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Abstract

The fast termination phase of a Vertical Displace-

ment Event, VDE, in a tokamak, is modeled as a

sequence of shrinking equilibria, where the core cur-

rent profile remains constant so that the safety-factor

at the axis, qaxistedi, remains fixed and the qedge

systematically decreases. At some point the n = 1

∗Also at the Department of Applied Physics and Applied

Mathematics, Columbia University, New York, NY 10027

kink mode is destabilized. When the growth-rate

is small, the discharge remains in equilibrium due

to self-induced surface currents, When the growth-

rate is large the instability leads to the final disrup-

tion. In most cases this occurs when qedge is slightly

less than two and the kink mode is characterized

by m/n = 2/1, where m and n are the poloidal and

toroidal mode numbers. The surface current needed

to maintain equilibrium is determined from the MHD
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perturbation and provides an estimate of the avail-

able curremt drive. An applicaton to NSTX pro-

vides favorable comparison with non-axisymmetric

halo-current measurements. The model is applied to

ITER and shows that the 2/1 mode is projected to

be the most likely cause of the final disruption.

1 Introduction

Tokamak plasmas are inherently susceptible to an

axisymmetric vertical instability, particularly when

they are elongated. Consequently, normal plasma op-

eration requires feedback control of the vertical po-

sition to counter the growth of small displacements.

However circumstances such as improper or inade-

quate feedback control may lead to Vertical Displace-

ment Events, VDEs, which often culminate in dis-

ruptions. The disruption occurs on a fast time scale

and carries the potential of inducing large forces on

the surrounding structures, within the vessel. Un-

derstanding the unstable mode-structure and related

surface currents could help ameliorate the conse-

quences of this dangerous event. This report ad-

dresses the ideal kink stability of the discharge, start-

ing from the initial uncontrolled vertical displace-

ment, upto the final current quench. The vertical

motion is related to the axisymmetric, n = 0, insta-

bility, and the disruption generally has n = 1, here n

is the toroidal mode number,

VDEs start with a vertical displacement, which

may be upward or downward, but always pushing

the plasma towards some material surface. Once con-

tact is established, the plasma starts to shrink. This

process continues until the onset of a fast growing in-

stability leads to a current quench and termination

of the discharge. The instability corresponds to an

n = 1 kink mode, see reference [1].

The VDE evolves on a transport time-scale, signifi-

cantly, slower than the fast, Alfvenic time-scale of the

ideal kink instability. This implies that during most

of the VDE, the shrinking plasma is in equilibrium

and should be kink stable, until the time of the dis-

ruption. Shortly before the disruption, currents are

observed in the halo current monitors. These have

been determined to have an axisymmetric, n = 0,

as well as an n = 1, non-axisymmetric component.

2



Figure 1: Equilibrium sequence of a VDE in an NSTX discharge, Shot No. 139540, at 3 msec. intervals

starting at t = 0.322 seconds into the discharge. The discharge terminated at about t = 0.338s. The last

usable equilibriun was at t = 0.331s. This was used to simulate the disruption phase. The last closed flux

surface is highlighted in magenta

The latter may be related to the observed strong

non-symmetric forces acting on the nearby conduct-

ing structures and vacuum vessel. This report ad-

dresses the ideal MHD stability of the plasma during

the VDE, focusing on the n = 1 mode, its growth-

rate and associated surface currents.

A theoretical model has emerged connecting the

equilibrium of a kink-deformed plasma, with currents

on the plasma surface,[2, 3, 4]. These currents flow

parallel to the field, and counter to the core plasma

current. The plasma deformation is driven by a kink

instability, and estimates of these currents can be ob-

tained by determining the δ-function surface current

required to ensure B · n = 0, on the plasma-vacuum

interface.. This report extends previous theoretical

analyses, which was confined to cylindrical, Shafra-

nov, plasma models, to numerical modeling of real-

istic plasmas based on experimental observations. A
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detailed study is presented of an NSTX discharge,

using the best estimates of plasma profiles from ex-

perimental observations and modeling. This is fol-

lowed by an application to ITER, using an equilib-

rium based on transport simulation. Results in JET

geometry are also presented. The main results de-

scribe the onset conditions for the disruption and es-

timates of the surface current.

