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Phenomenology of compressional Alfvén eigenmodes

E D Fredrickson, N N Gorelenkov, J Menard

Princeton Plasma Physics Laboratory, Princeton, New Jersey 0854

Abstract.  Coherent oscillations with frequency 0.3 / ci 1, are seen in the National

Spherical Torus Experiment [M. Ono, S M Kaye, Y-K M Peng, et al., Nucl. Fusion 40,

557 (2000)].   This paper presents new data and analysis comparing characteristics of the

observed modes to the model of compressional Alfvén eigenmodes (CAE).  The toroidal

mode number has been measured and is typically between 7 < n < 9.  The polarization of

the modes, measured using an array of four Mirnov coils, is found to be compressional.

The frequency scaling of the modes agrees with the predictions of a numerical 2-D code,

but the detailed structure of the spectrum is not captured with the simple model.  The fast

ion distribution function, as calculated with the beam deposition code in TRANSP [R. V.

Budny, Nucl. Fusion 34, 1247 (1994)], is shown to be qualitatively consistent with the

constraints of the Doppler-shifted cyclotron resonance drive model.  This model also

predicts the observed scaling of the low frequency limit for CAE.



I. INTRODUCTION

The study of fast ion instabilities in conventional aspect ratio tokamaks is motivated

in large part by their potential to negatively impact the ignition threshold in fusion

reactors by causing fast ion losses.  Spherical tokamak (ST) reactors, with intrinsically

low magnetic fields, are particularly susceptible to fast ion driven instabilities.  The

3.5 MeV alpha particles from the D–T fusion reaction in proposed ST reactors will have

velocities much higher than the Alfvén speed.  The Larmor radius of the fusion alphas,

normalized to the plasma size, will also be larger than for conventional aspect ratio

tokamak reactors.  The resulting longer wavelengths of the Alfvénic instabilities will be

more effective in driving fast ion loss [1].  It is important to extend the predictive

capabilities for kinetic instabilities, as developed on conventional aspect ratio tokamaks,

to low aspect ratio and to benchmark the results on present ST devices.

The National Spherical Torus Experiment (NSTX) [2] is a low aspect ratio

(R/a 1.3) toroidal device well suited to study fast ion instabilities in a parameter regime

relevant to an ST reactor.  The plasma major and minor radii are 0.8 m and 0.65 m,

respectively.  Some representative operational parameters from the experiment described

here, are: 0.9 MA of plasma current, 3 to 6 kG toroidal field, central electron density is

2.4 - 3.9 x 1019/m3, and central electron temperature of 0.5 - 0.9 keV.  The extremes of

these parameters are not, of course, reached simultaneously.  The plasmas are heated with

0.52 to 2.1 MW of deuterium neutral beam injection (NBI) power with an acceleration

voltage of between 49 and 65 kV.  The full-energy neutral beam ions in these

experiments have velocities ranging from 1.3 – 3.2 times the central Alfvén velocity.

The dimensionless parameters of beam ions in NSTX are similar to those of fusion 's in



proposed ST reactors, with the caveat that the fusion  distribution will be more isotropic

in velocity space and will not have the half and third energy components of beam ion

distributions.

Neutral beam heated plasmas in NSTX typically have a wide range of fast ion

driven instabilities extending from fishbone-like modes at frequencies of 10’s of kHz [3-

5] through the toroidal Alfvén eigenmodes (TAE) at frequencies of order 100 kHz [6-9]

and up to Compressional or Global Alfvén eigenmode (CAE or GAE) frequencies of

over 1 MHz [10-16].  The TAE activity appears to be similar to TAE observed in

conventional aspect ratio tokamaks [9].  The fishbone modes have significant

differences, and, although the Ion Cyclotron Emission (ICE) observed in conventional

aspect ratio tokamaks [17-21] may be related to compressional Alfvén waves, the strong,

ubiquitous CAE activity seen in NBI heated NSTX plasmas is, thus far, unique to low

aspect ratio.

Enhanced fast ion losses have been correlated with both the TAE-like and fishbone-

like modes [22], but there is no observed degradation in performance correlated with the

appearance of CAE activity.  There are some indications that the CAE do affect the fast

ion distribution.  Bursts of CAE activity in some cases appear to trigger the growth of the

lower frequency fast ion driven instabilities, explainable by CAE-induced transport of

fast ions in either real or velocity space.

