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1 Observations
Magnetic field activity measured by edge
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FIG. 1: Time evolution of the Mirnov signal
(a), and its frequency spectrum (b) in NSTX shot
#108236.

Mirnov coils during NBI injection in NSTX
shows a broad and complicated frequency spec-
trum of coherent modes between 400kHz and
up to 2.5MHz, with the fundamental cyclotron
frequency of background deuterium ions fcD =
ωcD/2π = 2.3MHz, calculated at the vac-
uum magnetic field at the geometrical axis
of the plasma Bg0 = 0.3T [1, 2, 3, 4]. The
instability frequency spectrum has discrete
peaks as shown in FIG. 1. Frequency spec-
trum peaks scale with the characteristic Alfvén
velocity as magnetic field and plasma den-
sity are varied. NSTX is a low aspect ratio
toroidal device with major and minor radii
Rg0 = 0.85m and a = 0.65m respectively.
In NSTX the Alfvén speed is low compared
to the injection velocity of Eb0 ' 80keV
NBI deuterium ions, with vA/vb0 ' 1/4. The power available to sustain these modes may
be a fraction of the total auxiliary heating power larger than in conventional tokamaks and
thus stronger Alfvén type instabilities are expected in NSTX.

For the sub-cyclotron frequency instabilities under consideration, the plasma allows for the
shear Alfvén and compressional Alfvén (or magnetosonic) branches of oscillations. For the
purpose of application to the low aspect ratio plasma of Spherical Tokamaks (ST) we devel-
oped a theory of radially and poloidaly localized Compressional Alfvén Eigenmodes (CAE)
[3, 5]. CAEs were studied earlier in connection with the problem of ion cyclotron emission
in tokamaks [6, 7, 8, 9, 10, 11, 12]. Initially observed instabilities were identified as CAEs
driven by energetic beam ions, since the predicted CAE frequency spectra were in agreement
with the experiments, in which the magnetic signal peaks evolve parallel to each other. CAE
frequencies are determined primarily by the Alfvén frequency at the mode location and the
poloidal wave vector: ωCAE = vAm/r, where m is the poloidal mode number, and r is the
minor radius. In this paper we show additional evidence which helps to identify the observed
instabilities as compressional Alfvén.

In new observations such as shown in FIG. 1 some spectrum peak lines intersect, indicating
a more complicated dispersion than reported earlier for CAEs. We suggest that such modes are
GAE’s [13]. GAE’s were found to be unstable in the nonlinear Hybrid MHD (HYM) code [14]
modified for the ST geometry (see E. Belova paper this meeting). In conventional tokamaks
GAE’s were considered stable against the pressure driven instability given by fast particles as
a result of strong continuum damping. This is due to the toroidal coupling to the kinetic mode
at the edge [16]. In this paper we show that the continuum damping of GAEs is small for
moderate to high mode numbers.
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2 Compressional Alfvén Eigenmodes
For a typical low aspect ratio plasma of NSTX the dispersion of CAEs can be presented in the
form [5] ω2
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where m, n, and s are the poloidal, toroidal and radial wave numbers, α0 ' B2
θ/2B2

ϕ is
the parameter which changes the depth of the potential well for the eigenmode due to the
poloidal field, r0 = 1/

√
1 + σ, κ is the ellipticity, and the plasma density profile was cho-

sen as ne = ne0(1 − r2/a2)σ. The double subscript refers to the low field side point at
r = r0. To the lowest order in m � 1 the mode is localized at the low field side with
a poloidal width of Θ = 1/