Figure 2: The plasma profiles for the safety-factor q

and negative of the pressure gradient, −dP
dψ

, for the

four cases, shown in Fig. 1. Note that as the plasma

shrinks, qedge reduces and approaches 2.0.

A comprehensive model requires the use of non-

linear time-dependent MHD codes, coupled to a

transport code treating the plasma, halo and mate-

rial surfaces self-consistently. Research along these

lines is still evolving and has provided insight on this

complex problem, particularly relating the instability

to the forces within the machine. [5].

This study is based on a simple linear ideal MHD

model. However it provides meaningful information

on stability boundaries, mode structures and growth-

rates. In particular, since the growth-rate is a mea-

sure of the energy released by the instability, it pro-

vides a window on the forces involved.

The following sections describe: the plasma model,

a method to determine the surface currents; applica-

tion to NSTX; the results for ITER and JET geome-

tries; and conclusions.

2 Plasma model

The evolution of the VDE is described by a se-

quence of plasma equilibria, with shrinking bound-

aries as the outer flux surfaces are lost, the safety-

factor at the plasma boundary reduces continuously.

These features are shown in Figure 1. The equilib-

4



ria were reconstructed using LRDFIT, [6], for NSTX

shot number 139540 at 3 msec intervals, starting at

t = 0.322 secs. Figure 2 shows details of the safety

factor and pressure gradient profiles for the equilib-

ria in Fig. 1. Figure 3 shows the evolution of qedge

and the normalized beta, βN, as well as the plasma

current, Ip, and the measured ’halo’ currents. These

are seperated into the axisymmetric, n = 0 and non-

axisymmetric n = 1 components.

We note that qedge steadily decreases, dropping be-

low 2 at t = 0.3325s. The halo currents are first ob-

served at t = 0.331s., and the plasma current starts

to collapse at about t = 0.334s just as the halo

current approaches its peak. Note that the entire

event evolves over approximately 8msec, a time scale

which is much longer than the Alfvén time.

Ideally, for stability analysis, a sequence of plasma

equilibria should be computed by fitting experimen-

tal data at time-slices close to the final disruption.

This is not always possible as the experimental diag-

nostics may not be tuned to the shifting plasma lo-

cation and key diagnostics may not be triggered in a

timely manner. To overcome this we have developed
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Figure 3: Evolution of Zaxis(top panel), qedge and

βN ,(middle panel) during the last 15 milli-seconds of

a VDE in NSTX, Shot No. 141641. b. The plasma

current, black, and halo current measurements for

n = 0, red; and n = 1, blue are shown in the bottom

panel. Note that qedge is continuously decreasing and

drops below 2 at approximately t = 0.332s., The halo

current saturates at that time, and the disruption

follows at t = 0.335s.

a model to mimic this sequence. We start from the

closest valid equilibrium, representing a stable point,

before the disuption. Starting from this equilibrium,

a sequence of equilibria is generated as follows,

• Select an inner flux surface from the equilibrium,

obtain the x,z values, to be used as the plasma
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Figure 4: Method used to extend the equilibrium

sequence to simulate the disruption phase. A se-

lected inner flux surface is shifted to represent the

new bounding surface for a new fixed-boundary equi-

librium calculation. The figure on the left shows

the 99% flux surface in black, at t = 0.331 and

qedge ≈ 2.5, and an inner flux surface correspond-

ing to qedge ≈ 2.1. The figure on the right shows the

2.1 surface displaced downwards to rest against the

limiter(not shown). The curves overlap, on the right

because the inner flux surface shape has reduced tri-

angularity.

boundary of a new equilibrium, e.g.,

Ψb = b ∗ (Ψlim − Ψaxis)

where 0.0 < b < 1.0.

