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Anhui 230026, China
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In the guiding center theory, smooth unit vectors perpendicular to the magnetic field
are required to define the gyrophase. The question of global existence of these vectors
is addressed using a general result from the theory of principal circle bundles. It is
found that there is, in certain cases, an obstruction to global existence. In these cases,
the gyrophase cannot be defined globally. The implications of this fact on the basic
structure of the guiding center theory are discussed. In particular it is demonstrated
that the guiding center asymptotic expansion of the equations of motion can still
be performed in a globally consistent manner when a single global convention for
measuring gyrophase is unavailable. The key to this demonstration is thinking of
the asymptotic expansion as leveraging the globally defined zero’th order symmetry

associated to the magnetic moment.



I. INTRODUCTION

There is no doubt that the Hamiltonian formulation of guiding center theory is a founda-
tional aspect of modern gyrokinetic theories. Simply put, it provides a means for deforming
the single-particle phase space so as to illuminate the approximate symmetry associated to
the magnetic moment, the gyrosymmetry, while keeping the Hamiltonian structure of the
particle dynamics in focus. However, in spite of its importance and the number of years it

has been studied! 12, there are still poorly understood subtleties in the theory.

In this paper, we study the subtleties associated with the so-called “perpendicular unit
vectors” that make an appearance in virtually every version of the theory! 13, These
quantities, hereafter referred to as e; and ey, are smooth unit vector fields everywhere per-
pendicular to the magnetic field and to one another, meaning they form an orthonormal
triad together with b = B/||B|| in the velocity space. From one point of view, they appear
in the formalism for the sake of identifying an angular variable 8, the gyrophase, that evolves
on a fast timescale with respect to the evolution timescale of the remaining dynamical vari-
ables, thereby putting the guiding center problem in the setting of the generalized method
of averaging described in Ref. 13. In particular, when the equations of motion for a strongly
magnetized charged particle are expressed using a cylindrical parameterization of velocity
space such that the cylindrical axis points along the magnetic field, then it can be shown
that the polar angle associated to this cylindrical coordinate system furnishes such a fast
angle. This angle is measured with respect to a pair of mutually orthogonal normalized vec-
tors ey, es lying in the plane perpendicular to B. Because the magnetic field varies spatially,
e1, eo must also vary in space so as to accommodate the constraint e; - B = 0. Therefore these
e1, es furnish an example of perpendicular unit vectors (see Fig. 1). From another, more
geometric point of view, the perpendicular unit vectors usher themselves into the formalism
so as to facilitate parameterizing the zero’th-order symmetry loops, or Kruskal Rings!'4 16
associated with the gyrosymmetry; one of the vectors, say e, distinguishes a point on each
Kruskal Ring which then serves as a reference or zero angle. Interestingly, nobody’s version
of the theory ever provides a general, constructive definition of these eq, e5 in terms of known

quantities. This is the first hint that there is more to these vector fields than meets the eye.

Perhaps the reason nobody provides such a definition is that, in the most general setting

where the guiding center expansion applies, e, es simply cannot be defined globally, that is,
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FIG. 1. A typical arrangement of the perpendicular unit vectors eq, es for a uniform magnetic field
that points out of the page. The two sets of arrows represent e; and eo. While in this case, e; and

eo are not required to vary in space, for a more general sort of magnetic field, they would be.

there might not even be one vector field defined over the entire configuration space that is
at once perpendicular to B and of unit length. While it is easy to see that smooth eq, e5 can
always be defined locally in some, generally tiny, open neighborhood of any point p in the
configuration space!”, this in no way implies that these locally defined perpendicular unit

18-20

vectors extend to well-defined global quantities . So could there be an obstruction the

global existence of smooth eq, e5 in some cases?

If we take this question seriously, a more important one arises immediately. Is the guiding
center theory still valid without global perpendicular unit vectors? As the theory is carried
out to higher order, expressions involving the perpendicular unit vectors and their derivatives
appear in the equations of motion; see Ref. 3 for instance. So it might seem plausible that

the existence of global equations of motion is tied to the global properties of ey, es.

Here we will put both of these questions to rest. We will provide a complete mathemat-
ical description of the obstruction to global perpendicular unit vectors and show that this
obstruction does not always vanish. However, we demonstrate that the obstruction does

indeed vanish if the physical domain is an open solid torus. Then we will show that the
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guiding center theory does provide consistent global equations of motion in the absence of
global ey, e; owing to the fact that the symmetry associated with the magnetic moment is
always globally defined. To illustrate this second point, we provide an expression for the
guiding center Poincaré-Cartan one-form in terms of globally defined physical quantities like
B; neither the perpendicular unit vectors nor the gyrophase appear in the expression.

The paper is structured as follows. In II we provide a simple example of a magnetic
field that does not admit global e, es. Then in III, we provide a complete mathematical
description of the obstruction to global perpendicular unit vectors in the most general case.
As an example illustrating the theory, we prove in IV that if the physical domain?', D,
particles are tracked through is an open, solid torus, then it is always possible to find global
e1, 2. This is even true when the magnetic field lines are chaotic! Then we give a non-trivial
example of a magnetic field that does not admit global ey, es. Finally in V, we show that
the guiding center theory does provide consistent global equations of motion in the absence

of global ey, es.

II. A MOTIVATING EXAMPLE: THE FIELD DUE TO A MAGNETIC
MONOPOLE

The field due to a magnetic monopole provides probably the simplest illustration of the
obstruction to the existence of global e, e;. Perhaps the simplicity comes at the cost of
physical relevance, but the latter will be reclaimed later after developing some machinery.
Amusingly, the possibility that this example is physically relevant has never been ruled out.
See Ref. 22 for an interesting discussion of the current status of magnetic monopoles in
theoretical physics.

