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Physics of radiation-driven islands near the tokamak densy
limit
D. A. Gates, L. Delgado-Aparicio, R. B. White

IPrinceton Plasma Physics Laboratory, Princeton, NJ 0838 U

Abstract

In previous work [1], the onset criterion for radiation dnvislands [2] in combina-
tion with a simple cylindrical model of tokamak current chahbehavior was shown to
be consistent with the empirical scaling of the tokamak igfimit [3]. A number of the
unexplained phenomena at the density limit are consistéhtthis novel physics mech-
anism. In this work, a more formal theoretical underpinpniognsistent with cylindrical
tearing mode theory, is developed for the onset criteriche$¢ modes. The appropriate
derivation of the radiation-driven addition to the modifiRdtherford equation is discussed.
Additionally, the ordering of the terms in the MRE is exandrie a regime near the den-
sity limit. It is hoped that given the apparent success «f #ifinple model in explaining
the observed global scalings will lead to a more comprekerenalysis of the possibility
that radiation driven islands are the physics mechanisporesble for the density limit.
In particular, with modern diagnostic capabilities detdilmeasurements of current densi-
ties, electron densities and impurity concentrations tamal surfaces should be possible,

enabling verification of the concepts described above.

1. Introduction

Due to the strong dependence of fusion power on plasma gi¢hsitokamak density limit
has been the subject of intense international study overskstecades [3, 4, 5, 6, 7, 8]. As a
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result of this effort an agreed upon empirical scaling,mreie to as the Greenwald limit [3],
o< -2, ®
&

has been developed and extensively verified against irtenahdatabases. Heng; is the
line averaged (as from an interferometer) electron derigiig the total plasma current, aiad
Is the plasma geometric minor radius. The expression id ait€quation (1) is a surprisingly
robust experimental result. The tokamak database covprexmately 2 orders of magnitude
in density and current. The phenomenology at the limit i® &lsrprisingly robust. As the
density increases towards the limit, there is an increasdge radiation, followed by a peaking
of the current profile which is usually parameterized by tbemmalized internal inductance,
li. When the density reaches the limit, a low-order tearing enagually of poloidal mode
numbem = 2 and toroidal mode number= 1, appears and causes the plasma to disrupt. The
traditional explanation for the appearance ofthe: 2/n = 1 is that the peaking of the current
profile causes the classical tearing parameiérto become positive. Whereas the trend of
greater classical linear instability is correct, it hasyeadifficult to generate a robust disruptive
mechanism based on classical linear instability.

There are several important previously unresolved isssesceated with the density limit
phenomenology:

1) The scaling is universal, but the density limit appeaspesited with radiative collapse
which can be complicated given the quantum nature of impliné radiation.

2) If the physics is associated with radiative collapse, whthe density limit so weakly
dependent on heating power?

3) Why is the limit only weakly dependent afas ¢ ?



4) The collapse is associated with the onset of magnetiodslaso why does the limit not
depend on plasma shaping which is known to affect MHD stgili

5) Why is the density limit power scaling different in stedsors?

6) Why are tearing modes associated with the radiative pedia

In this paper we will:

1) propose a simple criteria for the onset of radiation drigtands in the absence of strong
island heating,

2) develop a simple model that qualitatively and quanti&dyi relates the local island onset
criteria to the observed global empirical scaling,

3) discuss the cylindrical theory of radiation driven islanand

4) discuss the properties of the modified Rutherford eqnatidghe vicinity of the density

limit.
2. Radiation Driven islands and the Density limit

It has been shown [1] that a simplified onset criteria foratidn driven islands combined
with a simple model of the current profile can reproduce thee@wald density limit scaling.
This model is capable of resolving the issues listed in tirétuction. The basic results of this
work is repeated here for reference.

