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The results presented here demonstrate that the Paul Trap Simulator Experiment (PTSX) simu-
lates the propagation of intense charged particle beams over distances of many kilometers through
magnetic alternating-gradient (AG) transport systems by making use of the similarity between the
transverse dynamics of particles in the two systems. Plasmas have been trapped that correspond
to normalized intensity parameters ŝ = ω2

p(0)/2ω2
q ≤ 0.8, where ωp(r) is the plasmas frequency and

ωq is the average transverse focusing frequency in the smooth-focusing approximation. The mea-
sured root-mean-squared (RMS) radius of the beam is consistent with a model, equally applicable to
both PTSX and AG systems, that balances the average inward confining force against the outward
pressure-gradient and space-charge forces. The PTSX device confines one-component cesium ion
plasmas for hundreds of milliseconds, which is equivalent to over 10 km of beam propagation.

PACS numbers: 52.59.Sa, 29.27.-a, 41.85.Ja, 52.27.Jt,
Keywords: Ion Beam, Accelerator, Plasma, Paul Trap

Intense beam propagation [1–6] is an active area of re-
search and is at the center of various scientific studies, in-
cluding heavy ion fusion, spallation neutron sources, high
energy physics, nonlinear dynamics, and nuclear waste
transmutation. The results presented here demonstrate
that the Paul Trap Simulator Experiment (PTSX) is ca-
pable of simulating, in a compact cylindrical Paul trap
[7], beams with intensities up to 80% of the space-charge
limit and that propagate for equivalent distances of over
10 km. This allows the study of research topics such as:
the conditions for quiescent beam propagation, collective
mode excitation, generation and dynamics of halo parti-
cles, and distribution function effects. At the high beam
intensities envisioned in present and next-generation fa-
cilities, a fundamental understanding of the influence of
collective processes and self-field effects on beam trans-
port and stability properties must be developed.

In intense beams, the space-charge effects are suf-
ficiently strong that they affect the dynamics of the
beam propagation. The strength of the space-charge
force is characterized by the plasma frequency ω2

p(r) =
nbe

2
b/mbε0, whereas the confining force is characterized

by the average focusing frequency ωq of the transverse
oscillations of a particle in an AG system [1]. Here,
ε0 is the permittivity of free space, nb(r) is the radial
density profile, and eb and mb are the ion charge and
mass, respectively. The normalized intensity parameter
ŝ = ω2

p(0)/2ω2
q describes whether the beam is emittance

dominated (ŝ � 1) or space-charge dominated (ŝ → 1).
For example, Fermilab’s Tevatron injector typically op-
erates at ŝ ∼ 0.15, and the Spallation Neutron Source
is expected to operate at ŝ ∼ 0.2. The PTSX device
presently operates in the range 0 ≤ ŝ ≤ 0.8.

Using a linear Paul trap to study beam dynamics was
proposed by Davidson et al. [8] and by Okamoto and
Tanaka [9]. The qEext

⊥ forces that the PTSX electrodes

exert on the trapped plasma particles are analogous to
the qvz ×Bext

⊥ forces that the AG system exert on the
beam particles in the beam frame provided that long,
coasting beams that are thin relative to the AG system
magnet spacing are considered. Moreover, the self-field
forces in both systems can be described by scalar po-
tentials that obey Poisson’s equation. In Ref. 8, it was
shown that the self-consistent transverse Hamiltonians
and the resulting Vlasov equations for the AG system
and the PTSX system are equivalent, neglecting end ef-
fects. Thus, the good confinement properties of ions in
PTSX and the arbitrary form of the voltage waveform ap-
plied to the confining electrodes make PTSX a compact,
flexible laboratory facility in which to simulate intense
beam propagation through AG systems.

In this paper, a description of the PTSX device is
given, related theoretical analyses are summarized, and
experimental results that examine the effects of varying
the amount of injected plasma on the density profile and
temperature of the trapped plasma are presented. These
results are then compared with a global radial force-
balance model. Finally, the long-time confinement be-
havior of cesium ions in PTSX is described.

