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Gyrokinetic particle simulation of nonlinear evolution of mirror

instability.

Peter Porazik,1 Jay R. Johnson1

Abstract. A gyrokinetic simulation model for nonlinear studies of the mirror instabil-
ity is described. The model is set in a uniform, periodic slab with anisotropic ions and
cold electrons. Particle-in-cell simulations with a noise reducing δf algorithm show agree-
ment with the linear theory of the mirror instability. Results of nonlinear simulations
near marginal stability are presented. Single-mode simulations show saturation due to
trapping. Simulations with a spectrum of unstable modes show that the negative mag-
netic perturbations saturate at a lower amplitude and earlier than the positive magnetic
perturbations, which results in the development of peaked saturated structures. The sat-
uration amplitude of negative magnetic perturbations is in agreement with the trapped
particle theory, while the saturation amplitude of the positive magnetic perturbations
is determined by the local change in the β⊥ (ratio of perpendicular plasma pressure to
magnetic pressure) parameter.

1. Introduction

Mirror instability is a phenomenon observed in magne-
tized plasmas with high plasma pressure, and the temper-
ature along the magnetic field line less than the tempera-
ture perpendicular to it. Its initiation can be understood
as due to the diamagnetic plasma moving into regions of
weak magnetic field, and there further reducing its ampli-
tude [Hasegawa, 1969]. One of the characterstic proper-
ties of the mirror mode is the out of phase relationship be-
tween the magnetic and plasma pressures. In a spatially
uniform plasma the mode has zero frequency, even in the
stable regime [Tajiri , 1967; Hasegawa, 1969]. In addition,
the linear growth rate is inversely proportional to the num-
ber of resonant particles, those whose velocity parallel to
the magnetic field is equal to zero [Southwood and Kivelson,
1993]. For these reasons, the mirror instability is considered
to be a kinetic instability, and is not associated with shear
Alfven, compressional, or the acoustic waves of the fluid the-
ory [Hasegawa, 1969; Southwood and Kivelson, 1993]. The
nonlinear evolution of the mirror instability remains a sub-
ject of current research, which aims to answer how the am-
plitude of the mirror instability saturates and what gov-
erns the development of the saturated magnetic structures
[Pantellini et al., 1995; Kivelson and Southwood , 1996; Pan-
tellini , 1998; Califano et al., 2008; Hellinger et al., 2009;
Jovanović and Shukla, 2009; Pokhotelov et al., 2010]. The
interest in these questions is motivated by satellite observa-
tions, which consistently find stationary magnetic structures
with mirror mode properties in planetary magnetospheres,
and the solar wind [Winterhalter et al., 1995; Johnson and
Cheng , 1997; Joy et al., 2006; Soucek et al., 2008; Koro-
tova et al., 2009; Génot et al., 2009a; Balikhin et al., 2010;
Enŕıquez-Rivera et al., 2010; Tsurutani et al., 2011].

The purpose of this paper is to describe a gyrokinetic
simulation model for the mirror instability in order to help
answer these questions. The gyrokinetic theory applies to
wave phenomena whose frequencies are lower than the gy-
rofrequency, but whose wave lengths may be the order of
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the Larmor radius. Within this domain, gyrokinetic simu-
lation codes are more efficient than their fully kinetic coun-
terparts, because they do not resolve the fast gyromotion
of the particles around the magnetic field. The advantage
is further amplified near an instability threshold, where the
wave evolution may be especially slow. We therefore ap-
ply the gyrokinetic simulation to study the development of
the mirror instability. The model we describe is reduced,
in the sense that it does not contain all the physics present
in the full gyrokinetic theory, but attempts to isolate the
dominant components thought to be responsible for mirror
mode dynamics. The reductions also dramatically simplify
the simulation. Thus, within the model the electrons are
treated as a massless cold fluid, shorting out the parallel
electric field; collisions are ignored; and only the co-planar
(in the plane of the wave-vector and the background mag-
netic field) magnetic perturbations are considered.