The situation for a tokamak island is shown schematicallyigure 1. The problem of heat
conduction around a thin island is handled in detail in Refee [9]. We imagine a scenario
where an island of small but finite size has been created bgtarpation. Because it is shielded
from the auxiliary heating sources, which are typicallytcaity peaked on the magnetic axis,

the stability criterion for radiative driven islands of tiséand interior is expressed as a constraint



on the radiated power and the ohmic power such that:

Prag <NJ° 2

which we rewrite:

MeVe o
Eef 1V (ez)er( Ne < ne J 3)

whereEe 1 is the energy lost per excitation collision summed overalating linesy 7).,

is the effective collision frequency for radiative process is the electron densityre is the
electron massyg is the electron-ion collision frequencyg,is the electron charge, antis
the local current density with all quantities evaluatedhat tational surface of interest. This

expression can be rewritten as:

Me Vei

- J or ne< f(Z,Te)d 4
ezEeffV(eZ) e ( e) ( )

Ne <

ef f

This is suggestive of the Greenwald limit (1). The differermetween Equation (4) and
Equation (1) is that the island onset criterion (4) is giveterms of local parameters where as
the Greenwald limit (1) is in terms of global parameters.

To relate the local parameters of Equation (4) and globampaters of Equation (1) we
consider a family of current profiles of the form:

3= T 5)

(1))

Asv increases, the profiles go from peaked to flat, representipgieal collapsed current

profile for large values of. This class of profiles was first used in Reference [10]. Addélly
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we assume a parabolic density profile. A representativef gereent profiles at fixed edge-q is
shown in Figure 2. Each curve h&schosen such thagp = 0.9, consistent with the observation
that the peak current density inside tipe- 1 rational surface is clamped due to timgn = 1
instability (aka the sawtooth instability).

To understand where the Greenwald limit lies in this spacé@nseplot contours of constant
total plasma current versus the free profile parametarsdrg (shown in Figure 3). Additional
information is required to locate the density limit. In pawtar, since it is well established that
the current profile is peaking as the density limit is appheal; a measure of this peaking is
required. The required information is taken from a plot fre@ference [11]. Figure 6 of this
reference shows the operational boundary for the JET toka®ia function ofleqge andli. The
upper bound of this plot represents the density limit. Thetlis parameterized with a linear fit

given by:

li = 0.12 Gegge + 0.6 (6)

wherel; is the normalized internal inductance of the plasma (as elefim reference [11]).
The contour of the fit curve given by Equation (6) is shown igufe 3. We note here that for
plasmas with high internal inductances as described byetaganship above, plasma boundary
shaping does not have a strong effect on the low order rdtsontaces so that the shape of these
surfaces will be roughly circular. This is a plausible ex@lion as to why plasma shaping does
not affect the Greenwald limit. We also note that the expentally observed current profile
peaking at the density limit corresponds to the knee in tmsi@mt g contours where the main
variation in the profile parameters changes from stronglyiug ro to strongly varyingv. This

corresponds to the point where the bulk of the (fixed) plasareeat is now inside the g=1



surface. Further increase infrom this point leads to rapid reductions in the current dgns
outside they = 1 surface. This behavior is important in understanding ¢fetionship between
the average current density (which appears in the Greerdwait)l and the current density at a
local surface (which appears in the island onset criterion)

The next step is to see if the local criterion due to the onfsatradiation driven island actu-
ally corresponds with the Greenwald limit. In other wordeng the contour that represents the
current profiles for the density limit in Figure 3 there shbhé a correlation with the following

expressions

f (Z)J(rm/n) _ Ip
ne(rm/n) NeT@a?

(7)
where we have noted the near temperature independenceqfahéty f (Z, Te) as was first

noted in Reference [12]. The assumption of a parabolic tepsifile n(r) = n(0)(1— (r/a)?)

gives:

J(rm/n) o ne(0) 1

7 — = (8)
Itot(l—r—géﬂ) e f(Z)me?

where the term on the right is constant for the purposes sfdiscussion.

As an example, the contour of the expression above fog th@ surfaces as determined by
the profile model is shown in blue in Figure 3. The agreemetwtden the observed experimen-
tally determined current profile behavior and the behavidhe radiation driven onset criterion

is remarkable given the simplicity of the model used to desdhe profile behaviors.
3. Modified Rutherford Equation

The radiation drive effect is best understood in the coriéitie non-linear island evolution



equation, typically referred to as the modified Rutherfogdagion (MRE). A version of the
equation including the term associated with radiation feenlderived [13] and used to model
the evolution of the radiation driven islands observed atdénsity limit. The model used can
be written:

ko dw

where the coefficient; is defined by 8rs/s)(0P/nex  Te). The onset criteria for the radia-
tion driven tearing mode is satisfied when the RHS of EquaBdecomes positive.

