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DRAFT MANUSCRIPT
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Ideal magnetohydrodynamic stability limits of shaped tokamak plasmas with high bootstrap frac-
tion are systematically determined as a function of plasma aspect ratio. For plasmas with and
without wall stabilization of external kink modes, the computed limits are well described by distinct
and nearly invariant values of a normalized beta parameter utilizing the total magnetic field energy
density inside the plasma. Stability limit data from the low aspect ratio National Spherical Torus
Experiment is compared to these theoretical limits and indicates that ideal non-rotating plasma
no-wall beta limits have been exceeded in regimes with sufficiently high cylindrical safety factor.
These results could impact the choice of aspect ratio in future fusion power plants.

PACS numbers: 52.55.Fa, 28.52.Av

Introduction – The superconducting advanced toka-
mak [1, 2] is presently the leading candidate for pro-
ducing an efficient magnetic fusion reactor. Alternative
concepts such as the compact stellarator [3, 4] and spher-
ical torus [5–7] are also actively being pursued as possi-
ble improvements to the advanced tokamak. The ad-
vanced tokamak (AT) and spherical torus (ST) reactor
concepts have several features in common. In particu-
lar, both rely on the neoclassical bootstrap current [8] to
sustain nearly all of the plasma current and on stabiliza-
tion of pressure-driven external kink modes to achieve
sufficiently high beta (ratio of plasma kinetic pressure to
magnetic pressure) to produce power efficiently. The AT
and ST reactor concepts have been independently op-
timized for various physics and engineering constraints
and arrive at notably different plasma aspect ratio and
beta. This difference has motivated the present work
which seeks to understand how the theoretical ideal mag-
netohydrodynamic (MHD) stability limits of the AT and
ST are linked. More generally, aspect ratio invariants of
stability are sought.

The first equilibrium regime studied consists of fully
self-driven plasmas utilizing a close-fitting conducting
wall to stabilize external kink modes. The stability lim-
its of this regime represent the maximum achievable beta
for this class of equilibrium at any aspect ratio given the
present understanding of the relevant physics. The sec-
ond regime studied consists of plasmas with a self-driven
current fraction of 50% and no conducting wall stabi-
lization of the external kink mode. The stability limits
of this regime have largely been experimentally realized
in present-day tokamaks [9] but have only recently been
realized in relatively new ST experiments. Finally, the
no-wall current limit is studied for typical AT and ST
configurations. These studies show that the degeneracy

in possible definitions of normalized beta [10, 11] can be
removed at low aspect ratio, and it is found that a nor-
malized beta parameter utilizing the total magnetic field
energy density inside the plasma unifies stability limits
across plasma aspect ratio. Using these theoretical re-
sults, it is further shown that strongly heated National
Spherical Torus Experiment (NSTX) [12] plasmas have
reached and in some operating regimes significantly ex-
ceeded profile-optimized ideal stability limits computed
in the absence of plasma rotation and wall stabilization.

Fully self-sustained with-wall stability – The numerical
methods and definitions used here for determining equi-
librium and stability are well established and have been
described previously [13]. To compute the highest achiev-
able beta limit for wall-stabilized self-sustaining plasmas,
several assumptions are made. The plasma boundary
is assumed to be limited and D-shaped with a triangu-
larity δ = 0.6-0.65. The self-driven current fraction is
held at or above 99%. The n=0 vertical instability and
kink modes with toroidal mode number below 9 are stabi-
lized by a superconducting conformal wall positioned no
closer than 10% of the plasma minor radius away from
the plasma surface. All equilibria treated are marginally
stable to high-n ballooning modes and are constrained to
have zero pressure gradient and current density at the
plasma boundary to avoid edge-localized kink-ballooning
modes. Finally, the density and temperature profile func-
tions are chosen to have similar peaking factors, and
Zave=1.25 and Zeff=2 are assumed in the specification
of the collision-less bootstrap current density profile.