√
ε0 − α0 . Radially the CAE is localized within the domain

∆2/r2
0 = κ

√

2σ/(1 + σ) (ε0 − α0)/(2m + 1). Note that m is a quantum number and be-
comes the cylindrical poloidal mode number in the limit of high m’s and high aspect ratio
[5, 3]. Spacing between the discrete peaks of the observed CAE frequency spectra is in agree-
ment with theory. In discharges with pure CAEs the radial mode number corresponds to a
frequency spacing on the order of ∆fs ' 1MHz and is responsible for two bands of CAE
peaks at around f ' 0.9MHz and f ' 1.8MHz. Within each band peaks are typically
separated by ∆fm ' 100 − 150kHz corresponding to neighboring poloidal mode numbers
m and m + 1. Toroidal mode numbers produce the finest splitting of each frequency peak by
∆fn ' 10−20kHz. These features were observed in experiments [1]. In addition a new analy-
sis with the array of toroidally displaced coils shows that CAEs are compressional oscillations.
As an example we consider one of the peaks on the Mirnov coil spectrum in NSTX discharge
#108236 at t = 0.35sec which has frequency f = 1079kHz ' (ωc/2π) /2. The toroidal and
poloidal components of the equilibrium magnetic field inside the last closed magnetic surface
are Bθ/Bϕ = 0.67, whereas the perturbed components were measured δB‖ = 0.66mGauss,
δB⊥ = 0.15mGauss. Note that in finite beta plasma compressional and shear branches are
always coupled.

3 Global shear Alfvén Eigenmodes
GAE’s are formed just below the minimum of the Alfvén continuum ω ' ±ωAmin, ωAmin =
(

k‖(r)vA(r)
)

min
[13]. The GAE eigenfrequency is slightly shifted downward from ωAmin, and

the shift depends on the q and density profiles. GAE is localized radially at the minimum of
ωAmin(r0) and is dominated by one poloidal harmonic m. With the typically flat q profile the
Alfvén continuum has a minimum at the plasma center, so that ω ' ±vA0 (m/q0 − n) /Rax,
where Rax is the major radius of the magnetic axes. One can see that if q is evolving in time,
the eigenfrequencies of GAE’s with different combinations of (m, n) will result in different
evolutions. This can be seen from FIG. 1, where the instability peaks intersect. In FIG. 1
we plotted several simplified GAE eigenfrequencies ω ' −ωAmin. The negative sign of the
mode frequency is chosen to match the calculated frequency spectrum with the observed with
toroidal mode numbers |n| = 4− 5 and to satisfy the resonance condition of co-injected beam
ions with GAE’s (see next section). Some discrepancy with the measured frequencies are
due to uncertainties in the measurements of the plasma parameters and in the reconstruction
of the equilibrium with the EFIT code. We have calculated the AE continuum and one of
the GAE’s (with (m, n) = (−5, 2)) using the ideal MHD code NOVA [15] (see details in
[4]). The frequency of this mode in the laboratory frame is f = (1.18 + nfrot)MHz, where
frot ' 11kHz accounts for the plasma rotation. This frequency closely (within 5%) matches
the observed frequency. The frequency separation between the different modes is primarily due
to changes in n or m, so that as NOVA predicts ∆f = fm,n−1−fm,n = vA0/R−frot = 175kHz



or ∆f = fm+1,n − fm,n = vA0/q0R = 150kHz.. Finding the eigenmode structure requires
numerical solution and was studied in Ref. [13]. Main damping of GAE’s is due to the
interaction with the continuum on radial tail of the eigenmode structure which propagates to
the m + 1 branch of the Alfvén continuum [16].

4 CAE/GAE Cyclotron excitation by beam ions
The perturbation theory expression for the growth rate of the cyclotron instability driven by
fast beam ions was derived in Ref. [17]. One can show that the strongest instability has l 6= 0
in the resonance condition R ≡ ω− lωcb −k‖v‖ = 0. Introduce a new function g for CAE g ≡
(J0 − J2)

2 and for GAE g ≡ (J0 + J2)
2. In the case of co-injection we have to choose l = −1

and ω < 0 to match the frequency of the measured and predicted GAE spectra. Typically the
distribution function can be expressed as a sum of two parts: (1) almost tangentially confined
passing with narrow width in pitch angle λ, fbp = 3B2βb(1 − η)e−λ/δλp/v3δλ2

p2
3πEb0 and

(2) trapped bump-on-tail in λ direction, which we assume as Gaussian with narrow width

