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Abstract. Absorption of fast Alfvén waves by the minority fundamental ion-cyclotron

resonance, coupled with finite banana width physics, generates torque distributions and

ultimately rotational shear layers in the bulk plasma, even when the toroidal wavenumber

kφ = n/R of the fast wave vanishes (n=0) and cyclotron absorption introduces no angular

momentum nor canoncial angular momentum [F.W. Perkins, R.B. White, P.T. Bonoli,

and V.S. Chan, Phys. Plasmas 8, 2181 (2001)]. The present work extends these results to

travelling waves with non-zero n where heating directly introduces angular momentum.

Since tokamak fast-wave antennas have approximately one wavlength per toroidal field

coil, the toroidal mode number n lies in the range n = 10–20, independent of machine

size. A zero-dimensional analysis shows that the rotation rate arising from direct torque is

comparable to that of the rotational shear layer and has the same scaling. Nondimensional

rotation profiles for n = (–10, 10) show modest changes from the n=0 case in the

expected direction. For a balanced antenna spectrum, the nondimensional rotational

profile (averaged over n = –10, 10) lies quite close to the n=0 profile.
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1.  INTRODUCTION

The results of interaction between radio frequency waves and plasmas are often expressed as

source terms  in diffusive transport equations. Familiar examples are a heat source in the thermal

diffusion equation and a current-drive emf in the poloidal flux magnetic diffusion equation. As is

the case with neutral-beam plasma interactions, the orbits of energetic ions created by radio-

frequency plasma waves play an important part in defining these source terms.

Recently, we have developed a Monte-Carlo methodology for computing the torque-density

source term for an angular momentum density diffusion equation.1 The fundamental free energy

source is minority ion-cyclotron absorption of fast Alfvén waves. The basic physics picture is

one of energetic minority ions receiving random increments in perpendicular energy each time

they pass through the ion-cyclotron resonance surface. Concurrently, ion-ion pitch angle

scattering is proceeding and the energetic ions are slowing down by ion-ion and ion-electron

drag. Our calculations are based on a model that assumes no mechanical angular momentum

increment nor change in canonical angular momentum is associated with the increment in

perpendicular energy. This model is rigorous if the fast Alfvén waves have k|| = n/R = 0 where n

denotes the toroidal mode number. It follows the volume-integrated torque-density must vanish.

In other words, the wave-plasma interaction introduces no net angular momentum. Nonetheless,

finite banana width physics produces separated regions of positive and negative torque density.

The steady-state solution of an angular momentum diffusion equation with such a source term

has a shear layer in toroidal rotation rate ∆Ω occurring near the magnetic surface which is

tangent to the ion-cyclotron resonance surface. The results are expressed in terms of a

nondimensional rotational profile J2
* ρ( ) calculated by the ORBIT code1,2,3

∆Ω    *=
( )







4

2 2 3 2 2
qW

eB R a n
J

e

M

Eπ
τ
τ

   , (1)



3 July 5, 2001

where the flux surface label ρ is the square root of the normalized toroidal flux. The rotation

rates are of the same magnitude as observations in Alcator C-Mod4 and JET5 and have sufficient

rotational shear to affect micro-instability turbulence levels. The reader is referred to the

literature for other theoretical models of rf-generated toroidal rotation.6-8

In reality, fast Alfvén waves in a tokamak are not axisymmetric with n=0 but rather are

traveling or standing waves with toroidal mode number n ≈ 10–20 defined by the antenna. This

mode number is based on the observation that fast Alfvén waves in a tokamak are launched by

antennas whose toroidal length is approximately the separation between toroidal field coils.

Hence, λ || ≈ 2πR/n where n is the number of toroidal field coils. Nominally, values of n range

from 10–30 The calculations reported in this work were done for n ≈ ±10, to better match the

specifics of the Alcator C-Mod fast-wave antenna system. For the JET experiments,5 n≈30. Our

key point is that n in a reactor will not differ much from n in present fast Alfvén systems.

This work generalizes our previous model to include finite-n traveling and standing waves.

For these waves, minority ions receive random increments in parallel velocity which are coherent

with increments in perpendicular energy. These occur whenever a particle passes through a

generalized cyclotron resonance surface. Section II presents dimensional analysis considerations

which indicate that a purely-traveling fast Alfvén wave will directly impart angular momentum

which corresponds to a rotational rate comparable to the rotation rates computed previously.