This paper presents new data and analysis on the nature of the compressional Alfvén

eigenmodes.  In Sect. II a simple model for the CAE dispersion relation is reviewed and

a numerical code, which calculates the eigenfunctions and finds the eigenfrequencies for

CAE, is described.  The qualitative predictions of this simple model are compared to



experimental data in Sects. III and IV.  In Sect. III an experiment exploring the onset

threshold scaling of CAE is described and in Sect. IV the data is analyzed and compared

to predictions of CAE theory.

II. Numerical modeling of the Compressional Alfvén mode eigenfunction

Theory predicts that compressional Alfvén modes in low aspect ratio tokamaks are

localized towards the outboard midplane in a two-dimensional (radial and poloidal)

well [13].  The basic physics of these trapped CAE can be captured with a relatively

simple set of equations in quasi–cylindrical geometry.  The degree of localization and the

radius of the peak mode amplitude can be estimated by solving the set of second order

partial differential equations describing the compressional Alfvén wave dispersion

relation.  Approximate analytic solutions to this equation for model profiles were

described previous work [13]; in this work approximate numerical solutions are found for

the measured density profiles.  The measured electron density and the inferred magnetic

geometry are used to construct the 2-D dependence of VAlfvén, an approximate, but

separable, form of the "potential well" is found and the equations are then numerically

integrated to find the eigenvalues (frequency and poloidal mode number).

The derivation for the 2-D well equations begins with the low beta dispersion relation

for Alfvén waves.
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The local electron tor at the half radius (near the predicted peak in the wave amplitude)

ranges from 0.3% to 3.3% for the data against which the code was benchmarked.  The

range of ion thermal 's for this experiment are comparable.  This  is low enough so that



finite  corrections to the CAE dispersion  relation (coupling to the sound wave branch)

may be neglected.

We will neglect the toroidal coupling terms and simplify the geometry to a quasi-

cylindrical coordinate system.  To retain the low aspect ratio physics of compressional

Alfvén modes, i.e., the radial and poloidal localization, the Alfvén velocity dependence

on both the minor radius and poloidal angle will be kept.
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While the effective potential in this equation depends on both minor radius and poloidal

angle in a complicated way, a similarly shaped well can be formed by approximating it as

the sum of a term dependent only on radius and a second term which depends on poloidal

angle, v(r, ) vr(r) v ( ).  The equation may then be solved by introducing constants

of separation for the poloidal and toroidal dimensions, corresponding to the poloidal and

toroidal mode numbers.  The toroidal contribution is simple, the poloidal and radial

eigenfunctions are found by solving the coupled equations:
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With this definition, in the cylindrical limit v( )=0 and the solutions are g = e± im
.

The radial eigenfunction is found by solving the following equation where the “radial

potential well” is the original “radial well” evaluated on the outboard midplane.
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A conducting wall boundary condition is used at r = 1.2 a.

The poloidal eigenfunction is found by solving the second part of Eq. 3.
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2 g V( )g = 0,      V( ) v ( ) m2 (Eq. 5)

 The poloidal well, ( ) is taken from the 2-D well at the radius of the well minimum.

The eigenvalues, m, are found to depend only weakly on the detailed shape of this

"potential well". A representative comparison of the 2-D well (calculated with the

eigenvalues of frequency and poloidal mode number from the model well) and the model

well used in Eq. 5 is shown in Fig. 1.

Equations 4 and 5 make a set of two coupled ordinary differential equations, which

qualitatively describe the compressional Alfvén eigenmodes.  The mapping to a circular

cross-section is roughly compensated for by scaling the minor radius by 1/2 and the

poloidal dimension (poloidal wavelength) by  (where  is the elongation) .  The

equations are solved iteratively with a simple shooting code to find the eigenfunctions

and frequencies.  In Fig. 2 are shown a representative radial eigenfunction and the shape

of the well on the outboard midplane.  The radial eigenfunction peaks around a

normalized minor radius of about 0.5, although it is not particularly well localized.  The

poloidal eigenfunction shape is shown in Fig. 3, together with the poloidal well, ( ) as

in Eq. 3 .