A gyrokinetic simulation model for the mirror instability
has been described previously by Qu et al. [2007, 2008]. In
Qu et al. [2007], the gyrokinetic version of the linear dis-
persion relation was derived, and successfully used for ver-
ification of the gyrokinetic particle-in-cell (PIC) simulation
code. Qu et al. [2008] reports on nonlinear simulations which
demonstrated saturation of a single unstable mode due to
particle trapping. We verify our simulations against these
results and provide extension to the regime with a spec-
trum of unstable modes. Other differences from the model
described in these papers have to do with ordering and nu-
merical implementation, and will be addressed in following
sections.

The model is described in Section 2, which contains the
theoretical framework and comparisons with existing mod-
els. The simulation methods and results are described in
Section 3. The last section summarizes the simulation re-
sults, and attempts to explain their features.

2. Model Formulation

The model consists of the collisionless ion gyrokinetic
equation and the perpendicular Ampere’s law. Electrons
are cold, providing no contribution to the perpendicular cur-
rent and shorting out the electric field parallel to the back-
ground magnetic field, E‖ = 0. The magnetic perturbations
are coplanar, in the B-k plane, where B is the background
magnetic field and k is the wave vector. The coplanarity
assumption is commonly used in investigations of the mir-
ror instability, and its validity regime has been studied by
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Génot et al. [2001], who found it to be most correct when
the anisotropy and plasma beta are low. The perpendicular
Ampere’s law establishes the relationship between magnetic
perturbation and perpendicular ion pressure; and ∇·δB = 0
relates the parallel and perpendicular components of the
perturbed magnetic field. The geometry of the model is
that of a uniform slab with periodic boundary conditions.

Designating the wave frequency by ω, the ion cyclotron
frequency by Ωi = eB/mc, wave-vector perpendicular to
the magnetic field by k⊥, and the ion Larmor radius by
ρi =

√

T⊥/m/Ωi, the classical gyrokinetic theory is based
on the ordering ω/Ωi ∼ O(ǫ) ≪ 1, and k⊥ρi ∼ O(1). The
gyrokinetic ion response to coplanar magnetic perturbations
is then governed by

∂tF + Ẋ · ∂XF + v̇‖∂v‖F = 0, (1)

where, to O(ǫ), the equations of motion are [Brizard ,
1992, 1989],

Ẋ = v‖

(

b̂+
〈δB⊥(x)〉

B

)

+
c

eB
b̂×∇µ

〈〈

δB‖(x)
〉〉

(2)

v̇‖ = − µ

m

(

b̂+
〈δB⊥(x)〉

B

)

· ∇
〈〈

δB‖(x)
〉〉

. (3)

F (X, v‖, µ) is the gyrocenter distribution function, whose
formal dependance on the gyroangle ξ has been removed
due to the frequency ordering, and X is the gyrocenter po-
sition, v‖ is the parallel gyrocenter velocity, and µ is the
gyrocenter magnetic moment. The magnetic moment is a
conserved quantity, µ̇ = 0. The background magnetic field,
B, is uniform and points in the b̂ direction. The magnetic
perturbation parallel to the background magnetic field is
designated by δB‖, and perpendicular to it by δB⊥. The

gyro-angle averaging operation is 〈 ... 〉 ≡ 1
2π

∫ 2π

0
... dξ, and

〈〈 ... 〉〉 stands for the operation 1
πρ2

∫ 2π

0

∫ ρ

0
... rdrdξ, i.e.

averaging over the surface enclosed by the gyro-orbit of ra-
dius ρ = v⊥/Ωi =

√

2µB/m/Ωi. The first term of equa-
tion (2) corresponds to the velocity along the total magnetic
field (unperturbed + perturbed), and the second term corre-
sponds to the perturbed magnetic gradient drift. Equation
(3) describes the mirror force along the total magnetic field,
due to the parallel magnetic perturbation.

