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beyond the drift kinetic formalism*
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Plasma Physics Laboratory, Princeton University, P.O.Box 451,

Princeton, New Jersey 08543

Abstract

Calculations of collisional thermal and particle diffusivities in toroidal

magnetic plasma confinement devices order the toroidal gyroradius to

be small relative to the poloidal gyro-radius, i.e ρiφ << ρiθ where

ρiφ ≡ mivthi
/qBφ and ρiθ ≡ mivthi

/qBθ. This ordering is central to

what is usually referred to as neoclassical transport theory. This or-

dering is incorrect at low aspect ratio (with aspect ratio A ≡ R/a,

where R is the major radius of the torus and a is the minor radius),

where it can often be the case that ρiφ > ρiθ . We calculate the cor-

rection to the particle and thermal diffusivities at low aspect ratio by

comparing the diffusivities as determined by a full orbit code (which

we refer to as omniclassical diffusion) with those from a gyro-averaged

orbit code (neoclassical diffusion). In typical low aspect ratio devices

the omniclassical diffusion can be up to 2.5 times the calculated neo-

classical value. We discuss the implications of this work on the anal-
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ysis of collisional transport in low aspect ratio magnetic confinement

experiments.
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The theoretical basis of collisional transport in high aspect ratio magnetic

plasma confinement devices has been well established for at least thirty years

(see, e.g. [1] ). Transport theory at high aspect ratio is based on the “small

gyro-radius expansion”, which assumes that ρi/a ≡ ρ∗ << 1. In addition, it

is generally assumed that |Bθ/Bφ| << 1 (where Bθ is the poloidal magnetic

field and Bφ is the toroidal magnetic field), which is in turn the result of

two additional assumptions - ǫ ≡ a/R < 1 (where a is the minor radius of

the torus and R is the major radius) and q ≡ dΦ/dψ = O(1) (where Φ is

the toroidal flux and ψ is the poloidal flux). In low aspect ratio tokamaks

[2], often referred to as spherical torii, the ǫ << 1 assumption is explicitly

violated. As a result, the assumption that |Bθ/Bφ| << 1 is also invalid.

These assumptions are fundamental to the derivation of the gyro-averaged

kinetic equation, also known as the drift kinetic equation. The drift kinetic

equation is the basis of neoclassical transport theory.

In order to determine the magnitude of the correction to collisional trans-

port due to finite gyro-radius, we compare the result of the gyro-average orbit

code ORBIT [3, 4] with those from the full orbit code GYROXY [5]. We coin

the word omniclassical to refer to transport calculations based on full particle

orbits in genreal toroidal geometry with arbitrary aspect ratio. We explicitly
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note that omniclassical diffusion is distinct from both neoclassical diffusion,

which is done in full toroidal geometry but averages over gyroradius, and

classical diffusion, which includes gyro-radius but assumes straight field line

geometry. The collision frequency and temperatures are set to be the same in

both codes and the diffusivities are calculated. Care was taken to verify the

same pitch angle scattering rate was obtained in each code, due to the very

different scattering operators used. It is useful to note that the actual value

of the collision frequency falls out of this ratio as long as the collisionality is

well into the banana regime (i.e. νie << ωb), since we are only interested in

the ratio of omni- to neoclassical diffusion (and diffusion is linear in collision

frequency). The correction is therefore essentially a geometric correction fac-

tor, arising from the now widely differing full and gyro-averaged orbits. We

restrict ourselves to considering only modifications to the ion transport. In

a real plasma, however, the collisionality regime mary vary across the minor

radius, which may modify the resultant correction factor profile.