The monopole field is given by

Bla) = e o) (1)
where e, is the radial unit vector from a spherical coordinate system about the origin. It is
depicted in Fig. 2. Sufficiently far from the singularity at the origin, we could in principle
develop the guiding center approximation. So let the physical domain D where particles
would move consist of the open region exterior to some sphere of radius r, centered on the

origin. Now let’s see if there is a perpendicular unit vector defined on all of D.
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FIG. 2. The magnetic field due to a magnetic monopole. Note that V- B = 0 except at the origin,

which is depicted as a large central dot.

If there were such a vector field, e;, then it could be restricted to a sphere centered on
the origin with radius r, > r,, S,,. Because B|S,, is parallel to the vector normal to S,_,

e1]Sy, would have to be everywhere tangent to S,,. Thus,
e1lSy, : Sy, = TS,,,

where T'S,, denotes the tangent bundle* of S,,, would furnish an example of a smooth
non-vanishing tangent vector field on the sphere. But this situation is impossible by the
famous “hairy ball theorem”. It follows that no such e; exists.

There are two essential features of this example. First of all, notice that D has a “hole”
due to excluding the region with r < r,. If instead D were chosen to be some solid spherical
region separated from the singularity at the origin, then it would be possible to find an e;
(we won’t prove this now). But then D would be hole free. So we see that the obstruction
to the existence of e; is related to the topology of D. Second, consider the structure of the
“hairy ball” argument. Define the magnetic circle bundle, SD, to be the collection of circles
SD, CT,D, where for each x € D, SD, consists of all those vectors emanating from x that
are perpendicular to B(x) and unit length. The argument really worked because of the way

SD is arranged. In particular, note that even if D had holes, if SD arose from a uniform
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magnetic field, then there would certainly exist globally defined perpendicular unit vectors.
So the global “twisting” of the perpendicular planes is a relevant aspect to the obstruction

to global eq, es.

III. THE GENERAL OBSTRUCTION TO GLOBAL PERPENDICULAR
UNIT VECTORS

Now we will generalize the important aspects of the previous example to completely de-
termine the conditions for the existence of global e, e5 in the most general setting. Namely,
we want to determine when a nowhere vanishing magnetic field defined on some three di-
mensional open set D C R3, admits a globally smoothly defined perpendicular unit vector
er.

The appropriate way to tackle this problem is to recognize that SD is actually a prin-
cipal circle bundle and that the existence of a globally defined perpendicular unit vector
is equivalent to the existence of a global section of SD (see appendix A for the necessary
background on principal circle bundles). Because a principal circle bundle admits a global
section if and only if it is a trivial bundle, the existence problem can be solved by appealing
to the well-established topological classification of principal circle bundles®*. This classifi-
cation theorem tells us that if we can find any so-called principal connection on SD (see
appendix B for the necessary background on principal connections), which is a special sort
of one-form over SD, then the curvature of this connection, a closed two-form over D in-
duced by the principal connection, will be exact if and only if SD is a trivial bundle. Thus,
given the curvature form, existence of global perpendicular unit vectors can be tested by
integrating the curvature form over a collection of cycles that generate D’s second homology
group Ho(D,Z)*. If all of these integrals vanish, then the curvature form must be exact
and a global section of SD must exist.

So in order to furnish a solution to the existence problem, all that we must still do is
1) prove that SD is a principal circle bundle whose global sections, if they exist, coincide
with global perpendicular unit vectors and 2) derive an expression for the curvature form
associated to some principal connection on SD. Then existence can be determined in any
particular case after finding the “holes” in D.

First notice that SD is indeed a manifold. Actually it is a submanifold of 7D = D x R3



defined by the algebraic equations

where (x,v) € TD. Next, consider the following circle action on SD:

By, v) = (z, exp (96@)) V), (3)

where b(z) is the 3 x 3 antisymmetric matrix defined by b(z)w = b(x) X w, and exp denotes
the matrix exponential. Hence this circle action simply rotates all of the circles that comprise
SD by 6 radians. Furthermore, the action is free. Therefore (SD, ®) forms a principal circle
bundle.

To see that the sections of this circle bundle are equivalent to the perpendicular unit
vectors, we first show that the base space of the bundle can be identified with D. Define
the map 7 : SD — D by

m(xz,v) = x. (4)

7 is a surjective submersion and 7 !(z) is equal to the circle in SD over z, which is an entire
orbit of the action ®. It follows that SD/S* = D with 7 serving as the bundle projection
map. Thus a global section of SD would consist of a smooth map of the form s: D — SD
with the property m(s(z)) = x, that is, s(x) must lie in the circle over z. Because all of
the points on the circle over x are by definition perpendicular to b(z) and of unit length,
s would be a global perpendicular unit vector. Conversely, any global perpendicular unit
vector would define such an s.

Now we move on to define a principal connection on SD. Because it will be necessary to

work with the space T'SD C TT D, we make the following identification:
TTD =T(D xR?) =TD x TR?® = (D x R?) x (R* x R?).

Accordingly, a typical element of the 12 dimensional space TT'D will be denoted (x, u, v, a),
where (u,a) forms the tangent vector over the point (z,v) € T'D. Clearly, each element of
T'SD can also be written in this way (of course u and a will be constrained in this case). It

will also be helpful to define a metric on T'D. Recall that such a metric on T'D defines an
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inner product on each of the tangent spaces in TT'D. The useful metric in this case assigns

an inner product to each (z,v) € T'D given by

<(x,u,v,a),(x,u’,v,a')>:u-u'—l—wa'. (5)

Note the distinction between this inner product denoted by square brackets and the usual
dot product between vectors in R?. Finally, a principal connection A : T'SD — R can be
defined by

Az, u,v,a) = <(x,u7v,a), (z,0,v,b(x) x v)> =a-b(xr) xXv. (6)

The two defining properties of a principal connection (appendix B) are straightforward to
check.
Next we derive an expression for the curvature form associated to A. Because a local

section s, : Uy € D — 7 1(U,) must be of the form

SO&(‘T> = (I,61<l’>>, (7)

where e; is a locally defined perpendicular unit vector, the gauge fields must be of the form

Ay(z,w) = sk Az, w) = (w : Vel(x)) <b(x) x e1(x) (8)
=w- R(x).