The field equation used to close the system is derived
from the perpendicular Ampere’s law,

δB‖B

4π

(

1 +
k2
‖

k2
⊥

)

=

− 2π

∫

B

m
dv‖dµ

2

k⊥ρ
J1(k⊥ρ)µB

(

δF − µ

〈〈

δB‖
〉〉

B

∂F0

∂µ

)

,

(4)

where J1 is the 1st order Bessel Function, F0 is the back-
ground particle distribution function, and k‖ is the wave
number parallel to the magnetic field.

Equation (4) resembles the low-frequency force balance
equation whose details of derivation may be found in Brizard
[1989, 1992]; Brizard and Hahm [2007]; Porazik and Lin
[2011]. The only difference from previous gyrokinetic deriva-
tions is the inclusion of the k2

‖/k
2
⊥ term whose origin is the

contribution of the coplanar perpendicular magnetic per-
turbations, δB⊥, which was expressed in terms of δB‖ using
∇·δB = 0. As it is common to use the ordering k‖/k⊥ ≪ 1 in
gyrokinetic formulations, this term is usually ordered out of
the field equations. However, the more general requirement
is that k‖v‖/Ωi ≪ 1, which turns into the former relation for
models with temperature isotropy and most unstable modes
at k⊥ρi ∼ 1. For the mirror instability, sufficiently close to

threshold k‖v‖/Ωi ≪ 1 is satisfied while k‖/k⊥ ≪ 1 may
not be.

The physics introduced by this term in this model cor-
responds to stabilization of mirror modes due to field line
tension. The right-hand side of equation (4) corresponds to
the ion kinetic pressure, and is composed of two terms. The
first term is the perturbed gyrokinetic ion pressure, where
δF ≡ F − F0 is the perturbed gyrocenter distribution func-
tion. The second term corresponds to the magnetization
effects introduced by the transformation between gyrocen-
ter coordinates and particle coordinates.

Linearizing the gyrokinetic equation (1), and using a bi-
Maxwellian distribution for F0

F0 = n0

√

m3

(2π)3T 2
⊥T‖

e
−(mv2

‖/2T‖+µB/T⊥)
. (5)

the linear dispersion relation for the mirror instability is ob-
tained,

1 +

(

k‖
k⊥

)2

− T⊥
T‖

[

β⊥ − β‖ + β⊥
ω√

2k‖vth‖
Z

(

ω√
2k‖vth‖

)]

×
[

I0(k
2
⊥ρ

2
i )− I1(k

2
⊥ρ

2
i )
]

e−k2

⊥ρ2
i = 0, (6)

where β⊥,‖ = 8πn0T⊥,‖/B
2, Z is the plasma dispersion func-

tion, vth‖ =
√

T‖/m and In is the Modified Bessel Function
of the 1st kind. The dispersion relation is in agreement
with equation (35) of Hasegawa [1969] for the case of uni-
form background. The finite Larmor radius effects do not
change the instability threshold condition, which is β⊥A > 1
where A ≡ T⊥/T‖ − 1, but they do determine the value of
the maximum growth rate.

The mirror instability was previously studied using gy-
rokinetic particle simulations by Qu et al. [2007, 2008]. The
model was slightly different, in that it contained an addi-
tional stabilizing term due to the combined effect of field-
line tension, anisotropy, and finite Larmor radius effects.
The term however has no affect on the instability thresh-
old, and only a slight effect on the growth rate. Within the
framework of gyrokinetics, the term may be derived by solv-
ing for the phase space gauge function, S, to higher order in
k‖v‖/Ωi. [Qin, 1998] Further discussion of this term and the
higher order gauge function, S, is given in the Appendix.