III. EXPERIMENTAL METHOD AND RESULTS

Previous experiments have provided evidence that Compressional Alfvén

Eigenmodes are beam driven and are natural plasma resonances, rather than being of the

class of energetic particle modes [14,23].  It is then not surprising that previous

experiments found a sharp threshold in beam energy (fast ion velocity) for excitation of

the modes [24] and that the level of CAE activity becomes stronger with higher beam



voltage.  However, the threshold does not correspond to a simple Vbeam/VAlfvén resonance

as was the case for TAE modes, but is more complex.   

The experiment described here elucidates this aspect of the CAE instability by

empirically examining the threshold for excitation of CAE as a function of the ratio of the

beam ion velocity to the Alfvén speed.  The Alfvén speed was varied in a sequence of

discharges by systematically stepping the toroidal field from 3 kG to 6 kG in 0.5 kG

steps.    At each toroidal field, the beam voltage was scanned to determine the voltage

threshold for exciting CAE activity. The beam power (fast ion ) resulting from a single

source is strongly dependent on beam voltage, but experiments with multiple sources

have found that the threshold voltage is only weakly dependent on power.   The change in

the beam voltage threshold over a factor of roughly two in toroidal field strength was less

than 15%.

A typical plasma shot from this experiment can be seen in Fig. 4.  An 80 kV beam

source is injected from about 0.1 s to 0.2 s to aid in the plasma formation during the

current ramp and early current flattop.  A 20 ms ohmic period follows (0.2 – 0.22 s) to

provide a background frame for the CHERS ion temperature diagnostic [25] (and to

allow time for the 80 kV beam ions to, at least partially, thermalize).  One or two beam

sources are then injected from 0.22 to 0.26 s with the voltage varied from shot to shot

between 49 kV and 65 kV.  In some discharges a second 40 ms beam blip is injected

(0.28 to 0.32 s), again following a 20 ms ohmic period.  As the density generally

increases throughout the discharge, this provides some data on density scaling.

The CAE activity is detected with an array of high bandwidth (0 to > 3.5 MHz)

Mirnov coils.  Of particular interest is the array of three coils for measuring the toroidal



mode number and a fourth coil, oriented to measure the toroidal magnetic fluctuation

amplitude and phase, for determining the mode polarization (shear or compressional).

The detected coherent magnetic fluctuation amplitudes vary from as low as a few µG up

to a few mG.  The equilibrium diagnostics include electron density and temperature

measurements with a Thomson scattering diagnostic taking profile data every 17 ms

[26].  The ion temperature and impurity velocity are measured over 20 ms intervals with

the CHERS diagnostic.  The equilibrium magnetic configuration is inferred with the

EFIT code [27,28].

In Fig. 5 are shown equilibrium data for a representative shot from this experiment.

In Fig. 5a is shown the lower single null, diverted equilibrium shape with an effective

elongation of 1.8.  The location of the plasma-limiting surface is indicated

schematically by the solid black curve.  The small black squares to the right of the plasma

indicate the poloidal positions of the outer Mirnov coils.  Figure 5b shows the Thomson

scattering electron density profile from the magnetic axis to the plasma edge.  In Figure

5c are shown the poloidal field and mod[B] profiles as calculated with the EFIT code,

which together with the density provides the experimental input needed to calculate the

local Alfvén velocity (the dominant ionic plasma components are assumed to be

deuterium and carbon, both with 2 A.M.U. per electron, fully stripped).

The range of VAlfvén and Vbeam for the data set of stable and unstable discharges is

shown in Fig. 6.  In this figure the full energy beam ion velocity is graphed vs. the central

Alfvén velocity (VAlfvén is generally higher towards the plasma edge).  The dependence of

the threshold on the Alfvén velocity is found to be weak, although the beam voltage

threshold does appear to increase slightly with toroidal field.  The dependence of the



level of CAE activity on beam voltage, however, does indeed represent a threshold.  The

change in beam ion velocity from below the threshold where there is no detectable CAE

activity, to a condition with strong CAE activity can be as small as 5%, i.e., from

2.3x106 to 2.4x106 m/s or 55 - 60 kV.

IV. ANALYSIS

A spectrogram of representative Mirnov coil data is shown in Fig. 7.  The CAE

activity is seen between approximately 1.4 MHz and 2 MHz.  The modes are indicated by

the bands, sweeping down by 250 kHz in frequency during this period.  The lower

frequency bands tend to be somewhat broader in frequency, and more detailed analysis

suggest that these bands consist of multiple modes of much the same amplitude and

nearly degenerate in frequency.  The higher frequency bands are narrower and appear to

consist of a single, dominant eigenmode.  The nearly vertical black bars at 0.222 s and

0.26 s are at present unidentified.  The modes end very shortly after the termination of

neutral beam injection at 0.26 s.

