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Abstract
It is shown that a number of features of an instability with the frequency comparable to the
ion gyrofrequency observed in the National Spherical Torus Experiment (E. D. Fredrickson et al.,
Report P5.058 at the 33rd EPS Conference on Plasma Physics, Rome, 2006) are consistent with
the features of the Alfvén instability with large, about the inverse Larmor radius of the energetic
ions (,ob_l) longitudinal wave numbers. The conclusions drawn are based on an analysis of the
resonant interaction of the energetic circulating ions and the waves, as well as on the calculation

of the instability growth rate taking into account effects of the finite Larmor radius, pp.



I. INTRODUCTION

In a pioneer work on Alfvén instabilities driven by the energetic ions an instability with
the wave numbers along and across the magnetic field (kj and k) comparable to the in-
verse fast ion gyroradius, p, ', was predicted.’? Later energetic-ion driven Alfvén instabilities
were observed in many experiments on tokamaks, spherical tori, and stellarators, see, e.g.,
overviews in Refs. 3,4. However, in contrast to the instability considered in Ref. 1, all
the reported instabilities observed experimentally had very small longitudinal wave num-
bers, k) < pb_l, and the frequencies which were much, by several orders, less than the ion
gyrofrequency, wg. On the other hand, recently an instability of Alfvénic type with the
higher frequencies was observed in the National Spherical Torus Experiment (NSTX).? In
the mentioned experiment, the frequencies at the beginning of the instability bursts were
only by a factor of 5 less than the ion gyrofrequency. Therefore, it is natural to assume
that the mechanism of destabilization of these waves differs from that of the conventional
Alfvén instabilities by involving the cyclotron wave-particle interaction. This possibility is
investigated below. A new Alfvén instability with the wave numbers about the energetic ion
gyrofrequency is considered, which takes into account both effects of the finite Larmor radius
of the energetic ions and the particle drift motion induced by the toroidicity. A comparison
is made of the features of this instability and the features of the experimentally observed
waves.

The structure of the work is as follows. In Sec. II we carry out a qualitative analysis
of a possible resonant wave-particle interaction in an NSTX experiment. In Sec. III an
expression for the instability growth rate is derived; it is used to evaluate the magnitude of
the instability growth rate in the experiment and analyze the role of the anisotropy and the

spatial distribution of the energetic ions.

II. QUALITATIVE ANALYSIS OF THE DESTABILIZATION OF HIGH-
FREQUENCY ALFVEN WAVES

We consider the case when the energetic ions are produced by the tangential neutral

beam injection in the direction of the magnetic field, so that the energetic ion population



consists of circulating particles with
0< V)| < Up, (1)

where v is the longitudinal velocity of the energetic ions and v, is their birth velocity. These
particles can lead to Alfvén instabilities through the resonant interaction with the waves.
Typically, the destabilized waves have small longitudinal wave numbers, kj ~ 1/qR (R is
the major radius of the torus, ¢ is the safety factor), and the wave frequencies, w, negligible
in the comparison with the ion cyclotron frequency, wg. However, we are interested in
waves with w comparable to wg. In this case kjgRR > 1 and, therefore, the conventional
sideband resonance, w = [k £ 1/(¢R)]v|, responsible for instabilities with kjgR ~ 1 leads
to the resonant velocity v ~ oyva, with op = k) /|kj| and va the Alfvén velocity (we
assume without loss of generality that w > 0). However, the efficiency of this resonance
is rather low in systems with weak magnetic field because of the low ratio v4/v, (in the
NSTX experiment considered in this work v, /v, < 1/3). Moreover, this resonance does not
work for the waves propagating in the counter direction with respect to the beam, which
was the case in the NSTX experiment. Therefore, we have to assume that the instability
is associated with a resonance involving the gyrofrequency. The corresponding resonance

condition can be written as

w = ks(v)) + Uws), (2)

where ks = kj+s/(¢R), s and [ are integers, (...) = ¢ dt(...)/m, 7 is the particle transit time.