Two equilibria from the National Spherical Torus Experiment (NSTX)

[6] were chosen as representative low aspect ratio equilibria. Isoflux contour

plots of the equilibria used are shown in Figures 1 and 2. These particular

equilibria were chosen because they have very different values of |Bθ/Bφ|,
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so as to determine in a rough manner how strongly the transport correction

scales with this ratio. The double null discharge (equilbrium 1) has Bφ(0) =

0.3T (where Bφ(0) ≡ the applied vacuum toroidal field at the vessel midpoint,

i.e. R = 0.86m) and with Ip = 1.2MA (where Ip ≡ the toroidal plasma

current), whereas the single null discharge (equilibrium 2) has Bφ(0) = 0.45T

and Ip = 0.8MA. The ratio of |Bθ/Bφ| ∼ µ0Ip/(2πa
√

1 + κ2Bφ) (with κ =

b/a and b the plasma height) varies more than a factor of 2 between the chosen

equilibria (the relevant geometric factors vary between these discharges on

the order of 10%).

Representative particle orbits are shown for equilibrium 1 in Figures 3

and 4. The plot region in Figure 4 is indicated by the box in Figure 3. In

Figure 3 the black trace is the full orbit, whereas the red trace is the gyro-

averaged orbit. It is evident from this picture alone that the diffusion step

size will vary substantially between the two models. In Figure 4, which has

a plot region corresponding to the box drawn in Figure 3, the black trace is

the downward drifting part of the full orbit and green is the upward drifting

part, whereas the red dashed line is the gyro averaged orbit. Note that the

maximum orbit width for the full orbit varies by nearly a factor of 5 over the

banana width (denoted in Figure 4 as ∆b for the banana width and ∆tot for
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the full orbit width).

To carry out the numerical simulations, two thousand particles with en-

ergy 1.1 keV are deposited as a δ-function in ψ with uniform poloidal dis-

tribution, but with a random initial velocity space pitch angle distribution.

This distribution is then allowed to evolve under the influence of pitch an-

gle scattering. The mean square normalized flux deviation from the initial

flux surface is plotted vs. time for equilibrium 1 for the flux surface with

an outboard major radius located at R = 130cm in Figure 5 for both the

neoclassical and the full omniclassical case. After filling in the orbit widths

from the initial δ-function distribution (typically in one to two bounce times)

the particles then diffuse radially. A line is fitted to each time sequence, the

slope of which is the diffusivity and the offset is the mean orbit width in flux

coordinates.

The calculation is then repeated at ten flux surfaces which are equally

spaced in outboard major radius, one every 5cm starting at R = 110cm

(thereby avoiding both the magnetic axis and the last closed flux surface).

Checks of the variation of the diffusivity with collisionality in the banana

regime indicate that the dependence is linear with unity slope to better than

5%. Checks were also performed with analytic high aspect ratio equilibria
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to verify the omni- to neoclassical diffusivity ratio approaches one at high

aspect ratio. Also, we verified that the ratio of omni- to neoclassical thermal

diffusivity is the same as the equivalent ratio for the particle diffusivities to a

high degree of accuracy (thermal diffusivity is calculated using a Maxwellian

initial energy distribution and weighting the square of the displacement with

energy).

The resultant omni- to neoclassical diffusivity ratio is plotted versus nor-

malized poloidal flux for both equilibria 1 and 2 in Figure 6. The peak ratio

is ∼ 2.5, for the higher current low toroidal field case (equilibrium 1). The

higher field lower current equilibrium (equilibrium 2) also has a substantial

correction over the neoclassical value with a mean value of ∼ 1.5. The omni

to neocalssical diffusivity ratio rises strongly with radius for equilibrium 1,

while for equilibrium 2 the peak correction factor is near the mid-radius.

Equilibrium 1 is a paramagnetic plasma, so the toroidal field falls off faster

than 1/R, whereas Equilibrium 2 is nearly diamagnetic giving rise to a smaller

variation in toroidal field as R increases. It is therefore the difference in βp

(which is the source of the diamagnetism) that causes the difference in radial

dependence for the diffusivity ratios.

The effect of finite gyro-radius at low aspect ratio has been investigated
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previously [7] for slowing down of fast (neutral beam) particles. In this work,

the effects of finite gyro-radius on diffusion were ignored since the slowing

down rate is typically larger than the pitch angle scattering rate for fast ions.