δλt � 1, fbt = 3B2βbη
√

1 − λ2
0e

−(λ−λ0)2/δλ2

t /v3δλtλ02
3π3/2Eb0, where η gives a fraction of

trapped ions. Due to injection geometry for dense plasma η can be close to one, while for low
density plasma it is much smaller than 1. In the limit ω2/ω2

cb � 1 the expression for GAE
growth rate [4]:
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where gt = g(λ = λ0) is relevant for trapped particles. For CAEs the growth rate expression
is similar γbCAE ' γbGAE, whereas gt function is to be taken according to CAE resonance
condition. The integrand determines conditions for the instability. The trapped ion driving
term (∼ g′) is dominant in Eq. (2). Analysis shows [4] that for the instability one should have
1 < (−ω/ωcb) (v⊥b0/vA) < 2 for CAEs and 2 < (−ω/ωcb) (v⊥b0/vA)

(

k⊥/k‖

)

< 4 for GAE’s.
Note that the finite width of the distribution function in v⊥(i.e. δλt) is stabilizing. Approximate
requirements for such stabilization can be obtained from function gt, so that for CAEs one
needs δλtv > −vAωcb/ω, and for GAE’s δλt > −2vAωcb/ω. These expressions give growth
rates on the order of γb/|ω| ' nbt/ni ≤ 1%, where nbt is the characteristic density of trapped
beam ions. The term due to passing particles in the expression for the growth rate can be
driving if the width of the passing particle distribution function is δλ2

p > −ωcb/3ω. Typically
the distribution function of beam ions becomes isotropic below the critical energy so that the
drive is possible within the energy range Eb∗ < E < Eb0 or in NSTX 20keV < E < 80keV
, i.e. vb0/2 < v < vb0. Trapped particles can be in the resonance if their parallel velocity
satisfies v‖/vA > (1 + ωcb/ω) for GAE’s and v‖/vA > k⊥(1 + ωcb/ω)/k‖ for CAEs.

5 Damping rates
The damping rate for CAE modes in the frequency range of interest comes from electron
Landau damping. It can be avoided if the phase velocity of CAE is smaller or bigger than
the electron thermal velocity. For example (see Ref. [3]) with the damping rate bounded by
γd/ω < 1% one finds two domains for k‖: ζe ≡

(

k⊥/k‖

) √

me/miβe > 1.5 or ζe < 0.45. The
first condition is typically satisfied in tokamaks and in STs, whereas the second one is true for
STs due to large electron beta.

GAE main damping mechanism is so-called continuum damping, which is due to mode
coupling to the kinetic shear Alfvén wave at the edge of the plasma. It was studied numerically
in Ref. [16]. Perturbative theory was applied to evaluate continuum damping in Ref. [4] and



the following expression was obtained

γd

|ω0|
= −π

4
O(1)

x2m+δ
2

x2m+2δ
s

1.95m2/3

(m2/3 + 5/3)
, (3)

where x2 is the right boundary of the GAE domain, xs ≥ x2 is the minor radius at which
GAE interacts with the continuum, and δ ≥ 2 is the parameter, which controls the continuum
profile. It is clear that this contribution is always stabilizing. One can notice that as long
as x2 < xs, i.e. the singularity is outside the mode localization, high-m modes are weakly
damped, γd/ |ω0| ∼ (x2/xs)

2m+δ. The maximum continuum damping (γd/ |ω0|)max ∼ 1 is
achieved when the singular surface is within the mode localization, that is x2 = xs. In this
case our perturbative technique is not valid. Low poloidal mode number GAEs m ≤ 2 should
suffer stronger damping from the continuum due to their global structure extended enough to
stabilize the beam ion drive.

6 Conclusions
High frequency modes with frequencies below the fundamental cyclotron frequency of thermal
ions were observed in NSTX. Based on the measured spectrum of high frequency modes we
identify them as CAEs and GAE’s. CAEs have similar time evolution as plasma parameters
change, while GAE’s may intersect due to q-profile relaxation. A theory has been developed to
study the properties of these mode. Both types of instabilities are driven by the tangential NBI
in NSTX. Beam ions excite CAE/GAE’s through the Doppler shifted cyclotron resonance. The
main source for the drive is the velocity space anisotropy of the beam ion distribution function.
Simulations of the effect CAE/GAE’s may have on plasma ions indicate that these modes may
provide a channel for efficient energy transfer from fast ions directly to thermal ions [18].
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