First we examine the ter@;. In Reference [13] the coefficient was taken from the deriva-
tion of the magnitude of the perturbed current density asvel@érnn Reference [2]. We repeat
that derivation for reference here, since Reference [2)iswmailable online. ThA” term can be
derived from three basic relationships: 1) Power balancesadsland flux surfaces, 2) Ohm’s
law, and 3) the definition A’ for a known helical current perturbation. These conditian be

written:

NeX | OTedA = oPdv (20)
/s 11,

8 33T

J° 2T (11)
5

r_

N =16 - (12)

where we have ignored the effects of finite parallel conditgtands is the sheark; is a

constant, anav is the island width. In reference [2] Equation (10) is appmoated as:



OTe ~ w
®  neX. Aidand  2NeX.

(13)

WhereVigang is the volumeAigang IS the enclosing surface area of the annular torus of the
inscribed island. Additionally, the approximatiaile ~ 2Te/w is made.

Combining Equations (13), (11), and (12) one finds:

A 3rss| oP

; ne)(J_TeW (14)

The approximation used to develop Equation (13) is quitelerult is often referred to
as the “belt model” wherein the island is treated as an annataidal ring. The geometric
contribution to the error in of the “belt model” approximatican be estimated by assuming the
radiation is independent of temperature and ghais a constant across the island. In Figure
4 the curve represented by the ratio the integrals in Equdfi®) is compared to the curve
generated by the approximation represented in Equation (A8 can be seen in the Figure,
there is a substantial error (more than a factor of four inpgbak value) associated with the
geometric approximations made in Reference [2]. In futuoekvithe effect of the temperature

dependence of the radiation rate and of the cross-fieldsivity x ;, will also be investigated.
4. Analysis of the MRE

In order to understand the expected behavior of radiatioredrislands near the density
limit the individual terms in Equation (9) are now considifer parameters that are typical
of experimental conditions in the vicinity of the limit. Tieeare several constraints on the
problem which require consideration. In particular, theiaged power and the current profile

are constrained by the considerations in Section 2. Thas&reants effectively determine the



island behavior at the density limit.
Classicald’

In order to understand the effect of varyidg we again return to the high aspect ratio
tokamak model adopted in Reference [1]. We calcufétir current profiles along the upper
bound of the density limit operational diagram (see Figurd8e current profiles at the density
limit boundary are shown in Figure 5, which have been chosearding to the same criterion
in Equation (6). A’ is calculated according to the method described in refer¢b6]. The
result of this calculation is shown in Figure 6. As can be sadhe figureA’ crosses through
zero as the plasma current is increased. In addifibis small in absolute value. Typically, in
studying non-linear tearing mode phenomena it is assumedutijustification that\’ = —2m
(the vacuum value) fom > 2 andA’ = —m for m= 2. However, for the case in question,
since the classical tearing parameter has been postukatbd aause of the onset of the tearing
instability observed at the density limit, we have caloeded’ using the original high aspect
ratio circular cross-section formula. It is a well knownukghat as classical tearing modes
grow there is a stabilizing non-linear term as shown in Reafee [16]. This island saturation
non-linearity has also been calculated, with the resultgvshin Figure 7. From the figure it can
be seen that the non-linearity is important, at least foctass of profiles considered here. The
saturated island width (as defined in reference [16]) isstand width at which the classicAl
goes to zero. As is seen in the Figufé, which is initially small and positive, goes to zero for
relatively small islands. We also note that there are aultii stabilizing effects that reduce the
classical instability that is seen for the 2/1 mode in thigleld¢see for example Reference [17]).
Radiation term

We now consider the coefficied@; in Equation (9). The sign of this term varies from



negative to positive as the radiated power density incegasenging sign when the radiated
power exceeds the ohmic heating power (WBBrchanges sign). This is the criteria that led
to equation (3). The radiation drivexi, when negative, will act to reduce the saturated island
width that is achieved due to the classialWhen it becomes positive, then the mode is always
unstable for all values of w. Given the situation we have dbed there is no critical island
width for mode onset, since there is always a small islandgire We note that in order to do
guantitative analysis of the actual saturated island wieth should use measured profiles and
actual impurity radiation concentrations. There is anothgortant non-linearity associated
with the order-of-magnitude reduction in cross-field dsffuty inside an island first reported
in reference [18], which will strongly enhance the inswdatiquality of the islands and will
increase the radiation island drive effect.