Figure 1 shows the profile-optimized maximum sta-
ble beta and elongation for wall-stabilized self-sustained
plasmas. As seen in Figure 1a, the toroidal beta βt ≡
2µ0〈p〉/Bt0

2 increases nearly an order of magnitude from
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FIG. 1: (a) Toroidal beta, (b) plasma elongation, and (c)
normalized beta values versus aspect ratio for wall-stabilized
fully self-sustained equilibria.

9% to 84% as the aspect ratio A is decreased from 5 to
1.25. Figure 1b shows that the elongation κ nearly dou-
bles from 2.2 to 3.9 for the same range of aspect ratios.
For elongations above those shown in Figure 1b, βt can-
not be further increased without destabilizing low-n kink
modes with a conformal conducting wall at rwall/a=1.1.
Figure 1c shows that the normalized toroidal beta βN ≡
βt(%)aBt0/IP(MA) increases from 5.7 to 9.0. It can be
shown [13] that βt ∼ A−1/2(1 + κ2)βN

2/fBS , implying
that the explicit dependence of the beta limit on aspect
ratio is relatively weak when the bootstrap current frac-
tion fBS is held fixed. Thus, the strong dependence of
the elongation and normalized toroidal beta on aspect
ratio are together responsible for most of the increase in
toroidal beta with decreasing aspect ratio. Figure 1c also
shows that the normalized volume-averaged beta 〈βN 〉 ≡
〈β〉(%)aBt0/IP(MA) where 〈β〉 ≡ 2µ0〈p〉/〈B2〉 [11] ex-
hibits much smaller variation with aspect ratio than βN

and is an approximate stability invariant. These re-
sults suggest that the beta limit for wall-stabilized self-
sustaining configurations is 〈βN 〉 ≈ 6 nearly independent
of aspect ratio.

The optimal profiles in the stability calculations dis-
cussed above are found to vary only slightly with aspect
ratio with one notable exception. Figure 2a shows that
the safety factor profile for A=1.6 is monotonically in-
creasing as a function of minor radius (square root of
the normalized poloidal flux), while for A=3.3 the q pro-
file exhibits strongly reversed-shear. The shear changes
sign from positive to negative near A=2.0, so this aspect
ratio represents a possible natural dividing line between
the spherical torus and advanced tokamak. Figure 2b
shows that the optimal pressure profiles are generally
quite broad, and the pressure peaking factors p(0)/〈p〉
are found to increase from 1.38 to 1.57 between A=1.25
and A=5.0. Figure 2c shows that both current density
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FIG. 2: (a) q (safety factor) profiles, (b) normalized pres-
sure profiles, (c) normalized current density profiles, and (d)
kink marginally-stable wall position divided by plasma minor
radius for the A=1.6 and A=3.3 equilibria shown in Figure 1.

profiles are hollow and driven completely by the boot-
strap effect except for a small region in the core. Fi-
nally, as shown in Figure 2d, for low aspect ratio there
is a monotonic decrease in marginal wall position with
increasing toroidal mode number. In contrast, for high
aspect ratio the wall position can exhibit oscillations due
the influence of individual mode rational surfaces associ-
ated with lower edge safety factor and shear.

Partially self-sustained no-wall stability – The fully
self-driven regimes with very high beta and elongation
outlined above are theoretically achievable but have not
yet been realized experimentally. Elongation values in
excess of those shown in Figure 1b have recently been
achieved for A=3.5 [14], but not yet at high beta. The
physical understanding of external kink stabilization uti-
lizing rotation [15, 16] and active feedback [17] has im-
proved significantly recently, but normalized beta values
significantly above those attainable with optimized pro-
files without conducting wall stabilization are not easily
achieved. Further, the pressure profile control techniques
required to realize the highest beta values in fully boot-
strapped regimes are only beginning to be developed.
These factors motivate an investigation of the aspect
ratio dependence of the ideal beta limit for parameters
more typical of present-day experiments.