The PTSX device has been described elsewhere [10, 11]
and only a brief description is presented here. The PTSX
device (see Fig. 1) is a linear Paul trap and consists of
three co-linear cylinders with radius rw = 0.1 m, each
divided into four 90◦ azimuthal sectors. The plasma is
confined radially in the central 2 m long cylinder by os-
cillating voltages (typically 235 V at 75 kHz) applied as
shown in Fig. 1. The outer two cylinders are each 0.4 m
long and the voltage on these electrodes is held fixed at
150 V in order to confine the plasma axially. To inject
or dump the ions, the voltage on one or the other set of
outer electrodes is switched to the same oscillating volt-
age that is applied to the central cylinder. The time
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duration of injection (ti), trapping(tt), and dumping (td)
may be varied independently with typical values being
ti = 5 ms, tt ≤ 300 ms, and td ≥ 10 ms.

FIG. 1: The PTSX device consists of three cylindrical elec-
trodes with radius rw = 0.1 m, each divided into four 90◦

sectors. An oscillating voltage ±V0(t) confines the plasma in

the transverse plane to a radius rp. Static voltages +V̂ on
the end electrodes confine the ions axially within a length
2L = 2 m.

The cesium ion source consists of an aluminosilicate
emitter surrounded by a Pierce electrode, followed by
an acceleration grid and a deceleration grid to extract
the desired ion current and adjust the final ion kinetic
energy. On the dumping end of PTSX, there is a Faraday
cup that is moveable in the transverse direction in order
to measure the z-integrated radial charge profile. The
operating pressure of PTSX is 5× 10−9 Torr.

The details of the analogy between AG systems and
linear Paul traps such as PTSX are presented in Ref. 8.
Here, we discuss the smooth-focusing transverse oscil-
lation frequency ωq, the smooth-focusing vacuum phase
advance σsf

v , and the force-balance equation that deter-
mines the RMS beam radius. The transverse motion of
particles in either an AG system or in a Paul trap con-
sists of rapid micromotion arising from the periodic fo-
cusing and defocusing forces, plus a guiding-center oscil-
lation. In the smooth-focusing approximation, for suffi-
ciently small vacuum phase advance σsf

v , the timescales
of the two motions are well separated. The oscillation fre-
quency of the average transverse motion ωq, neglecting
space-charge effects, is then given by a simple analytic
formula [1, 9]. The change in phase of this transverse
motion over one oscillation period of the focusing system
is the smooth-focusing vacuum phase advance σsf

v .
In the PTSX system, transverse confinement can be

described in terms of a ponderomotive force acting on the
particles. For the circular PTSX electrodes, the applied
electric potential near the axis at r = 0 is [8]

ebφap(x, y, t) =
1
2
κq(t)

(
x2 − y2

)
, (1)

where κq(t) = 8ebV0(t)/mbπr2
w. The voltage applied to

the electrodes has the form ±V0(t) = ±V0 max g(t), and
g(t) is a periodic function with unit amplitude and fre-
quency f . For r/rw � 1, the resulting ponderomotive
force is proportional to the displacement from the axis,

and the frequency of the transverse oscillations is given
in the smooth-focusing approximation by [1, 10, 11]

ωq =
8ebV0 max

mbr2
wπf

ξ, (2)

where mb = 133 amu for Cs+ ions in PTSX. The fac-
tor ξ depends on the shape of the voltage waveform
g(t); ξ = 1/2

√
2π for a sinusoidal waveform, and ξ =

4
√

3/(η
√

3− 2η) for a periodic step-function waveform
with fill-factor η. Furthermore, the smooth-focusing vac-
uum phase advance σsf

v is given by σsf
v = ωq/f [1, 10, 11].