For Alfvén waves the longitudinal wave number is k| ~ opw /va. Taking this into account

and assuming v;® > v,, we obtain from Egs. (1) and (2) that the considered injected ions

and the waves can be in the resonance provided that the wave frequency is not less than a

certain magnitude, wy,, taking place for [ = 1 and given by
wpls

Ub/UA _Uk’

(3)

Wmin =

where Iy = 1 — |s|py/(qR), pp = vp/wp. Note that Eq. (3) was obtained in the assumption
that it is mainly low-s resonances with |s| < ¢R/p, that contribute to the destabilization
of the waves. For v, > vy and Iy ~ 1, it follows from Eq. (3) that the longitudinal wave
number of the waves interacting resonantly with the particles is & ~ pb_l.

Equation (3) shows that the minimum frequency of the counter-propagating waves (k <

0) is smaller than that of the co-propagating waves. In particular, for the NSTX experiment
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with vy/va = 3.5, R =100 cm, ¢ = 2, v, = 3 x 108cm - s7!, wp = 1.4 x 107s™! we obtain
Wmin ~ 450 kHz for k| < 0 and wpi, ~ 800 kHz for k| > 0. These magnitudes take place
when s = —1.

When the plasma rotates toroidally in the beam direction and sgn(k,) = sgn(k)) (¢ is the
toroidal angle), the Doppler effect decreases the frequency of counter-propagating waves and
increases the frequency of co-propagating waves in the laboratory frame (w'* = w + k - u,
with u the velocity of the plasma rotation). As a result, the difference between wy, of co-
propagating waves and wy,, of counter-propagating waves increases. To evaluate this effect
in the NSTX experiment, we take the toroidal mode number n = 5 and v = 107 cm - s~ L.
Then k, = —n/R = —0.05cm™" [we take perturbations in the form o exp(—iwt + imd —
iny), where ¥ is the poloidal angle, m and n are the poloidal and toroidal mode numbers,
respectively], and the Doppler shift is 80 kHz. This leads to w!* = 370 kHz for the counter-

lab

propagating waves and w22 = 880 kHz for the co-propagating waves.

This simple analysis enables us to conclude the following. First, the resonance (2) is
consistent with the frequencies of the destabilized waves in the NSTX experiment (in par-
ticular, the frequencies ate the beginning of the instability bursts were about 400 kHz in
the shot #114147 and 500 kHz in the shot #114154). Second, only counter-propagating
waves can be destabilized in the frequency range relevant to the experiment. Third, the
resonance condition imposes restrictions on the instability mode numbers. They are n > 0
and m < ng, which follows from two conditions, k, = —n/R < 0 found experimentally,
and kj = (m —nq)/(¢R) < 0 required for the frequency of ~ 400 — 500 kHz to satisfy the
resonance condition. The obtained restriction on the poloidal mode numbers is valuable
because it may help to select the mode among those which can be found by numerical simu-
lation (the poloidal mode numbers are not available from experimental measurements). The
restriction on n is also important in connection with the following.

The fulfillment of the resonance condition is not sufficient for the instability to arise.
The factors which can lead to the destabilization of the waves are spatial inhomogeneity
of the energetic ions and their velocity anisotropy. The spatial inhomogeneity drives the
instability when n dny,/dr > 0 (n; is the beam density). Because n > 0, the beam particles
with monotonically decreasing radial profile have a stabilizing (rather than destabilizing)

influence on the waves in the case of counter-rotating modes. However, calculations show,

that in the NSTX case the beam radial distribution has an off-axis maximum, which suggests



that the beam spatial inhomogeneity tends to destabilize modes localized in the core region.
A more detailed analysis is required to clarify the role of the velocity anisotropy. This will

be done in the next section.

III. CALCULATION OF THE INSTABILITY GROWTH RATE

In order to evaluate the instability growth rate (y) we use the local approximation.