• Truncate and renormalize the equilibrium pro-

files < J · B > / < B2 > and dp/dΨ, eg. using

χ = Ψ/Ψb, we interpolate the plasma functions

as follows

f (χ)(0 : 1) = f (Ψ)(0 : Ψb)

• Use a fixed boundary equilibrium code,

JSOLVER, [7], to obtain a numerical equilib-

rium

f (χ)(0 : 1) = f (Ψ)(0 : Ψb)x)

• Use a fixed boundary equilibrium code,

JSOLVER, [7], to obtain a numerical equilib-

rium

This procedure is illustrated in Figure 4. The fig-

ure on the left shows a selected flux surface of the

initial stable equilibrium. The surface is displaced

downwards until it brushes against the limiter and

used as the bounding surface in a fixed boundary

equilibtium calculation.

The stability is determined using the PEST[8]

code. The mode of interest is the n = 1 kink mode.
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Most of the studies set an ideal wall congruent with

the vacuum vessel, free boundary calculations were

also performed.

3 Surface current calculation

A current flowing on a flux surface,ψs , has the gen-

eral representation

~js = ~∇× (κ(θ, ϕ)~∇ψδ(ψ − ψs)) (1)

where κ is called the current potential and has units

of amperes. The power that must be used to drive

that current potential is

dδW

dt
= −

∫

~js · ~Ed
3x, (2)

which can be rewritten using Faraday’s law as

dδW

dt
=

∫

κ
∂ ~B

∂t
· ~∇ψδ(ψ − ψs)J dψdθdϕ (3)

=

∮

κ
∂ ~B

∂t
· d~a (4)

The normal magnetic field can be expanded in or-

thonormal functions as

~B · n̂ = w
∑

j

Φj(t)fj(θ, ϕ) (5)

where
∮

wda = 1 is a weight function and the ex-

pansion functions are defined so

∮

fjfkwda = δjk. (6)

The area element is da = |~∇ψ|J dθdϕ, where J is

the coordinate Jacobian, and d~a = n̂da.

The power equation, Eq. 3, can then be written as

dδW

dt
=

∑

j

dΦj
dt

∮

κfjwda. (7)

If the current potential is expanded in terms of the

same orthonormal functions, κ =
∑

j Ij(t)fj(θ, ϕ),

the energy equation becomes

dδW

dt
=

∑

j

dΦj
dt

Ij (8)

=
∑

jk

dΦj
dt

ρjkΦk, (9)

where the linearity of the problem was used to write

Ij =
∑

k ρjkΦk.

The energy required to reach a certain point

on a path defined by specified Φj(t) is δW =

∑

jk ΦjρjkΦk/2. This result depends on the path

take through the space of the Φj(t) unless the ma-

trix ρjk is symmetric as a differentiation, dδW/dt, of

this expression for δW demonstrates. In ideal MHD

the energy is path independent, so ρjk is symmetric,

which means the left and right eigenvectors of ρjk
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are identical. In other words, for a specific eigenvec-

tor of δW the same eignenfunction f(θ, ϕ) gives the

flux and the current potential, and Equation (3) im-

plies the energy associated with the eigenfunction is

δW = IΦ/2.

The energy for a specific ideal MHD mode has the

form δW = IΦ/2, so the current I is trivially cal-

culated once Φ is know. Since ~B · n̂ = wΦf and

∮

f2wda = 1,

Φ2 =

∮

( ~B · n̂)2

w
da. (10)

The normal component of the perturbed field, ~Q =

∇× ξ × ~B, is given by,

~Q · ∇ψ

|∇ψ|
=

1

RJ∇ψ|

(

∂ξ

∂θ
+
∂ξ

∂Φ

)

(11)

Here, R, is the major radius, and J , is the Jacobian.

These are obtained from the post-processor of the

PEST code [10].

Normalization in the cylindrical limit.

This approach, use of a linear model, requires ad-

ditional information about the normalization. This is

resolved by comparing with the cylindrical analytic

Figure 5: Growth-rate of the free boundary n = 1,

kink mode for the ’cylindrical’ model equilibria de-

fined in Ref. [9], left panel. The blue dots correspond

to j1 = 0.5 and the magenta dots are for j1 = 0.25b

The corresponding values of jsurf , Eq. 20 of Ref [9]

, right panel

model, described in Ref. [9].