The observed mode activity often, but not always, consists of multiple modes with a

hierarchy of frequency separation.  In Fig. 7 the spacing of the dominant peaks is about

75 kHz.  The simplified model described in Sect. II predicts a large frequency spacing for

the radial mode number and smaller, but comparable, spacing for the poloidal and

toroidal mode number increments of 180 kHz and 160 kHz, respectively.  While

these are more than twice the observed peak spacing, an explanation may be that the

model used for the "well" was greatly simplified and has a high degree of poloidal

symmetry not present in the actual well.  The poloidal asymmetries present in the actual



well will introduce further splitting of the eigenfunctions and eigenfrequencies.  At

present there is no experimental data on the poloidal structure of the modes to constrain

the theoretical simulations.

A toroidal array of three high bandwidth Mirnov coils, oriented to measure the

vertical component of the magnetic field on the outboard midplane, with relative

locations of 0º, 20º and 30º is used to measure the toroidal wavelength or mode number.

A fourth coil, oriented to measure the toroidal component of the magnetic field, is located

between the 0º and 20º coils.  Fourier analysis is used to determine the relative phase

shifts of the coherent fluctuations between the coils.  In Fig. 8a is shown analysis of a

typical mode where, over the array extent of 30º, the phase shift is 270º  corresponding

to a toroidal mode number  n 9.  The mode propagation is anti-parallel to the injected

beam ions, in the *e direction.  The error bars represent the statistical uncertainty in the

phase measurement, but do not include possible intrinsic phase errors resulting from

small differences in the sensor circuits.  In situ calibrations suggest that these relative

errors should be less than 10º at these frequencies.

The amplitude data from all four coils for the same mode is shown in Fig. 8b.  The

three vertically oriented coils, represented by black circles, show an average magnetic

fluctuation amplitude of 8.4 µG and the single toroidally oriented coil measures an

amplitude of 10.2 µG.  The toroidal magnetic fluctuations are in phase with the

poloidal field fluctuations, which in this coordinate system, indicates that the magnetic

fluctuation vector is nearly parallel to the equilibrium field line, i.e., the wave is

compressional.  A similar analysis of low frequency MHD finds predominantly shear-

polarization, as expected.



In Fig. 9 is shown a comparison of the measured to the predicted CAE frequencies for

this experiment. The poloidal mode number is not presently measured and the toroidal

mode number is not well defined in many instances, so for simplicity, the predicted

frequencies are for the "m = 2, n = 6" poloidal eigenmodes, i.e. two wavelengths in the

poloidal direction and the measured frequencies are the lowest detected CAE frequency.

The mode drive is predicted to be through a Doppler shifted ion-cyclotron

resonance,

= l ci k Vdrift k||Vb|| (Eq. 6)

where Vdrift is the curvature drift velocity of the fast ions and l in this case is unity [13].

The fast ions driving the mode must satisfy this resonance condition and they must also

reside in a "bump-on-tail" in the perpendicular energy distribution.   There is a further

spatial resonance condition such that the optimum mode interaction occurs when the fast

ion orbit is comparable to the gradient of the mode structure, k b > 1.  These conditions

are investigated with the help of the TRANSP [29] fast ion deposition code.

The TRANSP analysis code calculation of the fast ion distribution function is shown

in Fig. 10 for the same shot as in Fig. 4.  It should be noted that these computed fast ion

distributions do not include effects of the CAE, i.e., the relaxation of the "bump-on-tail"

through resonant interaction with the CAE.  The TRANSP calculations show that a bump

in the perpendicular energy does appear off-axis in NSTX, typically somewhat beyond

the half radius.  The "bump" can be seen at the full energy of 58 kV around

V||/Vbeam 0.4 in Fig. 10.  Collisional slowing down moves the fast ions predominantly

vertically downward (towards lower energy, same pitch-angle) as shown, whereas the

CAE extract predominantly perpendicular energy, and would move the fast ions in the



direction of the black arrow.  The other curves overlaid on this figure are discussed

below.