Energy conservation for this model may be demonstrated
by taking the second moment of the gyrokinetic equation
with respect to v‖, integrating over the entire phase-space,
and then substituting the perpendicular Ampere’s law to
obtain

1

8π

∫

(

δB2
‖ + δB2

⊥
)

dx+

∫

(

mv2‖
2

+ µδB‖

)

Fd6Z

+
βi

8π

∑

k

[

I0
(

k2
⊥ρ

2
i

)

+ I1
(

k2
⊥ρ

2
i

)]

e−k2

⊥ρ2
i δB2

‖k = 0. (7)

Equation (7) is a sum of three terms. The first term cor-
responds to the change in magnetic field energy. The next
two terms correspond to the change in gyrokinetic energy of
ions and the correction due to magnetization effects, respec-
tively. The sum of these terms corresponds to the change in
total energy and is equal to zero. More details about the en-
ergy conservation in gyrokinetic formulations which include
the compressional magnetic component δB‖ may be found
in Hahm et al. [2009] and Brizard [2010].

3. Simulation Description
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The mirror mode model was simulated using the particle-

in-cell (PIC) technique. The δf -scheme1 was used to reduce

the particle noise [Parker and Lee, 1993; Aydemir , 1994;

Hu and Krommes, 1994]. The simulation particles (marker-

particles) therefore represent only the perturbed part of the

total gyrocenter distribution function. Linear interpolation

was used between the marker particles and the grid. The

ion gyrocenters move in the three dimensional periodic box

according to their equations of motion given by (2-3). The

gyro-averaging operations are performed for each gyrocen-

ter by averaging over points along the gyro-orbit, as de-

scribed in Lee [1983]; Porazik and Lin [2011]. In simula-

tions presented in this paper, 4 points were used to per-

form the gyro-averaging operations, an approximation suit-

able for k⊥ρi < 2. This method is facilitated by expressing

the model in terms of δB‖, which enables gyro-averaging di-

rectly on this scalar quantity. An alternative is to use δA⊥,

and perform the gyro-average on 〈δA · v⊥〉. This method

was described in Lee and Qin [2003] and implemented by

Qu et al. [2008].

The pressure contributions of each gyrocenter are de-

posited on the grid by linear interpolation. The pull-back

transformation into particle coordinates, which is the ori-

gin of the 2J1(k⊥ρ)/k⊥ρ factor in (4), is also performed

using the 4-point averaging in real space. The magnetiza-

tion term in equation (4) is estimated by analytically per-

forming the integral with the assumption of a bi-Maxwellian

distribution. The equation is then solved for δB‖ in the

Fourier space, keeping only those Fourier spectral compo-

nents whose perpendicular wave vector is in the same di-

rection as the perpendicular magnetic perturbation, thus

reducing the solution to two dimensions. The spatial aver-

age of the magnetic perturbation is therefore always zero.

The initial marker-particle distribution in each simulation

was bi-Maxwellian, and the simulations were initialized with

low amplitude random noise. The simulation code was par-

allelized using MPI and OpenMP.

Figure 1 shows results of a simulation in which only a

single, most unstable, spectral component was kept, while

all others were filtered out. The simulation was initialized

with unstable parameters, β‖ = 0.251 and T⊥/T‖ = 6, giv-

ing β⊥A = 7.5. The expected linear growth rate for these

parameters is γ = 0.133Ωi, and the simulation showed the

growth rate to be ≈ 0.132Ωi. The parameters later evolve

into a less stable regime of β⊥A ≈ 5.5, but never relax to

marginal stability, and instead oscillations appear in the sat-

urated regime. These oscillations are due to trapped par-

ticles bouncing between the wave crests, repeatedly taking

and giving energy to the wave at approximately the rate

of its linear growth. The frequency of these oscillations is

≈ 0.172Ωi. Using the parallel wavelength of the unstable

mode, k‖ρi ≈ 0.544, the saturation amplitude from the trap-

ping theory [O’Neil et al., 1971; Nicholson, 1983; Pantellini

et al., 1995; Qu et al., 2007] is δB/B = 2(γ/Ωi)
2/(k‖ρi)

2 =

0.118, which is close to the simulation result of δB/B ≈ 0.11.