As the notation suggests, R = (Vey) - b x e; = (Vey) - ey is the well-known quantity that
appears elsewhere in the guiding center formalism. Therefore, the curvature form F = dA,,

is given by the equation
xF'= N - dz, 9)

where * is the hodge star and N = V x R. By the transformation law for curvature forms
given in appendix B, N must be a globally defined quantity even when e;, and therefore R,
is not. In fact, there is an expression giving N in terms of b>*:

N :%b(Tr(Vb LVb) — (V- b)2) (10)
(V)b Vb—b-Vb- V.

With (10) in hand, all of the tools required to determine the existence of global perpen-

dicular unit vectors have been assembled. To reiterate, to test for existence, the curvature
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form F' should be integrated over a collection of cycles that generate D’s second homology
group Hy(D,Z). Intuitively, this amounts to calculating the flux of N through a collection
of closed, bounded, boundary-less surfaces that encapsulate the “holes” in D. If all of these
integrals vanish, then there will be global perpendicular unit vectors. Otherwise, owing to
the ensuing non-trivial topology of SD, global perpendicular unit cannot be defined, even
in principle. Notice that this question of the existence of perpendicular unit vectors is quite
similar to the question of the existence of a globally defined vector potential outside of a
magnetic monopole. The topological properties of principal bundles play a fundamental role

in each case.

IV. SOME EXAMPLE ASSESSMENTS OF THE EXISTENCE OF
GLOBAL PERPENDICULAR UNIT VECTORS

Now we will apply the machinery developed in the previous section to assess the existence
of global perpendicular unit vectors for a few example choices of D and B. Because of their
relevance to magnetic confinement, we will first treat the broad class of examples where D
is an open solid torus and B is only constrained to be non-vanishing on D. We will show
that, in these examples, global perpendicular unit vectors can always be found. Then we
will consider a more exotic example where B is linear and vanishes at a single point and D
is taken to be the region surrounding the field null. In this case global perpendicular unit
vectors do not exist.

When D is an open solid torus, for instance the region contained within the vacuum
vessel of a tokamak device, then its second homology group Hy(D,Z) vanishes. This is
because D is homotopic to the circle, the homology groups are homotopy invariants, and
the circle has a vanishing second homology group. Putting this fact intuitively, there are
no boundary-less 2-dimensional surfaces contained in D that enclose a hole. It follows then
that every boundary-less 2-dimensional surface contained in D arises as the boundary of
some 3-dimensional region. Stoke’s theorem then implies that, because V - N = 0, the flux
of N through any such surface must vanish. Therefore we arrive at the following conclusion:
when D is an open solid torus, global perpendicular unit vectors always exist.

It is worth mentioning that this conclusion holds even when there are chaotic magnetic

field lines. To see that this is reasonable, consider a typical tokamak field that has been



subjected to a resonant magnetic perturbation. Often, for instance in Ref. 26, these per-
turbations are not large enough to completely kill the toroidal component of the magnetic
field at any point within the last closed flux surface (assume this region is D). However, it
is will known that they may nonetheless create regions of chaotic field lines. Therefore, in

spite of the presence of chaotic field lines, the vector
E1 =€er X B:B¢€Z—Bze¢, (11)

where eg, e4 are the cylindrical radial and azimuthal unit vectors, vanishes nowhere in D
and so defines a global perpendicular unit vector e; = E;/||F1||. Similarly “X-points” and
“O-points” lead to no obstruction to a global ey, e;.

Now consider the magnetic field given by
B(z,y,z) = ye, + ze, + xe,. (12)

Let D = R3\ {0}. Thus we only exclude from D the one point where B vanishes. Note that
there is nothing singular about B at 0 even though b is. Also note that the current density
V x B is uniform. It is straightforward to compute the flux of N through a sphere of any
radius centered on the origin, which turns out to be —4m. This implies immediately that
there cannot exist global perpendicular unit vectors on D.

Interestingly, a corollary to this last result is that D cannot be foliated into toroidal
magnetic flux surfaces, else a global e; could be defined as the surface normal to the flux
surfaces. In fact this will be true any time global perpendicular unit vectors fail to exist.
However, as the first example showed, the implication does not go the other way; the lack

of flux surfaces does not necessarily imply an obstruction to the existence of global ey, es.

V. HOW THE GUIDING CENTER THEORY WORKS WITHOUT
GLOBAL PERPENDICULAR UNIT VECTORS

When a perpendicular unit vector cannot be defined globally, the usual notion of gy-
rophase looses its global meaning as well. So what happens to the guiding center pertur-
bation expansion? Because D can always be covered by (perhaps tiny) open regions U, in
which local ey, es are defined, the perturbation procedure can certainly be carried out in

each of these patches. The result of each of these local calculations would then consist of
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formal phase space coordinate changes given as formal one-to-one maps ¢, : U, x R3 — RS
that lead to simpler equations of motion in the new coordinates. However, these coordinate
changes will not necessarily fit together to define a global coordinate change, i.e. an invert-
ible mapping of the entire phase space into itself. Therefore, when calculating the motion
of a particle as it moves from one U, to the next, it becomes necessary to occasionally pass
the mechanical state from one ¢, to another in order to continue using the simplified equa-
tions of motion provided by the perturbation theory. While this can be done formally by
developing expressions for ¢, o ¢§17 practically it would involve truncating asymptotic series
each time the particle crossed from one U, to the next. This could lead to coherently accu-
mulating error in a simulation, and, in general, would destroy the Hamiltonian properties
of the simplified equations of motion.