The Doppler shifted ion-cyclotron resonance condition constrains the relation

between the fast ion parallel velocity and the mode frequency.  For simplicity, the parallel

wave vector is approximated as k|| < n/R, and from Eq. 6 we can define the constraining

relationship between the parallel beam velocity and the mode frequency

Vb ||

Vb

> ciR

nVb

1
ci

k Vdrift

ci

 

 
 

 

 
 (Eq. 7)

Thus, the fast ion parallel velocity must exceed some threshold level, indicated by the

black curve in Fig. 10, to satisfy the resonant condition.  Fast ions above and to the right

of the black curve in Fig. 10, e.g., those in the "bump-on-tail", have sufficiently large

parallel velocity to be resonant with the CAE, those below and to the left are too slow.

The curve was calculated for the lowest observed frequency and a toroidal mode number

n = 9; lower mode numbers would shift the curve up and to the right, eventually

excluding the fast ion population in the "bump".  Higher frequencies and higher toroidal

mode numbers, n > 9, would shift the curve to the left and down.  There is considerable

uncertainty for some of the parameters in Eq. 7, so this curve should only be considered

to indicate that the calculated fast ion population is roughly consistent with the Doppler-

shifted resonance constraint.

Equation 7 may also be evaluated to find the minimum frequency which satisfies the

resonance condition for a given parallel beam velocity.  This is shown in Fig. 11 for the

full energy beam ion population in the "bump" at V||/Vbeam 0.4 for the shots in this

experiment with unstable CAE.  The figure shows the minimum frequency (under the



above constraints) at which the CAE can fulfill the Doppler shifted resonance condition

(Fig. 11, solid circles).  For the most part, the observed data satisfies this criterion, but the

figure doesn't explain the observed voltage threshold, as the predicted frequency of CAE

for the stable shots should also have satisfied this criterion (Fig. 11, open squares).

A further condition on effective resonant drive results from constraints on the

effective spatial interaction of the wave with the fast ions [15].  This condition can be

approximately described as 1 < k b < 2. For the lower limit this constraint may be

expressed as ( / ci) > ( VA/V beam)  where k VA is assumed.   A reasonable fit to a

broad range of data is found with  1.3. This condition introduces a constraint on the

ratio of the beam velocity to the Alfvén velocity, or alternatively, a constraint on the

minimum mode frequency.   This constraint is illustrated on the graph of pitch angle vs.

fast ion energy in Fig. 10.   The curves labeled "0.93 MHz" and "1.46 MHz" show the

k b = 1 condition for the two frequencies spanning the observed frequency range.  The

two curves cover approximately the energy range where a perpendicular "bump-on-tail"

exists in the fast ion population.   Fast ions near these curves most effectively couple to

the CAE.

The upper curve in Fig. 10 corresponds to the lowest frequency CAE in Fig. 4.

Lower frequency CAE modes would not have resonant fast ions available to drive them

(as the CAE frequency drops, the energy of resonant ions increases).  This limit is thus

consistent with the observation that CAE activity often "coalesces" at some low

frequency limit.  The minimum frequency for which energetic ions are spatially resonant

with the CAE is ( VAlfvén/Vbeam) ci.  This boundary is shown as the solid curves in

Figs. 4, 7 and in Fig. 12.  The jump upwards in frequency between 0.2 and 0.22s in Fig. 4



reflects the change in beam injection voltage from 80 kV to 58 kV.  Figure 12 compares

the predicted to observed minimum CAE frequencies for the data set of Fig. 5.

The fraction of energy in the fast ion distribution available to drive the CAE is

relatively small. The NSTX neutral beams inject only about 60% of the power in the full

energy component, the rest is in the half and third energy components, visible in the fast

ion distributions shown in Fig. 10.   The Doppler-shifted cyclotron resonance takes only

perpendicular energy from the fast ions (84% of the fast ion energy at V||/Vbeam = 0.4) in

the "bump-on-tail", which contains roughly 20% of the full energy ions.  Only 25% of

that energy can be transferred to the mode before the distribution is flattened.  Altogether,

only a few percent of the beam power deposited at this radius is available to drive the

CAE.  When the vertical trough where 0.5 < Vb||/Vb < 0.8 is filled in, there will be no

more drive for the modes.  The fusion-  population in a reactor may more effectively

drive the CAE.