These results are in agreement with gyrokinetic simulations

of a single unstable mode reported by Qu et al. [2008], where
saturation due to trapping was observed for β⊥A = 2.

Figure 1. Figure (a) shows the change in magnetic
(δEB) and kinetic (δEKE) energy, as a function of time.
Figure (b) shows the change in the threshold parameter
β⊥A. These results were produced by a simulation in
which only a single unstable mode was kept. The simu-
lation was initialized with β⊥A = 7.5.

Figures 2-8 summarize results of a simulation in which a
spectrum of unstable modes was allowed. The size of the
simulation box was 1256.6ρi in the z-direction (along back-
ground field), and 228.4ρi in the x- and y-directions. The
number of grid points in the z direction was 512, and in
the x direction it was 256. The number of marker particles
was 64×106. The initial parameters in this simulation were
β‖ = 0.0718 and T⊥/T‖ = 6, giving β⊥A = 2.154. Figure
2 (a) shows the evolution of magnetic and kinetic energies.
Figure 2 (b) shows that the global stability parameter β⊥A
for a bi-Maxwellian plasma only changes by a few percent
throughout the simulation, and thus according to this pa-
rameter the plasma remains unstable. The evolution may
be separated into two stages. In the first stage, the most
unstable mode of the spectrum grows until it is halted at
t ≈ 900Ω−1

i . The tendency towards nonlinear oscillations
may be identified at this time in Figure 2 (a), and the am-
plitude of the magnetic perturbation at this point scales in
accordance with the trapped particle theory. The growth
rate in the linear stage was γ ≈ 0.0129Ωi, and the wave
vector in the parallel direction was k‖ρi ≈ 0.1234. The sat-
uration level from the trapping theory should therefore be
2(γ/Ωi)

2/(k‖ρi)
2 = δB/B ≈ 0.0219. The magnetic field

amplitude at t ∼ 900Ω−1
i of the simulation, which corre-

sponds to the initial trapping stage, is δB/B ≈ 0.0226.
As can be seen from Figure 2 (a), the amplitude of the

magnetic field continues to grow after t ≈ 900Ω−1
i until the
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end of the simulation, however at a progressively lower rate.
The magnetic structure along the z-direction at t = 900Ω−1

i

and at the end of the simulation, at t = 2775Ω−1
i , is shown

in Figure 3. The negative perturbations (troughs) of the
structure remain roughly at the same level between the
two times, while the amplitude of the positive perturba-
tions (crests) is increased. Figure 4 shows the average skew-
ness[Soucek et al., 2008; Génot et al., 2009b] of the magnetic
structure along the z-direction, demonstrating the develop-
ment of peaked structures after t ≈ 900Ω−1

i . In addition
to increasing in amplitude, the magnetic structure also in-
creases in length scale. The dominant increase in length
scale is however by the negative perturbations, balancing
out the positive perturbations so that the average perturba-
tion is zero. This effect is demonstrated in Figure 5 which
shows the time evolution of the magnetic structure along the
z-direction at a particular value of x, designated with the
dashed line in the top panel. Before t ≈ 900Ω−1

i the scale of
the crests and trough is approximately the same. After this
time, the increase in the scale of the troughs is larger than
that of the crests. The final structure thus contains wide
shallow troughs, followed by peaked narrow crests.

Figure 2. Figure (a) shows the change of magnetic
(δEB) and kinetic (δEKE) energies, as a function of time.
Figure (b) shows the change in the threshold parameter
β⊥A. These results were produced by a simulation with a
spectrum of unstable perturbations. The simulation was
initialized with β⊥A = 2.154.