Under quasi-steady-state conditions, for a thermal
equilibrium distribution of particles, the average density
profile nb(r) is given by [1, 2]

nb(r) = nb(r = 0) exp

[
−

mbω
2
qr2 + 2ebφ

s(r)
2kT

]
. (3)

Here, k is Boltzmann’s constant, T = const. is the trans-
verse temperature, and the space-charge potential φs(r)
is determined self-consistently from Poisson’s equation
r−1∂r(r∂rφ

s) = −nb(r)eb/ε0. Manipulation of Eq. (3)
gives the global radial force balance equation [1]

mbω
2
qR2

b = 2kT +
Nbe

2
b

4πε0
, (4)

where Nb =
∫ rw

0
nb(r)2πr dr is the line density, and

R2
b = (1/Nb)

∫ rw

0
nb(r)2πr3 dr is the mean-squared ra-

dius of the plasma. As R2
b and Nb are calculated from

the measured data, kT is the only parameter not known
a priori.

For the data presented here, the voltage applied to the
0.6 inch diameter emitting surface of the cesium source
was 9 V, while the voltage on the acceleration grid was
varied between 0 V and 8.7 V. The deceleration grid was
held fixed at 8 V. The electrodes were driven with sinu-
soidal waveforms with a 235 V amplitude and a 75 kHz
frequency so that ωq = 6.51× 104 s−1 and σsf

v = 49.7◦.
The plasmas were injected for 5 ms, trapped for 1 ms,

and then dumped. The radial charge profile, which is
proportional to nb(r), is then measured by averaging the
signal at each radial position over several hundred shots.
The area of the Faraday cup aperture and an estimate
of the plasma length Lp [12] are then used to calculate
nb(r). For example, the maximum on-axis charge shown
in Fig. 2 corresponds to a density of 5× 105 cm−3. Fig-
ure 2 shows the radial profiles measured for several accel-
eration grid voltages together with Gaussian fits to the
radial profiles. From Eq. (3), plasmas that are in thermal
equilibrium and are not exceptionally close to ŝ = 1 are
expected to have nearly Gaussian density profiles.

As the acceleration grid voltage is increased, more
charge is injected into the trap. The profiles become
taller and broader at first. Ultimately the profiles be-
come shorter, while continuing to broaden. Note that a
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systematic error of 0.6 cm in the position of the Faraday
cup has been removed from the data in Fig. 2, which is
centered at r = 0.

FIG. 2: Radial profiles of plasmas for various acceleration
grid voltages show that by injecting more current into the
trap, the peak height saturates and then decreases again.

To make comparisons with Eq. (4), Nb is obtained from
the experimental data either by: integrating the mea-
sured radial density profile nb(r) of a trapped plasma,
or by knowing the energy and steady state current of
a streaming beam reaching the Faraday cup enclosure
and then invoking energy conservation plus the continu-
ity equation [11]. These two methods produce values of
Nb that are proportional, but not identical; Nb as com-
puted from the streaming beam method is four times
smaller. This is likely because the current collected on
the Faraday cup enclosure may not be the entire current
if the beam radius is larger than the enclosure and be-
cause the beam energy may not be immediately derivable
from the ion source biases due to space-charge effects.
Thus, the integrated radial profile technique is employed
for calculating Nb.

The parameter ŝ = ω2
p(0)/2ω2

q is now extracted from
the measured density profile nb(r) by using the ampli-
tude of the Gaussian fit Q0. We note in Fig. 3 that as
Nb increases (Nb ∝ Q0R

2
b where Rb is the width of the

Gaussian fit), ŝ initially increases, and reaches a plateau
at ŝ = 0.8. During the initial increase in ŝ, the radial
density profiles become taller and somewhat broader. In
the plateau region in Fig. 3, the radial profiles increase in
width to accommodate the increasing amount of injected
charge. For even larger values of Q0R

2
b than plotted in

Fig. 3, the radial density profile continues to broaden
and the on-axis density nb(0) and corresponding value
of ŝ decrease. This is likely due to the increasingly poor
match between the plasma source radius and the trapped
plasma radius at the higher values of injected charge.