Neglecting the wave damping caused by the bulk plasma we can write

1o 2 4

w 22 2021

where € is the fast ion dielectric permeability tensor component calculated in Ref. 6. We
take into account that F' = F(r,&, A\, 0,), where F' is the unperturbed distribution function
of the energetic ions, [d*vF = ny, € is the particle energy, A = uB,/E, p is the particle
magnetic moment, B, is the magnetic field at the magnetic axis, o, = sgn(v). Using
the resonance condition given by Eq. (2), we calculate the integral over the energy in the

expression for €;. Then we obtain:

2 4 2
¥ T Wy l ax 9/
L _ I A nr
where n; is the bulk ion density, v™ = (w — lwp)/(ksv/1—X) is the reso-
nant velocity, Ji(¢) and J,({) are the Bessel functions, & = kipV\, (¢ =

(q/vV1 =N /E2p?(1 — 0.5)0)2/k2 + 12r2/p?, p = v/wp, ki is the transverse wave number,

k is the plasma elongation,

. 0 10 ng 10
H—w%—l—(le )\w)ga—'_wBMr@r (6)

Note that Eq. (5) takes into account effects of finite transverse Larmor radius of the energetic

ions (p. = pv/A). Moreover, the growth rate is considerable only when k, p, is not small.
Equation (5) can be used to calculate the growth rate numerically. We, however, restrict

ourselves to an analytical evaluation of 7. With this purpose we approximate the distribution

function of the energetic ions as follows:

F= nbfgf)\ U(Ub - U)U(%)a (7)



with fe = C/&%% C~' = M~327\/2\ [ d\fy/v/1 — X is a constant found from the equation
[ dvfe =1, A =Invy/ve with v. ~ (M;/M.)'3, fx = fA(N), [ fadX =1, n(z) = [*_6(z)dz.
For the considered waves the first term in Eq. (6) can be neglected. The term associated
with the velocity anisotropy [proportional to the A-derivative in Eq. (6)] can be transformed
by integrating by parts. Assuming that particles with small A dominate in the energetic-
ion population, we neglect for simplicity the terms proportional to 9J4(¢)/O\ and use the
approximation d&(v')/dA = £"/(2)). Then we obtain:
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In the case relevant to the NSTX experiment, only the [ = 41 harmonic contribute (there
are no resonant particles for other ). Therefore, the velocity anisotropy of the energetic ion
distribution is a destabilizing factor only when the particle Larmor radius is sufficiently large
to lead to negative derivative of JZ(£). One can see that this condition is satisfied even for
a low-m instability when the mode is well localized. For fy o< (A — Ag) the term associated
with the anisotropy dominates, unless £ is about a point where dJ?/d¢ = 0.

Let us evaluate the growth rate in the NSTX shot #114147. We take ny/n; ~ 1/20,
wp/w = 4.7, ( ~ 10, ¢ ~ 2 and J2(x) ~ (7wz)~'. Then we obtain v/w ~ (7(£?)~!, which
leads to y/w ~ 1072 for ¢ ~ 2 and ¢ ~ 10. Numerical calculations with using Eq. (5) give a
smaller growth rate because in reality the beam distribution function is not peaked at very
small .

Thus, the driving part of the instability growth rate is rather small. Therefore, the
perturbative approach is justified in spite of the fact that the beam pressure was comparable

to the plasma pressure in the core region in the considered NSTX shot.

IV. SUMMARY AND CONCLUSIONS

Our analysis shows that the destabilized waves with the frequencies w ~ wg/5 observed
in NSTX in the shots #114147 and #114154 during neutral beam injection can be identified
as the high frequency Alfvén instability with the kp, ~ 1. This instability arises due to the

cyclotron resonant interaction of Alfvén waves and the beam particles. The following facts



support this conclusion. First, the wave frequencies determined by the resonance condition
are close to the observed frequencies. Second, our analysis predicts that only counter-
propagating (with respect to the beam direction) waves can be destabilized, in agreement
with the experiment. Third, the resonance condition leads to the toroidal mode number
n > 0, again in agreement with the experiment. In addition, it imposes a restriction on
the poloidal mode number, m < nq. The considered instability arises mainly because of
the velocity anisotropy of the injected ions, although the spatial inhomogeneity — the hollow
radial distribution of the energetic ions — contributes to the destabilization of the waves with
n > 0. The instability growth rate (the driving part) is relatively small, which justifies the

use of the perturbative approach in the analysis.
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