The qualitative features of the perturbed gyrocenter dis-
tribution function δF at the end of a simulation, integrated
in the z-direction, are shown in Figure 6. It can be seen that
the distribution function is decreased near the resonant lo-

cation v‖ ≈ 0, and is increased near the trapping boundary,

showed by the dashed line. The perturbed gyrocenter dis-

tribution at the location of the crests and troughs is plotted

in Figure 7, as a function of v‖. While the distribution

function is decreased at the location of crests (δB > 0),

it is flattened at the location of troughs (δB < 0). This

suggests that, while the saturation of the troughs is due

to trapping, the crests saturate due to local decrease in

β⊥ as a result of the decrease in density and increase in

magnetic field. Assuming that the instability threshold pa-

rameter β⊥A only changes due to β⊥, the change in β⊥

required to reach the marginal stability may be estimated

as δβ⊥/β⊥ ≈ δn/n − 2δB/B = (1− β⊥A) /β⊥A ≈ −0.536,

with β⊥A = 2.154. The bottom panel of Figure 8 shows δβ⊥

as a function of z, along with the threshold level (dashed

line). The change of β⊥ at the location of magnetic peaks

is thus seen to approach the threshold.
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Figure 3. The figure shows the mode structure along
the z-direction at two different times corresponding to
the early nonlinear stage (thin, solid line), and the final
stage of the simulation (thick, dashed line).

Figure 4. The figure shows the evolution of the aver-
age skewness of the magnetic structure. The average was
taken in the x-direction, at each time step.
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Figure 5. The top panel shows the magnetic structure
(δB) in the x-z plane at the end of the simulation, and
the dashed line marks the location at which the lower plot
was constructured. The lower plot shows the evolution
of the scale of the magnetic structure in the z-direction,
at the particular value of x, as a function of time. The
light colors correspond to positive perturbations and the
darker colors to negative perturbations.

Figure 6. Shown is the perturbed gyrocenter distribu-
tion function (δF ) in the µ-v‖ plane, at the end of the
simulation. The dashed curve corresponds to the approx-
imate trapped-passing boundary of the particles.

Figure 7. The figure shows the perturbed gyrocenter
distribution function at the location of positive magnetic
perturbations (dashed) and negative magnetic perturba-
tions (solid), as a function of v‖.
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Figure 8. The top plot shows the contours of the to-
tal gyrocenter distribution function F in the z-v‖ plane at
the final stage of the simulation. The straight dotted lines
designate the contours of the initial distribution, F0. The
center plot shows the perturbed distribution function δF .
The darker/lighter colors designate positive/negative val-
ues. Superimposed in the black solid line is the magnetic
perturbation δB, whose axis is on the right hand side.
The bottom plot shows the perturbation in density, along
with the instability threshold level (dashed line).

Figure 9. Summary of the development of the saturated
mirror mode structure.

4. Discussion

A gyrokinetic simulation model for the mirror instabil-
ity has been described. The model isolates the physics
governing the evolution of the mirror mode. Linear and
non-linear simulations, with only the most unstable mode
present, agree well with theoretical expectations, and pre-
vious works.[Qu et al., 2007, 2008] When more modes are
included, nonlinear simulations show saturation due to par-
ticle trapping, followed by further evolution of the mode
structure into magnetic peaks. Magnetic peaks have also
been observed in previous simulations,[Baumgärtel et al.,

2003; Borgogno et al., 2007; Califano et al., 2008] and their
formation was attributed to “higher order finite Larmor ra-
dius effects,” [Kuznetsov et al., 2007; Borgogno et al., 2007;
Califano et al., 2008] specifically the difference between the
size of Larmor radii of ions located in the high field regions
at the crests of the perturbation, and the low field regions in
the troughs of the perturbation. This effect is considered to
be of higher order in the gyrokinetic model described here,
and is not included. (In performing the gyro-averaging op-
eration, for example, the Larmor radius is found from the
unperturbed background field only.) Nonetheless the for-
mation of peaked structures was observed suggesting that
it is due to a more robust process than higher order finite
Larmor radius effects.