If we reformulate the second term in Equation (9) as follows:

2
Caw =Ky x C_;) (O.lérZTe) <x1ff> (V?D ~ 10Ky # (2_:1) (V?D (%) (15)

Where we have made use of the experimental observationhatross field diffusivity
inside and island is approximately and order of magnitudestdhan in the bulk plasma [18].

If we make the following estimates:

r 1 /w oP
(3—;) ~3 (5) ~0.02 <%) ~0.4 (16)
we findCy; ~ 0.02K;. If we useK; = 3 then thereadiation driven island term would only
become important for very small values &f However, ifK; = 12 according to the effects
discussed above then the radiation term is competitive d batanegative value oft’. Addition

of the temperature dependence of the radiation will furtherease the size of the radiation-
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driven term.
5. Summary

Experimental evidence [13, 14, 19, 20, 21, 22, 23] has irstngdy supported the notion that
radiation effects are important in determining the evolnibf magnetic islands in tokamaks. In
previous work [1] it was shown that the onset criteria foriatidn driven islands is consistent
with the empirical scaling of the tokamak density limit. Img paper it was shown that the
onset criteria expressed in Reference [1] is consistefit thie change in sign of the radiation
driven A’ term in the Modified Rutherford Equation. Additionally, ita& shown that for the
model profiles considered that the classit'ak small and positive (indicating a small saturated
island). In the model case this would correspond to puramiéy with no threshold island.
Since the model is approximate, the relative magnitude efréidiation term was considered
for reasonable threshold island widths and the radiatim@dvas found to be sufficiently large
to compete with the classicAl term, even if the classical term were small and negative. The
model predicts a simple testable criteria for mode onsegims of the local power balance
at the rational surface. It is hoped that the apparent saaakethis theory in explaining the
phenomenology of the density limit will lead to direct expegnts to test the hypothesis that

the radiation driven islands are the origin of the Greenviaid.
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Figure 1: Representation of single lobe of a magnetic iskeieematically showing the heat
flow from the auxiliary heating around the island (red arrguise resistive heating inside the

island (blue area), and the radiation losses from withirigtaend interior (green arrow).
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Figure 2: Plot of the family of current density curves usecthe density limit model. This set

of curves have constangqyge = 3.5. The red triangles indicate the position of the q=2 surface

for each profile.
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Figure 3: Contour plot of edgg, (black) as a function of the profile parametgrandrg for

3 < ga < 8insteps of 1. Also shown in the plot are the contour of thessurprofile peaking
corresponding to the density limit as given by Equation (63 and the best fit contour of the
island onset criteria from Equation (8) (blue). The cormestence of the red and the blue curve
indicate that the island onset criteria coincides with tkgegimentally observed current profiles

at the Greenwald limit.
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Figure 4: A plot of the electron temperature normalized tovilue at the island separatrix. The
two curves correspond to a) the exact integral of the of tloerggric contribution of the cross-

field heat flux reaching the center of the island (solid linej &) the approximate expression
developed in Reference [2] (dashed line). The profiles attqul vs. the island flux parameter

k=8(r —rs)?/w? — 1 (at the island O-point)
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Figure 5: Figure showing the current profiles at the dengityt lboundary as determined by
the relationship in Equation (6). The curves aredge= 3— 8 in steps of 1. The red triangles

represent the location of tlge= 2 surface.

qedge

Figure 6: Figure showing the dependence of the classicahteparametef\’ as a function of

edgeq for the class of profiles identified as being at the densitytlim
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Figure 7: Figure showing the saturated island width (noizedlto minor radius) expected for

the profiles identified as being at the density limit.
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