Sections III and IV describe our cyclotron absorption model and changes in the ORBIT code

respectively. Our principal new results appear in Section V which presents nondimensional

rotation profiles for traveling fast waves (n = ±10) and compares them to previous results for

axisymmetric (n = 0) fast waves. Conclusions are presented in Section VI. Appendices A AND B

contain supporting calculations.
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II.  DIMENSIONAL ANALYSIS

Let us first estimate the rotation resulting from direct deposition of wave angular momentum

by minority ion-cyclotron absorption of fast waves with finite n. Particles that cross a

generalized ion-cyclotron resonance surface defined by ω – k|| v|| = ωci receive random-but-

coherent increments in both parallel velocity ∆v|| and perpendicular energy ∆E⊥ . The relation

between them comes from the observation that, in a frame traveling with the wave parallel phase

velocity, the particle energy remains constant so that

∆ ∆ ∆E M v
k

v M
R

n
vci

⊥ = − −






=       ||

||
|| ||

ω ω
   , (2)

and we note that ωciR = constant. Equation (2) also shows that the particle heating rate Ė⊥  is

coherent with the momentum input ˙ ||v  so that ˙ ˙ ||E v⊥  = MωciR/n. Using the definitions of

energy and momentum confinement times P = W/τE = neV Ė⊥  and ˙ ||v  = v||/τM = 〈Ω〉 R/τM, one

obtains
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which has the same scaling as Eq. (1). Moreover, since 2n is comparable with 4qJ2
* , one can

expect that the direct momentum deposition by traveling waves will lead to rotation rates

comparable to the finite-banana effects for n=0.
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III.  ION-CYCLOTRON HEATING MODEL

The minority ion-cyclotron absorption model used in the present work is a finite-n

generalization of ICRF Model 2 of our previous work. Our present  model introduces ions with

energy Eo and follows their evolution as determined by ion-ion pitch angle scattering, ion-ion

and ion-electron drag, and by an ICRF heating model that gives an increment in both parallel

velocity and perpendicular energy each time a minority ion passes through the generalized ion

cyclotron resonance surface

R
R n v

Rres
o ci o

ci o o
     , ||

,
= +











ω
ω ω

1     , (4)

provided that this passage lies in a region where the fast-wave intensity is high due to refraction.

Ro and ωci,o denote values at the magnetic axis. Figure 1 of our previous work  depicts the

region of intense fast waves. In the generalized ICRF model, parallel velocity and perpendicular

energy increments are related by

v v E E
n
eI

m m m m
|| ||   +

⊥
+

⊥− = −( )1 1    , (5)

where I = BR is a constant. The increment in E⊥  is given by Boozer-type collision model9 for the

mth passage through the resonance layer

E E E E Em m
s s

m
⊥

+
⊥ ⊥= ±1 2–      ,

where the ± sign is to be chosen randomly at each resonance crossing. The quantity

Es = E Em m
⊥

+
⊥−1    gives the net heating rate. If the heating is to be the result of many small

increments, then Es << E⊥  and the mean-square perpendicular energy increment is
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E E E E Em m m
s s⊥

+
⊥ ⊥−( ) = +1 2 22     . (6)

The expression for Es is chosen so that ion-cyclotron heating is comparable to ion energy drag

when an adjustable parameter c⊥  is of order unity. Es should also be inversely proportional to the

projection of the parallel velocity onto the major radius direction, which governs the duration of

the wave particle interaction. An expression fulfills these properties is
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Here α = α(Rc, z) = R·φ × ∇ψ (R ∇ψ) −1 depends only on magnetic surface geometry. An ad-hoc

cutoff at αc = 0.1 prevents mathematical divergences. The function F(z) models the intense wave

region which is bounded by zmax as described in Ref. [1]. An ad-hoc functional form which

serves this purpose is

F z
z
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z
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where zmax denotes  the vertical extent of the intense fast wave region. Calculations reported in

Sec. V use c⊥ = 0.5  and zmax = 0.07m.
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IV.  ORBIT CALCULATIONS

Our basic representation divides the plasma into an energetic species of minority particles

that interact with the fast Alfvén waves and a bulk plasma in which torque densities arise. For

studies of toroidal rotation, the original Monte-Carlo ORBIT code2,3 has been modified1 to

accumulate sums and carry out radial integrals needed for the solution of the steady-state,

axisymmetric angular momentum transport equation with a diffusivity profile of χ = χo q2.

Monte-Carlo particles representing energetic protons are introduced with an energy Eo = 10 keV

and are distributed uniformly in space over the range of magnetic surfaces which intersect with

the cyclotron resonant surface (for v|| = 0) within the intense wave region as determined by zmax.