Specifically, we approximate the straight system,

with a circular cross-section tokamak with an aspect-

ratio equal to twenty. The QSOLVER code[7], where

the safety-factor and pressure profile, and plasma ge-

ometry are prescribed, was used to obtain numerical

equilibria. A negligible, finite pressure was used, βN

∼ 0.1 . The safety-factor profile is prescribed as

µ(r) =
4µa

1 + j1

[

1

2
− (1 − j1)

r2

4a2

]

(12)
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with µ = 1/q, µa defines the edge safety-factor and

j1 prescribes the shear. In the numerical simulation,

we use a large, but finite aspect-ratio, set equal to

twenty.

Stability analysis and surface current evaluation

were done using the procedure, described above. The

surface current, Js, computed here is the same as

îsurf , Eqn. 20 of Ref. [9]. Note, that this is a di-

mensionless form and relates to the the ratio of the

surface current to the plasma current and that of the

displacement, ξ, relative to the plasma radius, a

µ0

Is
Ip

= îsurf
ξ

a
(13)

.

Ihe results shown in Fig. 5, compare favorably with

the results shown in Figure 2 of Ref.[9]. Minor differ-

ences are attributable to the use of f(Ψ) rather than

f(r), and the use of finite aspect ratio to represent

the cylindrical limit.

4 Results

NSTX results

Shot 139540. An NSTX discharge, 139540, which

Figure 6: a. Growth-rate of the free boundary kink

mode for the simulated equilibria of NSTX discharge

139540. Note, that the Isurf required to stabilize the

mode, is modest until qedge drops below 2

ended in a disruption at t ∼ 0.34s., was analyzed.

Figure 3 shows some of the salient observations. The

figure shows the measured plasma current, Ip, which

remains roughly constant, until t = 0.334s., and then

drops to zero in 2 ms. This drop is heralded by a

rise in the measured halo currents. The halo cur-

rents are identified as a combination of an axisym-

metric, n = 0, and non-axisymmetric, n = 1 compo-

nents. These currents reach values comparable to the

plasma current:

0.2 ≤
Isurf
Iplasma

≤ 0.4 (14)

. The normalized pressure, βN and estimates of qedge
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are also shown. Note that qedge decreases continu-

ously, crossing q = 3 at about

330 ms., and q = 2 at 332 ms., approximately co-

incidental with a significant rise in the halo current.

We model the disruption using the equilibrium cor-

responding to 331 ms. as the starting point. The

modeling followed the procedure described in the sec-

tion on plasma modeling. The results are shown n

Fig. 6. A fast growing mode is observed when qedge

drops below 3, however the surface current required

for equilibrium is quite modest until qedge drops below

2. It should be noted that while qedge is reasonably

well determined, the details of the profile in the core

are not as precise. The figure also shows growth-

rates and current fractions with no-wall boundary

coditions and with the wall congruent to the vacuum

vessel. Since the plasma is shrunken and shifted, see

right panel of fig. 4, the wall effect is negligible, for

this case.

Shot 141641

This discharge had a slow VDE, lasting about 15

msecs. As the plasma drifts downwards, there is a

significant rise in the halo currents, Fig. 7, which
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Figure 7: a. Evolution of Zaxis, qedge and βN , during

the last 15 milli-seconds of a VDE in NSTX, Shot

No. 141641. b. The plasma current, black, and halo

current measurements for n = 0, red; and n = 1,

blue. Note that qedge is continuously decreasing and

drops to approximately 3.5 at t = 0.538s., The halo

current is first observed at about t = 0.527s., when

qedge 8.

lasts for well over 10 milliseconds. It is also unusual,

as qedge is above 6 at the start of the VDE, and the

final disruption occurs when qedge ≈ 3. Using the

same procedure, described earlier, theoretical model-

ing shows that the kink mode is destabilized at high-

qedge and the surface currents mimic the behavior of

the measured halo currents, Figure 8.
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Figure 8: a. Growth-rate of the free boundary kink

mode for the simulated equilibria of NSTX discharge

141641. Note, that this shot appears to survive for

several milli-seconds after the onset of the kink, sug-

gesting that the observed halo currents may be pro-

viding stability until qedge approaches 3.