The simulations show that the amplitude of the neg-
ative magnetic perturbations saturates first. The sat-
uration amplitude agrees with the estimate based on
the trapping theory, δB/B = 2(γ/Ωi)

2/(k‖ρi)
2. Thus

for the evolution of the dips it is important to con-
sider the flattening of the distribution function at the re-
gion of phase space that corresponds to trapped parti-
cles. The flattening of the distribution function supresses
∂v2

‖
F in the generalized threshold condition,[Shapiro and

Shevchenko, 1966; Pokhotelov et al., 2005; Hellinger , 2007]
1 + β⊥ + 8πB/m2P

∫

dv‖dµµ
2∂v2

‖
F < 0, leading to the sat-

uration of the dips. Assessment of the stability of plasma
by estimation of the parameter β⊥A alone would therefore
be incomplete in this region of the magnetic structure. The
amplitude of the positive magnetic perturbations continues
to grow past the time of saturation of negative magnetic per-
turbations, which results in the formation of peaked struc-
tures. As the peaks (δB > 0) grow, the number of parti-
cles close to the resonance point, v‖ ≈ 0, decreases at their
location, while the number of particles at the location of
magnetic dips (δB < 0) is increased. These features can
be seen in Figure 6, which shows the perturbed gyrocen-
ter distribution function in the v‖-µ plane, along with the
trapped-passing boundary; and Figure 7, which shows the
perturbed gyrocenter distribution function at the location of
the peaks and the dips separately. The peaks appear to sat-
urate when β⊥ within their location is sufficiently reduced
to be close to the marginal stability level. Assuming that
anisotropy remains approximately the same, this was esti-
mated as δβ⊥/β⊥ ≈ δn/n−2δB/B = (1− β⊥A) /β⊥A. The
lower panel of Figure 8 shows that β⊥ at the location of the
peaks is indeed signifcantly reduced, and for the dominant
peaks the reduction is close to the threshold level. The es-
timate of δβ⊥ may be used together with the force-balance
relation, δB/B = −(β⊥/2)δn/n, to approximate the satu-
ration level of the peaks as δB/B = (β⊥A−1)/(2A+β⊥A).
Knowing the saturation level of the dips, and the peaks,
then determines the form of the saturated structure in the
simulation, since the spatial average of the perturbation is
zero.

We have noted that the estimates for the saturation lev-
els given above also compare well against the results of
hybrid PIC simulations near threshold, presented in Fig-
ure 2 of Califano et al. [2008]. The simulation parame-
ters used to produce the figure were given as β⊥ = 1.857,
and T⊥/T‖ = 1.857. These parameters yield the maximum
growth rate of γ/Ωi ≈ 0.005, and k‖ρi ≈ 0.09. The above
estimates thus predict the saturation level of the dips at
δB/B ∼ 0.0064, and the saturation level of the peaks at
δB/B ∼ 0.12, in agreement with the top left panel of the
Figure 2.

The process of the saturated structure formation is sum-
marized in Figure 9. Thus, the resonant particles are Fermi
accelerated by the growing peaks. The number of parti-
cles between the dominant peaks is consequently increased.
However, due to the increased diamagnetic pressure be-
tween the dominant peaks, the amplitude of the subdom-
inant peaks is diminished down to the level of magnetic dips
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which thereby increase in width. The diminishing subdom-
inant peaks inside the newly forming, wide, dips, affect the
plasma by betatron cooling.

Although the saturated mirror mode structures observed
in the simulations are opposite in form to the deep magnetic
holes predicted in Kivelson and Southwood [1996]; Pantellini
[1998], many of the same concepts that were used to explain
their formation appear to be applicable to the formation of
the peaked magnetic structures as well. The important dif-
ference is that after the initial trapping stage, the depth
of the magnetic dips does not significantly increase. In-
stead their width increases as the spectrum of the structure
changes to lower and lower wave numbers. Furthermore,
the manner in which the width of the wells increases is by
suppression of subdominant peaks by the newly trapped par-
ticles.