In the following analysis, ideal beta limits are deter-
mined for equilibria with a fixed self-driven current frac-
tion of 50% (with no local bootstrap current overdrive)
and which are marginally stable to ballooning modes and
n=1-3 kink modes without wall stabilization. For most
aspect ratios treated, the optimization of the pressure
and current profiles results in the equilibrium being si-
multaneously marginally stable to ballooning and n=1
kink modes. With this set of constraints and with a fixed
plasma boundary shape with elongation κ = 2.0 and tri-
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FIG. 3: (a) Toroidal beta, (b) pressure peaking and central
safety factor, and (c) normalized toroidal and volume aver-
age beta values versus aspect ratio for the 50% self-sustained
configuration not utilizing wall stabilization.

angularity δ = 0.45, Figure 3a again shows an order of
magnitude increase in toroidal beta as the aspect ratio is
decreased from 10 to 1.25. Figure 3b shows that the op-
timal pressure peaking is significantly higher when wall
stabilization cannot be utilized and that there is a sys-
tematic decrease in the optimal peaking for A < 2. This
figure also shows that the optimal central safety factor
is approximately 2 for A < 1.6 and 1 to 1.3 for A > 2.
Thus, for this optimization, A=1.8 is apparently a transi-
tional aspect ratio lying between the spherical torus and
tokamak. Finally, Figure 3c shows that the normalized
toroidal beta increases from 3.15 to 5.85 between A = 10
and 1.25. In contrast, the normalized volume-averaged
beta is again essentially independent of aspect ratio with
a standard deviation of only 3% and mean value of 3.2.

To further test the near aspect ratio invariance of 〈βN 〉
discussed above, additional no-wall stability scans with
varied plasma shape and self-driven current fraction have
been performed. Figure 4a shows that at A=1.6 with
fixed self-driven current fraction of 50%, the no-wall kink
and ballooning marginally stable toroidal beta can vary
as much as a factor of 4 depending on shaping. For
these shape changes, Figure 4b shows that the normal-
ized toroidal beta varies from 3.4 to 5, while the nor-
malized volume-average beta values have only a 5% de-
viation from a mean value of 3.0 with the exception of
the case with the lowest triangularity and highest elon-
gation. Figure 4c plots 〈β〉 versus IP/aBt0 for the aspect
ratio scan of Figure 3 (crosses), the shape scan of Fig-
ure 4a (triangles), and IP scans with self-driven current
fraction ranging from 0 to 0.6 for A=1.6, κ=2, δ=0.45
(squares), A=1.6, κ=2.5, δ=0.6 (circles), and A=3.3,
κ=2, δ=0.45 (diamonds). As seen in the figure, the
solid line of 〈β〉(%) = 3.2 IP/aBt0(MA/mT) represents a
good fit to the upper bound of the computed beta lim-
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FIG. 4: (a) Marginally stable βt(%) and (b) normalized beta
values as a function of triangularity and elongation at 50%
self-driven current fraction for aspect ratio A=1.6. (c) 〈β〉
versus IP/aBt0 and (d) 〈βN 〉 versus cylindrical safety factor
for the aspect ratio, shape, and IP scans performed.

its. For cases with 〈βN 〉 significantly below 3, it is found
that 〈βN 〉 degrades rapidly as the cylindrical safety fac-
tor q∗ ≡ ε(1 + κ2)πaBt0/µ0IP [13, 18] is decreased below
1.7 for both A=1.6 and A=3.3, as shown in Figure 4d.
This figure suggests that 〈βN 〉 and q∗ are parameters
well suited for describing the dependence of the profile-
optimized no-wall stability limit on safety factor across
plasma aspect ratio. This finding extends early analytic
treatments of the tokamak current limit [18] to more re-
alistic profiles and appears to be consistent with experi-
mental stability data [19, 20] at high normalized current
IP/aBt0 from standard aspect ratio tokamaks.