The initial velocity distribution is isotropic and particles are started in pairs with equal-but-

opposite parallel velocities to rigorously assure that the initial conditions introduce no angular

momentum. ORBIT calculates the distribution in ρ of particle positions when they slow to zero

energy as well as the distribution in ρ of mechanical angular momentum transferred to the bulk

plasma by collisions. ORBIT has 2×104 radial bins. The difference between initial and final

spatial distributions determines the neutralizing currents that must flow in the bulk plasma and

hence a jρBθR torque density which combines with the collisional torque density to form the

source term for the angular momentum transport equation. Solution of this equation is expressed

in terms of a nondimensional rotation profile for a no-slip surface boundary condition. All

rotation rates determined are relative to the surface velocity which is not known but is likely

important as Alcator C-Mod rotation observations in Ohmic H-modes indicate.10 An integrated

torque check assures that the total torque acting on the plasma is just that transferred from

traveling waves to within a relative accuracy of 6×10-5.

This computational procedure leads, in principle, to a bias rotational profile which must be

corrected. Following the arguments for ICRF Model 1 of our previous work, a general initial

distribution will lead to non-zero values of I2
* , the nondimensional rotation rate. To correct for



8 July 5, 2001

this bias, we carry out two calculations for the same initial conditions, one with heating

(c⊥  = 0.5) and a reference case without (c⊥  = 0.0). For both calculations, the energy E transferred

to the bulk plasma is determined. This will be E = Eo for the reference case and will be higher

than Eo in the case with heating.

Our results are then expressed in terms of J2
*

J I c I c
E

E E
o

o
2 2 20 5 0 0* * *   .    .  = =( ) − =( )[ ] −⊥ ⊥      . (9)

The procedure isolates the wave heating contribution to the nondimensional rotation profile.
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V.  RESULTS

Computations were carried out for a circular tokamak equilibrium with parameters of Table I.

Figure 1 shows that, for ρ = 0.36, traveling waves make a modest change to the nondimensional

rotation profiles in the expected direction. The change of sign from  co-current to counter-current

rotation as the cyclotron resonance surface goes from the low-field-side to the high-field-side of

the axis, which was a principle result of our previous work, remains unchanged. For the case of

balanced heating by waves of equal intensity we note that the average of the n = ±10 profiles is

quite close to the n=0 profile, justifying the use of n=0 to predict balanced rotation.

The nondimensional rotation at the magnetic axis is sensitive to the sign of n, as Fig. 2

indicates. At the magnetic axis, the average of n = ±10 for balanced antennas yields cocurrent

rotation while the n=0 case has counter current rotation. One concludes that  sense of rotation at

the axis is sensitive to details, whereas predictions of off-axis rotation are appreciably firmer.

Particularly strong rotation occurs when the direction of the traveling wave is in the sense of

rotation as predicted for n=0.

Figure 3 portrays representative integrated torque profiles.1 The large-but-almost-canceling

aspects of the radial current torque with the collisional torque is a property of banana diffusion

physics. It is the net integrated torque density profile that drives bulk plasma rotation. Since the

physics results appear as rather small difference between two larger terms, it is important that the

computational procedures and initial conditions introduce no spurious torque. ORBIT results

show that the total torque applied to the bulk plasma is equal to the torque deposited by traveling

waves to an accuracy of 10-5 of the radial current torque — more than enough  to assure physics

results  are real.

The scaling of the rotation rate, as expressed in Eq. (1),  rests on the choice1 of scaling in the

definition for nondimensional torque density and angular rotation. This choice has the property
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that the nondimensional rotation profiles J2
*  should be insensitive to Eo, q, and c⊥ under nominal

conditions where Ec > Eo >> T, banana widths are thin compared to the minor radius, and power

deposition is close to the magnetic axis. Here Ec is the energy where electron drag and ion drag

are equal. Additional calculations, reported in Appendix B, confirm the nondimensional rotation

profiles to be insensitive to Eo and c⊥ .
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VI.  CONCLUSIONS

The torque density source terms for the angular momentum diffusive transport equation are

strongly affected by the location of the cyclotron resonance surface and by the finite-banana

orbits of energetic particles generated by cyclotron absorption of fast Alfvén waves. As is the

case for NBI energetic particles, torque density arising radial currents is comparable to that

resulting from direct collisions with the bulk plasma. Monte-Carlo calculations are needed to

assure angular momentum conservation.

As dimensional analysis suggests, minority ion-cyclotron absorption of traveling Alfvén

waves produces only modest changes to nondimensional rotation profiles, when the cyclotron

resonance surface was not close the magnetic axis (e.g., at ρ = 0.3). These changes lie in the

expected direction. Moreover, the average of the n = ±10 profiles lies close to the n=0 profile,

indicating that an axisymmetric model will suffice for balanced antennas.