A far better approach is to look for a global change of coordinates to accomplish the
perturbation theory from the outset. This way the mess associated with truncating the
expansions of the ¢, o (bgl could be avoided altogether. We will show that such a global
coordinate change can be found for the guiding center problem owing to the fact that the
zero’'th order symmetry is globally defined. We will do this by applying a version of Lie
perturbation theory to the guiding center problem that synthesizes Littlejohn’s Poincaré-
Cartan one-form approach developed in Ref. 27 (also see Ref. 28) with the group-theoretic
structure provided by a zero’th order symmetry. Littlejohn’s formalism provides a means
for performing the perturbation expansion in each of the regions of phase space where the
perpendicular unit vectors can be defined, while the globally defined symmetry serves as the
needle that sews these local calculations into a global result.

For simplicity we will only consider the time-independent case. To begin, the guiding
center phase space is P = D x R3 x R. The first factor corresponds to the physical domain
particles move through, the second is the velocity space, and the third is the time axis.
Denote a typical element of this phase space by (z,v,t) and a typical element of TP =
TD x TR? x TR by (ug, a,,(;) or (z,u,v,a,t,) so that the tangent bundle projection map
p : TP — P is given by 7p(us, @y, (;) = (x,v,t). Also endow P with the metric that
appeared in the first part of this paper:

<<u:1:7 Qs Ct)? (ufm ai}? C£)> =Uu- u/ +a- a/ + C : C/' (13)
Let A denote the magnetic vector potential vector field and B = V x A denote the magnetic
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field. Then the Poincaré-Cartan one-form, ordered in one of the standard ways?, is given by

1
Ve(z,v,t) = Ax) - dz + ev - do — 62511 - vdt (14)

=90 4+ et + 292

One can consider all variables dimensionless or not. In the latter case, A should be considered
to be normalized by the charge-to-mass ratio of the particle in question so that V x A has
the units of frequency.

This one-form defines the dynamical vector field X (z,v,t) = (x,2(x,v),v,0(z,v),t,1)

through the formula
Xeadv, = 0. (15)
It is straightforward to verify that this implies

t(x,v) = ev (16)
0(x,v) =v x B(x). (17)

The zero’th order system, which according to the previous expression is the limit of
infinitely slow drift both along and across the field lines, admits the following S!-action

®0: St x P — P as a symmetry:

Oz, 0,t) = (x, exp (-98(93)) v,t) (18)
PV Xy = Xo
q)g*dﬁo == d190,

where b = B/||B||. We will refer to this circle action ®° as the gyrosymmetry. Note the
similarity with the action on SD considered in the first part of this paper. An important
difference is the “—” in the exponential, which was chosen so that this action rotates velocity
vectors in the same sense that the magnetic field rotates charged particles. It leaves di¥y =
*B - dr invariant because B is parallel to the rotation vector, and it leaves X, invariant
because it commutes with the flow of the zero’th order system.

The action is not free, however, because those velocity vectors parallel to the magnetic
field are fixed by the group action. In order to alleviate this issue, from here on we will

suppose that P has those points removed that correspond to velocity vectors purely parallel

12



to B. With this in mind, (P, ®°) forms a principal circle bundle. The base space P/S! can
be identified with the space M = D x R x RT x R, where RT = (0, 00), with the bundle

projection map 7 : P — M given by
m(2,v,t) = (z,0(x) - v, [[(1 = b(z)b(x)) - v],1). (19)

Thus, the first factor of M is the physical domain, the second is parallel velocity, the third
perpendicular velocity, and the fourth time. Accordingly, denote a typical element of M by
(z,v),v.,t). In addition, this bundle admits the principal connection AY . TP — R given
by

A (z,u,v,0a,t,() = (20)
. b(x) x v v-b(x) w b, b(x) x v
() x o+ (@) x o] ( VO T@) x vu)'

We call this the guiding center connection. Notice that on the subset of P defined by
v-b(z) = 0,|[v|]| = 1, it agrees with the connection introduced earlier on SD. As before, it
is straightforward to check that this one-form satisfies the two properties in the definition
of a principal connection.

Now, following Ref. 27, we would like to find a sequence of globally defined near-identity
coordinate changes, F'*, F?, ... : P — P, such that, in the new coordinates, the gyrosymmetry
persists. We would also like each of these near-identity coordinate changes F™ to be equal
to the flow map of some vector field €"G™. Thus we require that di = L F3F?FLdY, satisfy
the condition @2*6[19 = dJ). This implies the following well-known sequence of conditions on

the G,,:
oy (fﬁo + ao) =9 +a’ (21)

oY (ﬁl — L + a1> =9 — Lend® + ot

where the " comprise a sequence of undetermined closed (not necessarily exact) one-forms.

While we would like the F™, and therefore the G™, to be globally defined, when deriving
expressions for the G™ it would be advantageous to work in the local bundle charts naturally
associated to the principal circle bundle (P, ®%). This is because the bundle charts put the

direction of symmetry along one of the coordinate axes, thereby facilitating Fourier analysis,
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as well as finding the reduced phase space®.