Equation (4) informs us that the transverse temper-

FIG. 3: The parameter ŝ saturates at 0.8 before decreasing.

ature kT (energy units) can be inferred by plotting
mbω

2
qR2

b versus Nbe
2
b/4πε0. Figure 4 shows that for the

region of increasing ŝ, kT is approximately 0.5 eV. The
data then depart from a straight line, consistent with
the possible increase in transverse temperature once ŝ
becomes saturated, yet more charge is injected into the
trap. The increasing mismatch between the source condi-
tions and the trapped plasma likely serves as a source of
free energy for transverse heating of the plasma (increase
in emittance).

FIG. 4: The straight lines are plots of Eq. (4) for 2kT =
0, 1, 2 . . . eV and are a guide to the reader. For small values
of the line density Nb, the relationship is linear and implies a
transverse temperature of 0.5 eV.

A temperature of 0.5 eV is greater than expected, given
that the ions are created with the same temperature as
the aluminosilicate ion source (kT ∼ 0.1 eV). There are
two likely causes for this heating. First, the deflection of
the ion trajectories as they pass by the grid wires may
contribute to an increase in the effective transverse tem-
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perature. Second, a fixed circular cross-section beam is
not matched to an oscillating quadrupole configuration
and this mismatch is a source of transverse heating.

The dependence of R2
b on ω2

q in Eq. (4) can also be
tested. Parameters are chosen so that Nbe

2
b/4πε0 � kT ,

and then V0 max and f are adjusted to vary ωq while σsf
v

is kept fixed. The results are shown in Fig. 5, where
the solid curve is a plot of R2

b = 2(0.5 eV)/mbω
2
q . A

temperature of 0.5 eV is assumed because it is the in-
ferred temperature of the data point in Fig. 5 for which
ω2

q = 4.2 × 109 s−2. The agreement is reasonably good
at smaller values of ω2

q , whereas the data lie well above
the theoretical prediction at larger values of ω2

q . This is
perhaps because the radius of the ion source cannot al-
ways be same as the radius of the trapped plasma, and
this mismatch may also be a source of free energy to heat
the plasma. It would then no longer be appropriate to
assume kT = 0.5 eV for all ω2

q in making the comparison
between theory and experiment.

FIG. 5: The predicted hyperbolic relationship between R2
b

and ω2
q is shown by the solid curve assuming kT = 0.5 eV.

The PTSX device has the ability to confine ions for
hundreds of milliseconds without distortion of the radial
profile. Figure 6 demonstrates that a plasma with in-
tensity parameter ŝ = 0.18 is maintained for just over
300 ms. It is important to realize that for a frequency
f = 75 kHz this corresponds to an accelerator system
over 20 km long if the magnet lattice spacing is 1 m. Fur-
thermore, these plasmas are collisionless on timescales
of tenths of seconds. For nb = 5 × 105 cm−3 and
kT = 0.5 eV, the ion-ion collision time is several sec-
onds and for a background gas pressure of 5×10−9 Torr,
the ion-neutral collision time is tens of seconds.

In summary, the compact and flexible PTSX labora-
tory facility can simulate beam propagation for normal-
ized intensities and equivalent propagation distances not
readily accessible in many AG systems. Values of the
normalized intensity parameter ŝ up to 0.8 have been

FIG. 6: The radial profile of a trapped plasma with intensity
parameter ŝ = 0.18 is only slightly degraded after 316 ms.

achieved and the experimental data are in good agree-
ment with a simple force balance model for a range of sys-
tem parameters where the mismatch between the plasma
source and the trapped plasma is not too large. Equiva-
lent propagation distances over 10 km have been demon-
strated. This validation of PTSX as a simulator of AG
systems allows PTSX to be used to study beam propaga-
tion over large distances, collective mode excitation, halo
particle effects, and distribution function effects such as
multiple beamlets in a single transport system.
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