NSTX stability and implications – Recent machine im-
provements in the NSTX device now allow routine access
to the H-mode [21] and its associated low pressure profile
peaking (p(0)/〈p〉 ≈ 1.8-2.5) predicted to be optimal for
ideal MHD stability in the ST [13, 22]. Figure 5a plots
peak NSTX beta values computed with the EFIT equilib-
rium reconstruction code [23] for plasmas with shape pa-
rameters spanning A=1.27-1.5, κ=1.5-2.15, δ=0.25-0.85
and internal inductance li = 0.5-1.7. As seen in the fig-
ure, peak beta values have reached βt ≥ 30% with βN ≥ 6
and 〈βN 〉 > 3 surpassing previous ST record normalized
beta values from the START experiment [24]. Further,
NSTX experimental 〈βN 〉 values plotted versus q∗ in Fig-
ure 5b exhibit the predicted current-limit behavior at low
q∗ shown by the shaded region from Figure 4d.

Importantly, H-mode discharges with A=1.4-1.5, κ ≈
2, δ ≈ 0.4, and li = 0.6-0.95 optimized to have very
long ELM-free and sawtooth-free periods and q∗ in the
range of 2.5-3.0 have exceeded the theoretical no-wall
limit by as much as 30% as seen in Figure 5b. Figure 6
shows that this high 〈βN 〉 ≥ 4 state can be sustained
for several energy confinement times (τE=40-50ms) and
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FIG. 5: (a) βt (black) and 〈β〉 (red) at maximum stored en-
ergy for NSTX NBI-heated discharges plotted versus normal-
ized current. Constant normalized beta lines are shown in
blue. (b) 〈βN〉 versus q∗ for the discharges from (a).
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FIG. 6: Time history of a high 〈βN 〉 discharge from Figure 5b
as computed by EFIT (solid) and TRANSP (dashed).

many resistive wall times (τwall=5-15ms) and that there
is excellent agreement between partial-kinetic EFIT re-
constructions [25] and full kinetic calculations using the
measured ne, Te, and Ti profiles, line-average Zeff , and
fast ion pressure computed with the TRANSP [26] code.
Wall-stabilization of the pressure-driven kink mode from
the close fitting conducting plates and beam driven rota-
tion in NSTX [25] is a likely explanation of the violation
of the no-wall limit shown in Figures 5b and 6, although
shear stabilization of either kink or ballooning modes [27]
may also play a role. These discharges also reach poloidal
beta values above 1.2 (several are measured to be slightly
diamagnetic) with weak n=1-3 mode activity present but
do not appear to be limited by n=1 tearing modes as ob-
served in MAST [28]. EFIT reconstructions yield q(0) �
1 for some of these discharges, but confirmation of ele-
vated q awaits internal q profile measurements in NSTX.

Given the ability of NSTX plasmas to reach and in
some cases exceed ideal profile-optimized no-wall stabil-
ity limits, the results shown in Figures 1 and 3 for low
aspect ratio can be used with increased confidence in fu-
ture design studies. Recent studies [29] utilizing stability
parameterizations based on a more limited range of as-
pect ratio and bootstrap fraction than treated here have
already shown that increases in βN and κ with decreas-
ing aspect ratio can lead to device optimization at signif-
icantly lower aspect ratio than otherwise achieved.

Summary – Systematic ideal stability calculations for
tokamak and spherical torus configurations scanning
plasma aspect ratio, shape, and safety factor have been
performed. The volume-averaged normalized beta pa-
rameter is found to best unify calculated stability lim-
its across plasma aspect ratio. The computed limits are
〈βN 〉 = 6 ± 0.4 for the wall-stabilized fully self-sustained
configuration and 〈βN 〉 = 3.1±0.3 without wall stabiliza-

tion for q∗ above 1.7. Below this value of q∗, the no-wall
〈βN 〉 limit decreases rapidly as the current limit thresh-
old of q∗ ≈ 1 is approached. NSTX peak 〈βN 〉 values
are at or below the profile-optimized no-wall limit for
low q∗ ≤ 2, but have significantly surpassed this limit
for q∗ > 2 in some operating scenarios. The role of
the pressure and current profile shape, wall stabilization,
and rotation and rotational shear in allowing operation
above the profile-optimized no-wall ideal stability limit
in NSTX will be studied in more detail in future work.
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