Fortunately, if the local expressions for G"
can be constructed subject to the conditions in appendix B, any drawback associated with
doing local calculations can be avoided because these local expressions will then transform
as they must. So let’s examine the form of these bundle charts and the local expressions for
the G™ more carefully.
First we will determine the form of a local section s, : U, — W‘l(Ua), where U, C M. By
the definition of a local section, 7(sq(z, v, v1,t)) = (z,v),v1,t). We will use this constraint
to determine the general form of s,. Set s, (z, v, v1,t) = (X (2, v, v, 1), V(z, v, v, 1), T (2, v, v1,1)).
Note that s, must be of this form. However, there are constraints on the component func-

tions X, V,T. In particular, the following must be true:

X(z,v),v,,t) =2 (22)
T(x,v,vy,t) =t
Vi, v, v, t) - bz) = vy
11 = b(z)b(x)) - V (2, vp, 01, )| = v1.

To unravel these constraints, decompose V (z, vy, vy, t) = Vj(z, v, vi, t)b(x)+ Vi (z,v),v1,1),
where V| (2, v, vy, t) = (1=b(x)b(x))-V(x,v),vL,t). Then define e, =V, /||V.||. Employing

these definitions, s, must have the form
Sa(xu V||, VL, t) = (Z‘, U”b(l’) + ULea(x7 v, VL, t)u t)v (23)

where e, (z,v),v,t) must be of unit length and perpendicular to b(z). See Fig. 3. We lose
nothing® by making the replacement e, (z, v, v1,t) — eq(x).

Given such an s,, the corresponding bundle chart ¢, : 71 (U,) — U, x S! can be
deduced (appendix A). All that must be done is find the shape of g, : 7~ 1(U,) — S*. If
p = (z,v,t) € 771(U,), then by the defining relation p = @2&(p)(sa(7r(p))),

JalT, 0, 1) = —Arctan(v {b() x ea(w(x,v,t))}) (24)

v eq(m(z,v,t))

This expression for g, shows that the value of g, is none other than the gyrophase measured
with respect to e, in a left-handed sense with respect to b. So it is fair to write g, = 0.,
with 6 denoting gyrophase, and « indicating which convention, or gyrogauge is being used.

Therefore the bundle charts, ¢q(z,v,t) = (7(z,v,t), go(z,v,t)) = (z,v),v1,t,6,), are none
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FIG. 3. A view of the v = 0 plane of a typical velocity space T,,D. The Kruskal Rings appear
as concentric circles from this perspective. Each ring is uniquely determined by its parameters
x,v|,vL,t corresponding to which velocity space the ring lives in, its height along the b-axis, its
radius, and its position in time, respectively. The role of e, is depicted using dots; a reference point

is assigned to the Kruskal Ring with parameters x,v),v1,t equal to v b(z) + vieq(w, v, v1,1).

other than the commonly used cylindrical parameterizations of velocity space alluded to in

the introduction!

Now consider the local expression for a globally defined vector field G : P — TP in

one of these bundle charts. In the language used in appendix B, we are considering here

Ga(u,0) = (we(u,0),0,8,(u,0)). Set

o o O o 0 . 0 0
0=G5 =G 8_+G”HavH +G g+l

o = Gy (26)

(25)

These component functions must transform as described in appendix B. Thus, G¢ Ggﬂ NE

G¢
and 7, = G§ + A, o G§; must be local representatives of globally defined quantities. These
conditions are actually equivalent to those found in Ref. 30 for gyrogauge invariant Lie

generators. To show this, we compute the gauge fields associated with the connection form
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given earlier explicitly,
Ao(z,v,v1,t) = = [(Veq(x)) - b(x) X eq(x)] - do (27)
So the one-form A, is made up of Littlejohn’s*® R:
Ay =—-R-dx, (28)

which is exactly the gauge field that appeared while working with SD. Therefore, because
Gy must be the sum of the local representative of a globally defined quantity and —A, oG,

3:%—14040(;%/1 (29)
=0+ R -GS,

which is precisely the condition in Ref. 30. This proves that

gyrogauge invariant local Lie generators (30)
=

globally consistent local Lie generators.

It follows then that the existing expressions for gyrogauge invariant Lie generators, such as
those given in Ref. 31, are sufficient to produce a globally consistent guiding center theory
when the perpendicular unit vectors cannot be globally defined.

We need to stress here that we have not arrived at a new way to perform the guiding
center perturbation analysis. The above analysis instead demonstrates how the concept
of gyrogauge invariance appears as merely a special case of a more general mathematical
theory (the theory outlined in appendix B); when looking through the lens of the theory
of principal bundles, gyrogauge invariance appears naturally as a way making sure local
expressions consistently define a global quantity. We also hope that illustrating this point
has made it clear when the use of gyrogauge invariant generators is “mandatory”. When
a perpendicular unit vector can be globally defined, gyrogauge invariant Lie generators are
not required because expressions involving the perpendicular unit vectors become globally
defined. This is true in spite of the fact that using gyrogauge invariant Lie generators in these
cases leads to dynamical equations that are easier to interpret physically. However, when

global perpendicular unit vectors fail to exist, gyrogauge invariant Lie generators provide the
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only reasonable means for ensuring that the transformed equations of motion are globally
defined.

To drive all of this home, we will conclude this section by demonstrating that expressions
for the new Poincaré-Cartan one-form obtained using gyrogauge invariant generators can be
expressed in terms of physical quantities alone. The gyrogauge invariant expression in Ref.