Many improvements to the existing model, and numer-
ical techniques, are possible. More physics may be in-
cluded by relaxing the restriction of cold, isotropic elec-
trons;[Pantellini and Schwartz , 1995; Pokhotelov et al.,
2000; Istomin et al., 2009; Kuznetsov et al., 2013] and
uniform magnetic field. Furthermore, non-coplanar mag-
netic perturbations may also play an important role when
anisotropy is large enough.[Génot et al., 2001] From the nu-
merical perspective, the perpendicular Ampere’s law may be
solved in the real-space instead of the Fourier space[Porazik
and Lin, 2011], enabling a more consistent treatment of the
magnetization term which was here estimated using a bi-
Maxwellian distribution.

Appendix A

The model of Qu et al. [2007] includes an additional term
that is not included in the finite Larmor radius model of
Hasegawa [1969], or the model described in this paper. The
term appears in the perpendicular Ampere’s law, and results
in the dispersion relation

1 +
(

k‖

k⊥

)2
[

1 + αb

(

β⊥ − β‖
)]

−T⊥
T‖

[

β⊥ − β‖ + β⊥
ω√

2k‖vth‖
Z

(

ω√
2k‖vth‖

)]

×
[

I0(k
2
⊥ρ

2
i )− I1(k

2
⊥ρ

2
i )
]

e−k2

⊥ρ2
i = 0, (A1)

where αb

(

β⊥ − β‖
)

is the additional term and αb ≡
∫∞
0

x3e−x2/2zJ ′2
1 (x)dx/z2, z = k2

⊥ρ
2
i . In context of the

gyrokinetic theory, the term may be obtained by keeping
higher order corrections, in k‖v‖/Ωi, in the gauge function
S. However, the term has no effect on the instability thresh-
old for β⊥ > β‖, and only has a small effect on the growth
rate of the most unstable mode. The reason it does not af-
fect the threshold is that it only changes the factor in front
of the k‖/k⊥ term in the dispersion relation. The curve that
encloses the unstable region in the (k‖, k⊥) plane maybe be
obtained by setting ω = 0 in the dispersion relation, and is
given by

k‖ = k⊥

√

√

√

√

(

β⊥A [I0(k2
⊥ρ

2
i )− I1(k2

⊥ρ
2
i )] e

−k2

⊥
ρ2
i − 1

)

[

1 + αb

(

β⊥ − β‖
)] . (A2)

The area enclosed by the curve approaches zero as the
unstable parameters approach the threshold. When the
threshold is crossed, k‖ becomes imaginary for all val-
ues of k⊥, and no solution for an unstable mode exists.
For the mirror instability, β⊥ > β‖, and the denominator
of the radical is always positive. Since the maximum of
[

I0(k
2
⊥ρ

2
i )− I1(k

2
⊥ρ

2
i )
]

e−k2

⊥ρ2
i is 1, the value of k‖ may only

be imaginary, for all values of k⊥, if β⊥A < 1. Thus the in-
stability threshold remains the same and is not affected by
the αb term. (For β⊥ < β‖, the firehose threshold condition
is obtained, 1 <

(

β‖ − β⊥
)

/2, and is completely determined
by the denominator of the radical.)
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Notes

1. Also known as Monte-Carlo with control-variates or variance
reduction as noted by Aydemir [1994]

References

Aydemir, A. Y. (1994), A unified Monte-Carlo interpretation of
particle simulations and applications to non-neutral plasmas,
Physics of Plasmas, 1 (4), 822–831.

Balikhin, M. A., O. A. Pokhotelov, S. N. Walker, R. J. Boynton,
and N. Beloff (2010), Mirror mode peaks: THEMIS observa-
tions versus theories, Geophys. Res. Lett., 37, 5104.
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