The result of this work was that the gyro-averaged orbit model was sufficient

for modeling fast particle slowing down (i.e. for calculating plasma heating

from fast particles). The reason that diffusion is not well represented by

gyro-average orbits, while slowing down is, can be simply understood. On

average the region over which a particle will deposit it’s energy is centered

about the mean location of the particle. Since the gyro-orbit is still roughly

circular, the average particle location is still very near the location of the

gyro-averaged orbit (accurate to within the approximation that the field does

not vary over the gyro-radius, i. e. the ρiφ/a << 1). Diffusivity, on the other

hand, scales as χ ∼ νeffρ
2

eff where ρeff is a measure of the RMS deviation of

a particle from a flux surface and νeff is the effective pitch angle scattering

rate. However, as is apparent from Figure 4, the RMS deviation from a flux

surface varies significantly between the full and gyro-averaged orbits.

The implications of this calculation for low aspect ratio devices are wide

ranging. Firstly, traditional tokamak analysis tools cannot be used to reliably

predict the expected minimum level of collisional transport. Secondly, the
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modification to the transport is not a simple correction to neoclassical theory,

since the finite gyro-radius assumption is fundamental to the derivation of

neoclassical transport theory (although we do not rule out that a tractable

correction could be constructed, thereby salvaging the substantial intellec-

tual investment in tokamak transport analysis (as in, e.g., [8]) for use in low

aspect ratio plasmas). Thirdly, and perhaps most interestingly, the omni-

classical ion transport is measurably higher than predicted by neoclassical

theory. This last point is particularly important given recent experimental

results from NSTX that have shown ion temperatures well in excess of those

predicted by neoclassical theory [9]. The omniclassical corrections calcu-

lated above motivates the re-examination of the theoretically predicted ion

temperature for the plasmas given in [9], which should drop as a result of

the calculated increased ion thermal diffusivity (equilibrium 2 is in fact the

same equilibrium for which the neoclassical ion temperature was calculated

in [9]). This will increase the magnitude of the apparent ion temperature

anomaly by widening the gap between the predictions of the maximum pos-

sible ion temperature and those measured in the experiment. This increase

in omniclassical thermal diffusivity therefore strengthens the argument for

the possible existence of a additional ion heat source in low aspect ratio
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tokamaks heated by neutral beams (see, e.g. [10]). Similarly, comparisons to

neoclassical theory in other spherical torus devices such as the Small Tight

Aspect Ratio Tokamak (START) bear re-examination [11]. Finally, we note

that the increased omniclassical diffusivity is very likely to lead to an increase

in the calculated bootstrap current when a similar procedure is applied to

that phenomena, due to the direct relation of the bootstrap current to radial

transport.

The authors would like to acknowledge helpful discussions with D. R. Mikkelsen.

*This work was supported by the U.S. Department of Energy Grant under contract

number DE-AC02-76CH03073.
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Figure 1: Isoflux contour plot for NSTX shot number 108989, Bφ(R =

0.86m) = 0.3T, Ip = 1.2MA, βt = 35%

12



Figure 2: Isoflux contour plot for NSTX shot number 108730, Bφ(R =

0.86m) = 0.45T, Ip = 0.8MA, βt = 15%
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Figure 3: Representative calculated particle orbits for the full orbit code

(black) and the gyro-averaged orbit code (red) for the equilibrium in Figure

1. The particle has E = 2.0keV , λ0 = v||0/v = 0.3. The inner particle is

born on the flux surface located at R = 115cm, Z=0cm, while the outer orbit

is born at R = 145cm, Z=0cm
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Figure 4: Expanded view of the orbits in Figure 3 (the plot region corresponds

to the region of the box shown in Figure 3). Notice the large difference

between the maximum orbit widths for the full orbit, ∆tot, and the gyro-

averaged orbit ∆b .
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Figure 5: Time history of the mean square deviation from the starting flux

surface measured in units of normalized flux. The red line is a least squares

fir to the data after t=0.15ms. The slope of this line is the particle diffusivity

in flux space.
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Figure 6: Radial profiles of the diffusivity correction factor due to finite gyro-

radius for the 2 equilibria above.The solid line is for Equilibrium 1 and the

dashed is Equilibrium 2
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