30 for the local representative of the Poincaré-Cartan one-form is

~

Do, v, 01, 1) = (A(x) + Ub(x)) -dx (31)
+% ”Bv(ix)“ <d9 — R(x) - dx) — (%vﬁ + %vi) dt,

which involves the unphysical e;, es through R. However, the combination df — R - dx

is actually equal to the guiding center connection expressed in the bundle chart ¢, (see
appendix B). Therefore, upon changing back to the natural rectangular position and velocity
space representation of the phase space (i.e. applying ¢ to 1%), the Poincaré-Cartan form

becomes

Dz, v,t) = (A(x) +u- b(x)b(:c)) - dx (32)

l(H(w)-v)Q b(x) xvv-b(z) .
2 B Kv” T(z) x ol > 4

- (H&f))—;:lp) -dv] - %v-vdt,

where II(z) = 1 — b(x)b(z) is the perpendicular projection tensor. This one-form satisfies

_|_

@3*19 =9 exactly for all # € S' and clearly only involves physical quantities. It also has the

following geometrically appealing expression:

. 1
VU =1hA+ (9,) + pA® — Sldt, (33)
where, in left-to-right order, the symbols that appear are T'D’s projection map, the mag-
netic vector potential one-form, the averaged canonical one-form on P, the momentum map
associated to the gyrosymmetry, the guiding center connection, and the first fundamental

form associated to the metric on D. We would also like to point out that this result can be

derived directly without ever resorting to the bundle charts®?.
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VI. CONCLUSION AND DISCUSSION

At last we have shown how the guiding center theory works when perpendicular unit
vectors cannot be defined globally. Along the way, we identified the obstruction to the global
existence of these vectors in terms of integrals of the vector N. Through examples, we showed
that this obstruction does not trivially vanish in all cases. However, we demonstrated that

when the physical domain particles move through is an open solid torus, it does vanish.

Throughout our discussion, principal circle bundles have played a central role. They at
once provided the framework for our identification of the obstruction to global perpendicular
unit vectors and the organizational tool that allowed us to determine how Lie perturbation
theory can be done in a global way via stitching together a number of local calculations.
While the mathematical theory of principal circle bundles may not be well known amongst
plasma physicists, we have shown that much of the existing guiding center theory, from
the time-honored cylindrical parameterization of the velocity space to the modern notion
of gyrogauge invariance, fits perfectly in this framework. But we have also seen that by
recognizing the presence of this structure in the guiding center problem, and working with it
directly, the guiding center Poincaré-Cartan one-form can be expressed in cartesian position
and velocity space in a way that is manifestly independent of the perpendicular unit vectors.

Looking at what we have done from a practical point of view, we have identified some
difficulties researchers will face when trying to simulate gyrophase-dependent dynamics333°
in configurations where global perpendicular unit vectors cannot be defined. When dealing
with such deviant cases numerically, for instance in a particle-in-cell simulation, it will be
necessary to either define a number of gyrophase conventions that cover the phase space and
keep track of which of these “patches” particles live in, or resort to the global expression
for the Poincaré-Cartan one-form given at the end of the previous section. In the former
case, care must be taken to avoid spending too much time keeping track of a particle’s
“patch”, while in the latter case this could be avoided. However, the cost incurred by using
the global version of the one-form comes in the form of complicated equations of motion.
While simulations of the interior of tokamaks should be able to avoid multiple gyrophase
conventions by finding global perpendicular unit vectors (which must exist), this may not be
the case in configurations that involve field nulls in the region of interest. These field nulls

will in general put “holes” in the guiding center phase space that open up the possibility for
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a lack of global perpendicular unit vectors.
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Appendix A: Principal circle bundles

Here we define and discuss the notion of principal circle bundle. A more complete ex-
position can be found in Ref. 36. First some terminology. Let P be a manifold and
d : St x P — P asmooth map, where S' = R mod 27 denotes the circle. If 6;,0, € S*,
then we take the symbol 6; + 6, to mean addition modulo 27. For a fixed § € S* define
the map ® : P — P by the formula ®4(p) = (0, p), where p is any point in P. ® is said
to be a left circle action when @y, o @y, = Py, 19, and P is the identity on P. Given a
point p € P, the set O, = {p' € P|30 € S* s.t. Py(p) = p'} is called the orbit of ® through
p. A left circle action is said to be free if ®y(p) = p if and only if § = 0. Intuitively, a
left circle action is free if when the second argument of ® is held fixed at p,, the resulting
map establishes a one-to-one correspondence between the orbit through p, and the circle. A
principal circle bundle is a manifold P together with a free left circle action ® : S* x P — P.
If there is a manifold B and a smooth map 7 : P — B such that 7 is surjective, its Jacobian
matrix has full rank at each point p € P, and 7~!(b) is an entire orbit for each b € B, then
P/S' = B is referred to as the base of the principal circle bundle P and 7 is referred to

23 such a B and 7 can always be

as the bundle projection map. Because it can be shown
found for a principal circle bundle, the following intuitive picture of such bundles emerges.
A principal circle bundle is nothing more than a collection of circles (the orbits) smoothly
parameterized by the base P/S*.

There is a subtle aspect of this picture however. Notice that while it is possible to fix
a point p, € P as the second argument in & and establish a correspondence between the
orbit through p, and S!, if ®y(p,) were used in place of p,, the result would be a different

correspondence between the same two objects O, and S*. This is because O, = Og,p,)-

Therefore, while the orbits O, “look” like distorted copies of the circle, they lack a natural
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choice for the 0, or reference angle.

On the other hand, it is often convenient take a bunch of nearby orbits and smoothly
assign to each of them a reference point so that each point on this bunch of orbits can be
assigned an angle in an unambiguous way. Such an assignment of reference points is called
a local section. Formally, given an open subset U, C P/S! of the base, a local section
So : Uy — 7 Y(U,) is a mapping from U, into the collection of orbits that project onto U,
that satisfies the equation 7o s, = idy,, which simply says that s, assigns a single point to
each of the orbits “attached” to U,. Local sections can always be found. However, a global
section s : P/S* — P, which would smoothly assign a reference point to all of the orbits
that make up P, may not exist. If a global section does exist, then the principal bundle is

referred to as being trivial.

