6=0

[

1− k‖v‖0

nΩi
+

(

k‖v‖0

nΩi

)2

...

]

×
[

i−(n−1)Jn−1(−k⊥ρ⊥) + i−(n+1)Jn+1(−k⊥ρ⊥)
]

einξ0

nk⊥ρ⊥

}

.

(14)

The gauge function given in Eq. (14) completely
determines the transformation between particle coordi-
nates and gyrocenter coordinates and will now be used
to express the ion current in terms of the gyrocenter dis-
tribution function. The relationship between the particle
distribution function f and the gyrocenter distribution
function F is given by the scalar invariance property as
f(x,v, t) ≡ F

[

X(x,v, t), v‖(x,v, t), µ(x,v, t), ξ(x,v, t), t
]

.
However, to lowest order in ω/Ωi, F is in fact indepen-
dent of the gyrophase angle ξ. When expanded about
the background fields, to first order in perturbation
amplitude δ, the scalar invariance relation becomes

δf(z, t) ≈ δF (Z0, t) + δZ · ∂Z0
F0 (Z0) , (15)

where f0(z) = F0(Z0) was used, and δZ stands for
the perturbed part of the transformation equations be-
tween gyrocenter coordinate and the guiding-center coor-
dinates, i.e. δZ = Z−Z0. The perpendicular ion current
to be used in the perpendicular Ampere’s law is therefore,

J ≡ e

∫

v⊥δf(x,v, t)dv

= e

∫

v⊥e
−ρ0·∇0δF (x, v‖0, µ0, t)

B0

m
dv‖0dµ0dξ0

+ e

∫

v⊥e
−ρ0·∇0

(

δv‖∂v‖0
F0 + δµ∂µ0

F0

) B0

m
dv‖0dµ0dξ0,

(16)

where it was assumed that F0 is uniform in space, and the
exponential notation was used to designate the transfor-
mation from guiding center position to particle position
(pull-back).
From Eq. (8) and Eq. (14) it is seen that to lowest or-

der in k‖v‖0/Ωi, δv‖0 is independent of v‖. Consequently,

if F0 is symmetric in v‖0, δv
(0)
‖ will not contribute to the

perpendicular current given in Eq. (16), where the or-
dering is indicated by the superscript. For δµ(0), n 6= 0

components of the second term in Eq. (9) cancel with

the ∂ξ0S
(0)
1 term, and the n = 0 component then yields

δµ(0) = µ0
δB

B0

2

k⊥ρ⊥
J1(−k⊥ρ⊥), (17)

which can also be seen by substituting Eq. (12) into Eq.
(9), with ∂ξ0ρ0 = v⊥, and keeping only the lowest order

terms. Thus, to the lowest order, δµ(0)∂µ0
F0 in Eq. (16)

is the only contribution to the perpendicular current orig-
inating from the gyrocenter coordinate transformation.
The next order correction to the perpendicular current

is derived by taking the first order terms in Eq. (14) when
obtaining δv‖, and second order terms when obtaining
δµ from Eqs. (8) and (9) respectively. Retaining only
n = ±1 components of the sum in Eq. (14), the result is

δv
(1)±1
‖ = v‖0

k2‖

Ω2
i

µ0δB‖

m

4i

k⊥ρ⊥
J ′
1(−k⊥ρ⊥) cos ξ0 (18)

δµ(2)±1 = −µ0

k2‖v
2
‖0

Ω2
i

δB‖

B0

4i

k⊥ρ⊥
J ′
1(−k⊥ρ⊥) cos ξ0. (19)

Next, since δµ(2)±1 = −
(

mv‖0
)

δv
(1)±1
‖ /B, and ∂µ0

|E =

∂µ0
|v‖

−B0/mv‖0∂v‖0
|µ, where E = mv2‖0/2 + µ0B0, the

integral corresponding to the second order correction to
ion current in Eq. (16) can be written as

e

∫

v⊥e
−iρ0·k⊥δµ(2)±1 ∂µ0

F0|E
B0

m
dv‖0dµ0dξ0 =

− 8πcb̂× ik⊥

k2‖

k2⊥

δB‖

B0

∫

µ0v
2
‖0J

′2
1 (−k⊥ρ⊥) ∂µ0

F0|E dv‖0dµ0,

(20)

where v⊥ = (b̂ × k⊥ cos ξ0 − k⊥ sin ξ0)Ωiρ⊥/k⊥, and
∫ 2π

0
cos2 ξ0e

−ik⊥ρ⊥ cos ξ0dξ0 = 2πJ ′
1(−k⊥ρ⊥) was used.

Substituting (17) and (20) into (16) the perpendicular
ion current to 2nd order in k‖v‖0/Ωi can be written as

J = ik× b̂c

∫

[

− 2π
Ω2

i ρ⊥
k⊥

J1(−k⊥ρ⊥)δF

− 4π
δB‖

B0

Ω2
i

k2⊥
µ0J

2
1 (−k⊥ρ⊥) ∂µ0

F0|v‖0

+ 8π
δB‖

B0

k2‖

k2⊥
µ0v

2
‖0J

′2
1 (−k⊥ρ⊥) ∂µ0

F0|E

]

dv‖0dµ0.