Off-axis, high-field-side resonance locations are of particular interest since particle transport

barriers appear under these conditions in Alcator C-Mod.11 Rotation can be quite high when the

sense of rotation from axisymmetric and traveling waves coincide. This suggests that for fixed

power the antenna should launch n = –10 to attain transport barriers when the resonance is on the

high-field-side.

Figure 2 makes it clear that toroidal rotation near the magnetic axis is sensitive to toroidal

mode number, indicating that the axis is a transition region for the sense of rotation for n=0

waves, as our previous work has shown. The boundary  condition at the edge of the plasma

remains unknown and will add the edge rotation rate to the values resulting from the core physics

investigated in this report.

Lastly, we note that this problem called for definitive calculations of particle orbits over

several generations of trapping and detrapping via pitch angle scattering. The modified ORBIT



12 July 5, 2001

code carried these orbit calculations along with collisional and rf-heating physics as well as very

accurate angular momentum conservation. A computational solution is a must.
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APPENDIX A.  DIFFUSIVITY COEFFICIENT

Our model transport equation assumes a diffusivity of the form

χ =
 
χo [1 + (q – 1) x]m  , (A.1)

where x = (r/a)2 and m = 0,1,2. We wish to relate χo to the overall confinement time τ  and a.

The starting point is the cylindrical diffusion equation

4 2
2 2a

d
dx

x
dy
dx a

dF
dx

     χ



 = −

   , (A.2)

where F is the outward flux from the central source and ranges from F=0 at x=0 to F=Fo. One

integration yields

4 2

1 1
2 2

χo
ma

x
dy
dx

F

a q x
    



 = −

+ −( )[ ]
    . (A.3)

It is assumed that the source term is centrally peaked so that F = Fo is a constant over most of the

integration range and a second integration yields

4 2

1 1
2 2

0
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0

1
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ma
ydx
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q x
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+ −( )[ ]∫ ∫    . (A.4)
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 ∫a
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and the integrals are straight forward, so that

χ
τo

a
   =

2

4

  

1 0
1 1

1
2

1
           

( )( )     
m

n q q m

q
m

=
− =

=













−l     . (A.5)

We choose m=2, which gives an energy confinement scaling almost linear with plasma current.
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APPENDIX II.  SENSITIVITY CALCULATIONS

ORBIT calculations have been carried out to confirm the expected insensitivity to Eo, q, and

c⊥ . Figure B-1 compares J2
*  profiles for two Eo values. Differences are minimal.

Similarly, Fig. B-2 illustrates that differences are minor for two q-values, indicating that the

q-dependence of Eq. (1) (which is derived in Appendix A) is the dominant q- variation. This

dependence accounts for the experimental observation4 that plasma rotation increases with

decreasing current, at constant plasma energy content W. However, one should keep in mind that

additional heating power is required to reach a specified W, because energy confinement

increases roughly linearly with plasma current.

The parameter c⊥  governs the ion cyclotron heating rate relative to pitch angle diffusion [see

Eq. (7) ]. Figure B-3 confirms that the nondimensional rotation profile depends principally on the

total energy input per particle and is insensitive to the rate at which the particle receives energy

from the ion cyclotron  heating operator.
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Table I. Parameters of Circular Tokamak Calculation

Parameters Value

B (T) 5

ne (×1020 m–3) 2

T (keV) 2

Ro (m) 0.67

a (m) 0.22

zmax (m) 0.07

Eo (keV) 10

qmax 4.0

Nparticles (×104) 5

Rres (m) 0.59, 0.61, 0.67,
0.71, 0.75

c⊥ 0.5
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List of Figure Captions

FIG. 1. Nondimensional rotation profiles J2
*  for both high-field side (R = 59) and low-field-side

(R = 75) resonance locations of magnetic surface ρ = 0.36.

FIG. 2. Nondimensional rotation profiles  for ρ = 0.0, 0.18, and 0.36 for axisymmetric (n=0) and

traveling (n = ±10) fast Alfvén waves.

FIG. 3. Integrated torque profiles for T1, T2 for RjrBθ and collisional torque densities

respectively.

FIG. B-1. Representative nondimensional rotation  profiles for n=0 are insensitive to Eo.

FIG. B-2. Representative nondimensional rotation profiles  for n=0 are insensitive to q.

FIG. B-3. Nondimensional rotation J2
*  for R = 63 and c⊥  = 0.5 , 1.0.
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