In the presence of a local section, the process of assigning an angle to each point in the
bunch of orbits attached to U, can be formalized as a special coordinate system on 7 (U,)
known as a bundle chart. If p € 77(U,), then, because the action is free, there is a unique
ga(p) € S* such that p = @y () Sa(m(p)). This defines the functions g, : 7~ 1(U,) — S*. The
bundle charts ¢, : 77 1(Uy,) — U, x S* are then given by the formula ¢, (p) = (7(p), ga(p)).
By this definition, when looking at a principal circle bundle locally in a bundle chart, it
looks like a bunch of bike tires hanging on a multi-dimensional horizontal rod. The orbits
are the tires while the base is the rod. It is also useful to think of the bundle charts as

“symmetry-aligned” coordinate systems, where the symmetry is defined by ®.

Appendix B: Principal connections

This appendix gives the definition of a principal connection and briefly explores some
of the basic properties of these objects relevant to this article. A much more thorough

discussion can be found in Ref. 37.

Given a principal circle bundle (P, ®) and a real number &, the infinitesimal generator &p
associated to £ is the vector field on P given by {p(p) = d%|9:0<1>59 (p). So &p points in the

direction of the symmetry associated with ®. A principal connection, or connection form on
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P is a one-form, A, with the following two properties:

1) vE€eR, Asp)=¢
2) Vo e S, A= A.

Connection forms have a useful local structure when viewed in the bundle charts defined
in the previous section. Let s, : U, — 7T_1<Ua) be a local section and ¢, its associated
bundle chart. Define the gauge field A, : T(P/S') — R and the Maurer-Cartan one-form
0 : TS' — R by

A, =5, A (B1)
0r(6,8) =&, (B2)

where we have made the identification T'S' = S! x R. Note that @, is nothing more than
the coordinate differential on S'. Tt is not difficult to show that on 7—1(U,) A is made up

of these two quantities according to
A=1"A,+g.0L. (B3)

This formula has two important consequences. First of all, if Ag is another gauge field
defined on an overlapping patch of P/S*, U, NUg # 0, then it must be related to A, on the

overlap:
Ao = Ag + gapi, (B4)

where g5 : Uy N Uz — S is the circle-valued function defined by the relation g,s(m(p)) =
95(p) — ga(p). Second, it implies that the gauge field strengths F, = dA,, apparently only
locally defined quantities, actually define a global two-form, the curvature form F', over
the entire base P/S'. This result follows from applying the exterior derivative to (B4) and
recalling that df;, = 0. On any of the U,, F' = F,. As discussed in Ref. 24, the curvature
two-form encodes the basic topological properties of the principal circle bundle it comes
from.

Connection forms also provide a convenient structure for expressing the transformation
law for the bundle chart representatives of globally defined vector fields on P. If X :
P — TP is a smooth vector field on P, then given a bundle chart ¢,, its bundle chart
representative is X, = ¢ X : Uy x ST — TU, x S' x R; the bundle chart representatives
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are just the vector field expressed in the coordinates provided by the bundle charts. Set
Xo(u,0) = (wa(u,8),0,¢0(u,0)), where w,(u,0) € T,(P/S") and £, (u,0) € R. Using the
fact that ¢, Xo = ¢5Xg on 7 HUaNUg), it is straightforward to show that the bundle chart

representatives are related by
weo(u,0) = ws(u, ") (B5)
fa(uv 9) = 5,3 (u’ 9,) + g;aeL(wﬂ (ua 9/))> (B6)

where ¢ = 0 + gn5(u). Using the transformation law for the gauge fields, this can be recast

as

Na(u,0) = &a(u, 0) + Ag(wa(u, 0)) (B7)
wa(u,0) = ws(u, o) (BS)
Na(u, 0) = np(u, 0). (B9)

So we see that the w, and 7, are local representatives of globally defined maps. To be
precise, w, = wo ¢, and 1, = no ¢,', where w : P — T(P/S') and n : P — R are
globally defined maps only constrained to satisfy 7p/g1 0w = 7 (7p/g1 is the tangent bundle
projection map associated to T'(P/S')).

Conversely, if there is an assignment of a local vector field X, to each of the bundle charts
¢o whose components satisfy (B8) and (B9), then this collection of locally defined vector
fields will define a global vector field X : P — TP that agrees with each of the X, in the
bundle charts.

Why is expressing the vector transformation law in terms of the gauge fields useful?
Because of the organization it brings to the process of stitching together local vector fields
into a global one. The vector transformation law for passing from one arbitrary (non-bundle)
coordinate chart to another would be quite messy to work with for this purpose. By working
with the bundle charts and finding expressions for the gauge fields, the process is streamlined

to finding the two functions w and 7.

REFERENCES

M. Kruskal, “The gyration of a charged particle,” Project Matterhorn Report PM-S-33
(NYO-7903) (Princeton University, 1958).

22



2T. G. Northrop, The Adiabatic Motion of Charged Particles, Interscience tracts on physics
and astronomy (Interscience Publishers, 1963).

SR. G. Littlejohn, Phys. Fluids 24, 1730 (1981).

1R. G. Littlejohn, J. Plasma Phys. 29, 111 (1983).

°J. Madsen, Phys. Plasmas 17, 082107 (2010).

°B. Weyssow and R. Balescu, J. Plasma Phys. 35, 449 (1986).

TA. Brizard, Phys. Plasmas 2, 459 (1995).

8A. Bartios, J. Plasma Phys. 1, 305 (1995).

9H. Ye and A. N. Kaufman, Phys. Fluids B 4, 1735 (1992).

10J. Cary and A. Brizard, Rev. Mod. Phys. 81, 893 (2009).

A, Brizard and T. S. Hahm, Rev. Mod. Phys. 79, 421 (2007).

2D. H. E. Dubin, J. A. Krommes, C. Oberman, and W. W. Lee, Phys. Fluids 26, 3524
(1983).