We have compiled data from 33 discharges, which

ended in disruptions. The modeling of qedge, just

before disruption, indicates that the majority of these

discharges disrupted as qedge dropped below 2, see

Fig.9.

The analysis of NSTX VDEs also indicates that

when the kink mode’s growth-rate is small, surface

currents can provide stability, and disruptions occur

only when γTA ∼ 0.5. Here TA refers to the Alfvénic

time, characteristic of ideal MHD instabilities.

Figure 9: a. Frequency of fast disruptions in delib-

erately induced VDEs. The edge safety-factor at the

onset of the VDE, flat-top, and at the final disruption

are showm in red and blue, respectively. Note that

qedge=2 is the most likely value at disruption.

ITER geometry

We applied the same techniques to predict the

likely behavior of an ITER discharge. We used a

simple low-β L-mode equilibrium, and generated a se-

quence of shrinking equilibria. The results are shown

in Figure 10. Here too, we find that the equilibrium

sequence is stable until qedge drops below three, when

a marginally unstable mode is observed at qedge ∼2.5.

However, as q drops below two, the growth-rate in-
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creases dramatically approaching unity, on the Alfven

time scale. The surface current needed to maintain

equilibrium is also shown in Fig. 10.

Figure 10: a Growth-rate of the free boundary n = 1,

kink mode for ITER model equilibria. b The surface

current required to maintain equilibrium.

JET geometry

Simulation of the linear stability of the n = 1 kink

mode in JET geometry, shows similar results to the

ITER case, i.e., a rapid growth of the instability for q

less than 2. However the mode is unstable for q larger

than two. The surface current required for stability

is approximately half the equilibrium plasma current,

when qedge drops below 2, Figure 11.

Figure 11: a. Growth-rate of the free boundary

n = 1, kink mode for model equilibria, represent-

ing a VDE in JET geometry. b The surface current

correponding to the n = 1 kink

5 Discussion

This report describes a practical approach to identi-

fying the kink mode responsible for disruptions ter-

minating some VDEs. Specifically it indicates that

the m/n = 2/1 kink mode, destabilized when qedge

< 2 is the most likely signature of the onset of a

disruption.

A method for determining the surface currents

needed to maintain equilibrium was presented. Ap-

plications were made to model VDEs in NSTX. There

is good corelation of the qedge and stability between

experiment and theory. In addition, the calculated
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surface currents were observed to reach the same

magnitude as measured halo currents, suggesting

that the two are related.

Although this study predicts Alfvénic growth-

times, the expectation is that a halo current will

arise to maintain force balance and the actual evo-

lution takes place on the dissipative time scale of

that current. Nevertheless the mode’s growth-rate

is a measure of the strength of the instability, and

the prescribed stability condition for the disruption is

that the growth-rate is approximately half the Alfven

time. This describes the onset of disruption, however

the actual process is very likely. more complex and

requires additional physics.

This study focused on VDE related disruptions.

However the underlying theory should apply to all in-

stabilities related to surface kinks, such as, high-beta

kinks, RWMs and low-n ELMs. Evidence of such sur-

face currents associated with ELMs was presented in

Ref. [12], where the term SOLC, Scrape Off Layer

Currents, was introduced. The theory presented here

suggests that the SOLC may be the kink-driven sur-

face currents. Another significant feature of this the-

ory is that destabilization of the kink mode does not

necessarily lead to an immediate termination of the

discharge. Surface currents can provide a delayed re-

sponse, if so, it raises the possibility of detecting SOL

currents as a disruption precursor. We have exam-

ined the data base and observed that nearly all NSTX

disruptions have some precursor, such as degradation

of the confinement, increased flux consumption and

large-scale MHD activity. Additionally, we often see

a large spike in the halo current monitors a few msecs

before the disruption, before there is any large ver-

tical motion of the plasma. Further studies are re-

quired to determine if the SOL currents can be used

as reliable disruption precursors.
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