(21)

This is the perturbed ion current, due to magnetic com-
pressional perturbation δB‖, in terms of the gyrocenter
distribution function δF with up to second order correc-
tion in k‖v‖0/Ωi.
The ion current given in Eq. (21) will now be used to

derive the dispersion relation for the mirror mode assum-
ing a bi-Maxwellian ion distribution, and co-planar mag-
netic perturbation such that k · δB⊥ = k⊥δB⊥, yielding
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δB⊥ = −δB‖k‖/k⊥. The Ampere’s law, in the Darwin’s
approximation, can then be written as

ik× δB‖b̂

(

1 +
k2‖

k2⊥

)

=

− 4π

c
ik× b̂c

∫

[

− 2π
Ω2

i ρ⊥
k⊥

J1(−k⊥ρ⊥)δF

+ 4π
δB‖

T⊥

Ω2
i

k2⊥
µ0J

2
1 (−k⊥ρ⊥)F0

+ 8π
δB‖

T⊥

k2‖

k2⊥

(

T⊥

T‖
− 1

)

µ0v
2
‖0J

′2
1 (−k⊥ρ⊥)F0

]

dv‖0dµ0,

(22)

Removing the ik×b̂ operator from both sides, performing
the integrals over F0, and rearranging, Eq. (22) becomes

δB‖B0

4π

{

1 +
k2‖

k2⊥

[

1 +
(

β⊥ − β‖

)

αb

]

+ β⊥ [I0(z)− I1(z)] e
−z

}

= −2π

∫

µ0B0δF
2

k⊥ρ⊥
J1(k⊥ρ⊥)

B0

m
dv‖0dµ0.

(23)

Eq. (23) has a similar form to the low frequency force-
balance of Ref. 13, where the off-diagonal “gyroviscous”
components of the pressure tensor were included.
The solution of δF is now required to complete the

derivation of the disperion relation. The gyrokinetic ion
response to coplanar magnetic perturbations is then gov-
erned by

∂tF + Ẋ · ∂XF + v̇‖∂v‖
F = 0, (24)

where, the lowest order equations of motion are,8,9

Ẋ = v‖

(

b̂+
〈δB⊥(x)〉

B0

)

+
c

eB0
b̂×∇µ

〈〈

δB‖(x)
〉〉

(25)

v̇‖ = − µ

m

(

b̂+
〈δB⊥(x)〉

B0

)

· ∇
〈〈

δB‖(x)
〉〉

. (26)

F (X, v‖, µ) is the gyrocenter distribution function, whose
formal dependance on the gyroangle ξ has been removed
due to the frequency ordering, and X is the gyrocenter
position, v‖ is the parallel gyrocenter velocity, and µ is
the gyrocenter magnetic moment. The magnetic moment
is a conserved quantity, µ̇ = 0. The background mag-

netic field is B0b̂. The magnetic perturbation parallel to
the background magnetic field is designated by δB‖, and
perpendicular to it by δB⊥. The symbols 〈〈 ... 〉〉 stand

for the operation
1

πρ2⊥

∫ 2π

0

∫ ρ⊥

0

... rdrdξ0, i.e. averag-

ing over the surface enclosed by the gyro-orbit of radius
ρ⊥ = v⊥/Ωi =

√

2µB0/m/Ωi. The first term of equation
(25) corresponds to the velocity along the total magnetic

field (unperturbed + perturbed), and the second term
corresponds to the perturbed magnetic gradient drift.
Equation (26) describes the mirror force along the total
magnetic field, due to the parallel magnetic perturbation.
Linearizing the gyrokinetic equation (24), and using a

bi-Maxwellian distribution for F0, the linear response of
the ion gyrocenters is

δF = −µδB‖

T‖

2

k⊥ρ⊥
J1(k⊥ρ⊥)

(

1− ω

k‖

1

ω/k‖ − v‖

)

F0.

(27)

Substituting into Eq. (23) and integrating, the right
hand side of Eq. (22) becomes,

−2π

∫

µ0B0δF
2

k⊥ρ⊥
J1(k⊥ρ⊥)

B0

m
dv‖0dµ0 =

=
δB‖B0

4π

T⊥

T‖
β⊥ [1 + ζ0Z(ζ0)] [I0(z)− I1(z)] e

−z.

(28)

Thus, after cancelling the magnetic perturbation from
both sides of Eq. (22), the dispersion relation as given
by Eq. (6) is recovered.

III. DISCUSSION

It has been demonstrated that keeping the lowest
order in k‖vth‖/Ωi in the gyrocenter transformation is
sufficient to recover the essential features of the disper-
sion relation for the mirror instability. Such dispersion
relation corresponds to the fully kinetic derivation given
in Eq. (6), without the (k‖/k⊥)

2αb

(

β⊥ − β‖

)

term. To
recover this term it is necessary to keep up to second or-
der in k‖vth‖/Ωi in the solution of the gauge function S1,
given in Eq. (14). This term has no affect on the mirror
instability threshold, which is still β⊥(T⊥/T‖ − 1) > 1,
and only slightly decreases the growth rate of the
most unstable mode. It may however be more im-
portant for the compressional branch of the firehose
instability where it is responsible for its destabilization.14
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