13N. Bogoliubov, Asymptotic Methods in the Theory of Non-Linear Oscillations, Interna-
tional monographs on advanced mathematics and physics (Hindustan, 1961).

MM. Kruskal, J. Math. Phys. 3, 806 (1962).

BH. Qin, in Fields Institute Communications, Vol. 46, edited by D. Levermore, T. Passot,
C. Sulem, and P. Sulem (American Mathematical Society, 2005) pp. 171-192.

16H. Qin, R. H. Cohen, W. M. Nevins, and X. Q. Xu, Phys. Plasmas 14, 056110 (2007).

"One of the members of the standard basis for R* must be non-parallel to B(p). Let that
member be denoted e. Now consider the function g(z) = B(z) X e. g is obviously smooth,
non-zero when x = p, and perpendicular to B whenever it is not zero. The continuity
of g guarantees that if g’s domain is restricted to a small enough open neighborhood
U of p, then it will be nonzero at every point in that domain. Thus, on U the formula
e1(u) = g(u)/|g(u)| defines a smooth unit vector perpendicular to B.

I8L,. E. Sugiyama, Phys. Plasmas 15, 092112 (2008).

193, A. Krommes, Phys. Plasmas 16, 084701 (2009).

L. E. Sugiyama, Phys. Plasmas 16, 034702 (2009).

2Tn the context of the guiding center theory, at least the regions where b cannot be defined
must be excluded from the physical domain.

2], Polchinski, (2003), arXiv:hep-th/0304042v1.

2R. Abraham and J. Marsden, Foundations of Mechanics, AMS Chelsea publishing (AMS

23



Chelsea Pub./American Mathematical Society, 1978).

4G -s. Chern, in Geometry and Topology, Lecture Notes in Mathematics, Vol. 597, edited by
J. Palis and M. do Carmo (Springer Berlin / Heidelberg, 1977) pp. 114-131.

BR. Bott and L. Tu, Differential Forms in Algebraic Topology, Graduate texts in mathe-
matics (Springer-Verlag, 1982).

A Kirk, E. Nardon, R. Akers, M. Bécoulet, G. D. Temmerman, B. Dudson, B. Hnat,
Y. Liu, R. Martin, P. Tamain, and the MAST team, Nucl. Fusion 50, 034008 (2010).

2"R. G. Littlejohn, J. Math. Phys. 23, 742 (1982).

8], R. Cary, Phys. Reports 79, 129 (1981).

Tt is worth mentioning now that the question of existence of a global e, that is an e,
defined on all of M, is really equivalent to the question of existence of an ordinary global
perpendicular unit vector over D. Indeed, if there is a perpendicular unit vector defined
on all of D, then there is obviously an e, defined on all of M. Likewise, if there is an e,
defined on all of M, then upon fixing values of v = a,v, = b,t = ¢, there is a perpendicular
unit vector defined on all of D given by e;(z) = e,(z,a,b, c). This then implies that the
principal circle bundle (®°, P) is trivial if and only if the principal circle bundle (@, SD)
is trivial.

30R. G. Littlejohn, in Fluids and Plasmas: Geometry and Dynamics, Contemporary math-
ematics, Vol. 28, edited by J. E. Marsden (American Mathematical Society, 1984) pp.
151-167.

31A. Brizard, J. Plasma Phys. 41, 541 (1989).

327. Yu, private communication (2011), http://meetings.aps.org/link/BAPS.2011.DPP.TO4.15.

3H. Qin, W. M. Tang, and W. W. Lee, Phys. Plasmas 7, 4333 (2000).

317. Yu and H. Qin, Phys. Plasmas 16, 032507 (2009).

$R. A. Kolesnikov, W. W. Lee, H. Qin, and E. Startsev, Phys. Plasmas 14, 072506 (2007).

36R. Sharpe, Differential Geometry: Cartan’s Generalization of Klein’s Erlangen Program,
Graduate texts in mathematics (Springer, 1997).

3TG. Naber, Topology, Geometry, and Gauge Fields: Interactions, Applied mathematical
sciences (Springer, 2000).

24



AAALEEY CTENAAA
333838
AT THA
ANRDFIUREE R PRI EA
74mrrf<§2<(rrm«7
<€ LNV R L 4
¢ &I dddd VIl o
- bl Ll o
o &4 ddd IV b o~
L s SARARNIR L 2 -
Arr L LdbbddddCopn
AN LLLCCOrAn

AAASSTTTTTT TS AAR



1777
NN R S S AV
NNNNNNRE R B B 53
NNANNNNNE R B B 532k
//////z» 1177777
NN B SRl
aswsNNAN\\ "% gigl
—~=N\ A\ VPP

e P2 AN BN N R z
Sl ] z//NNNH/
s\s\\\\\\\ ’//////Io
Sl ] ] ’///////
Y IR R R RN
\\\\\\\“ ~,,/////







The Princeton Plasma Physics Laboratory is operated
by Princeton University under contract
with the U.S. Department of Energy.

Information Services
Princeton Plasma Physics Laboratory
P.O. Box 451
Princeton, NJ 08543

Phone: 609-243-2245
Fax: 609-243-2751
e-mail: pppl_info@pppl.gov
Internet Address: http://www.pppl.gov




	M_Richman_extender.pdf
	Background
	Extender
	Parallel Algorithms

	Speed Optimization
	Efficient Parallelization
	Optimizing Representation of Plasma Surface
	Results


	Automation
	Fortran 90 module
	Generalized PBS job scripts

	Conclusion
	PBS batch job template


	report number: 4723
	Title: Gyrosymmetry:  Global Considerations
	Date: February, 2012
	authors: J.W. Burby and H. Qin