V SUMMARY

The National Spherical Torus Experiment has exhibited unique forms of kinetically

driven instabilities during Neutral Beam Injection.  In addition to variants of the

"fishbone" and TAE modes commonly seen in conventional aspect ratio tokamaks, a

much higher frequency instability is commonly seen on NSTX, the compressional Alfvén

eigenmode.    In this paper it was shown that some of the predictions of a simple

theoretical model for the mode dispersion and stability are in good agreement with

experimental data.



The CAE are predicted to exist in a two dimensional potential well localized on the

outboard midplane.  A numerical code is used to find the eigenvalues of frequency and

poloidal wavelength for this well.  The code predicts reasonably well the absolute CAE

frequency and its' scaling.  While the code uses a simplified model for the well, it also

uses as input the measured density profile and calculated magnetic field structure of the

plasma.  It is predicted that the CAE are only weakly localized to the well in the radial

direction and show relatively weaker poloidal localization.  The CAE generally satisfy

the spatial resonance condition, k > 1.

Both the compressional Alfvén waves and the global Alfvén waves (mixed shear and

compressional character) are predicted to be unstable in NSTX [15].  Using an array of

four Mirnov coils, with three oriented to measure the poloidal component and one to

measure the toroidal component of magnetic field fluctuations, it was shown that these

modes indeed have compressional polarization.

The TRANSP code was used to calculate the fast ion distribution and a "bump-on-

tail" in the perpendicular velocity was found just outside the half-radius.  The fast ions in

this bump-on-tail were found to satisfy the constraints of the Doppler-shifted ion

cyclotron resonance drive condition for the CAE.  The spatial resonance condition,

1 < k b, is found to reasonably predict the scaling of the observed minimum CAE

frequency.
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FIGURE CAPTIONS

Fig. 1. 2-D shape of CAE well (a) "actual" well shape evaluated with EFIT equilibrium

data and eigenvalues as calculated from the (b) simplified well shape (only

negative contours are shown).  For shot 108841 at 0.259 s and for the mode numbers

m = 1 and n = 6.

Fig. 2. Numerical calculation of the (a) radial Compressional Alfvén eigenfunction for

data in Fig. 5 and  (b) effective potential well on outboard midplane vs.

normalized minor radius.  Radial localization of the mode amplitude is weak.

Fig. 3. Shape of a representative poloidal eigenfunction (for Figs. 1 and 2).  Poloidal

angle of zero corresponds to outboard midplane.  b)  Shape of poloidal well.

Fig. 4. Spectragram of Mirnov coil signal showing CAE activity during NBI heating.

Curve labeled "k = 1" indicates theoretically predicted lowest unstable

frequency.

Fig. 5. Equilbrium from EFIT (a) and density and magnetic field profiles (b and c) used

in subsequent analysis.  (shot 108841).

Fig. 6. Data set of discharges from experiment to find CAE threshold dependence on



toroidal field and beam energy.  Solid circles are from CAE-unstable

discharges, open squares for discharges where no CAE activity was detected.

Fig. 7. Spectrogram of a Mirnov coil signal showing CAE activity.  Solid line shows

semi-empirical minimum frequency.

Fig. 8. Data from toroidal array of Mirnov coils for same shot as Fig. 7.  (a)  Relative

phase of 1.9 MHz mode at 0.235 s; black square is data from coil oriented to

measure toroidal magnetic fluctuations.  (b)  Amplitude of 1.9 MHz mode,

poloidal fluctuation level is 8.4 µG, toroidal fluctuation amplitude is

10.2 µG.

Fig. 9. Predicted CAE frequency (m=2) vs. lowest observed frequency over range of

toroidal field and density.

Fig. 10. Contours of the fast ion distribution function as calculated in TRANSP

(logarithmic spacing). The curves labeled "0.93 MHz" and "1.24 MHz"

correspond to the condition that k = 1 for CAE at those frequencies (spanning

the observed frequency range at this time).  The curve labeled "Resonance

condtion" corresponds to the Doppler shifted cyclotron resonance condition for

l = 1.  The black arrow indicates the trajectory of a fast ion as it loses

perpendicular energy to the CAE.



Fig. 11. Observed CAE frequency (black circles) and predicted CAE frequency for

stable shots (open black squares) vs. the minimum frequency for which the

Doppler shifted resonance condition could be met.

Fig. 12.Mirnov spectrogram showing CAE coalescence at predicted minimum

frequency (curve labeled "k = 1").

Fig. 13. Scaling of approximate minimum CAE frequency vs. model prediction, = 1.
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