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Kinetic Alfvén Waves at the Magnetopause—Mode Conversion, Transport

and Formation of LLBL

Jay R. Johnson and C. Z. Cheng

Princeton University, Plasma Physics Laboratory, Princeton, NJ

At the magnetopause, large amplitude, low frequency (ULF), transverse
MHD waves are nearly always observed. These waves likely result from mode
conversion of compressional MHD waves observed in the magnetosheath to
kinetic Alfven waves at the magnetopause where there is a steep gradient
in the Alfven velocity [Johnson and Cheng, Geophys. Res. Lett., 24, 1423,
(1997)]. The mode conversion process can explain the following wave obser-
vations typically found during satellite crossings of the magnetopause: (1)
a dramatic change in wave polarization from compressional in the magne-
tosheath to transverse at the magnetopause, (2) an amplification of wave
amplitude at the magnetopause, (3) a change in Poynting flux from cross-
field in the magnetosheath to field-aligned at the magnetopause, and (4) a
steepening in the wave power spectrum at the magnetopause. We examine
magnetic field data from a set of ISEE1, ISEE2, and WIND magnetopause
crossings and compare with the predictions of theoretical wave solutions
based on the kinetic-fluid model with particular attention to the role of
magnetic field rotation across the magnetopause. The results of the study
suggest a good qualitative agreement between the observations and the the-
ory of mode conversion to kinetic Alfven waves. Because mode converted
kinetic Alfven waves readily decouple particles from the magnetic field lines,
efficient quasilinear transport (D ∼ 109m2/s) can occur. Moreover, if the
wave amplitude is sufficiently large (Bwave/B0 > 0.2) stochastic particle
transport also occurs. This wave induced transport can lead to significant
heating and particle entry into the low latitude boundary layer across closed
field lines.

1. Introduction

Boundary layers are nearly always observed on the
Earthward edge of the magnetopause. It is commonly
believed that reconnection plays the dominant role in
the formation of these boundary layers as evidenced by
D-shaped ion distributions, counterstreaming plasma
jets, and anisotropies in the electron distribution com-
monly found in the boundary layer [Phan, 2001; Fuse-
lier, 2001]. However, it is not uncommon to find magne-
topause crossings with a typical boundary layer density
profile in the absence of these active reconnection sig-
natures [Phan, 2001]. Such observations are suggestive
that another physical transport process may be respon-
sible for the formation of the boundary layer in those
cases. One such possibility is wave-induced transport.
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In the remainder of this paper we will: (a) present
a magnetopause crossing which illustrates the typical
magnetopause wave spectrum, (b) identify the charac-
teristics of the wave spectrum and how they relate to
kinetic Alfvén waves, (c) present typical kinetic Alfvén
wave structure at the magnetopause, (d) examine the
role of kinetic Alfvén waves in plasma transport and
heating at the magnetopause.

2. Wave Observations at the Magnetopause

The magnetopause crossing detected by WIND on
December 12, 1996 and shown in Figure Fig. 1 is a
good example of a boundary layer crossing in which
there are no obvious signatures of reconnection [Phan,
2001]. During this period WIND was passing from the
flank magnetosheath into the magnetosphere (Xgse ∼ 0,
Ygse ∼ 15RE, Zgse ∼ 0). Around 19:00 UT the mag-
netic field vector rotated by 60◦ due to a rotation of
the solar wind magnetic field Phan et al. [1997] and
the density began to drop gradually. The outer edge
of the magnetopause current layer is marked by a dis-
tinct magnetic field rotation at 19:20 UT. The satel-
lite moved into the low-latitude boundary layer marked
by a rapid density drop at about 19:55 UT and into
the plasma sheet at 20:45 UT. The Alfvén velocity in-
creased gradually by a factor of 5 during the magne-
topause crossing and the magnetic field vector rotated
by around 50◦. While in the magnetosheath proper
(prior to 19:20 UT), the wave power is mainly in the
compressional component as evidenced in the large fluc-
tuations of Btot. The plasma β for this period is mod-
erate (around 2) and the pressure anisotropy is not very
large [see Fig. 2 from Phan et al. [1997]], suggestive that
the waves are compressional Alfvén waves rather than
mirror modes. The compressional wave activity contin-
ues through the magnetopause even though the plasma
β gradually drops below unity between 19:20 and 19:55
UT. As the density gradually decreases and the mag-
netic field increases, the transverse component of the
magnetic field fluctuations becomes dominant (note the
marked increase in wave activity in the individual GSM
Cartesian components of the magnetic field while Btot

fluctuations remain roughly the same). The enhanced
transverse wave activity persists all the way into the
low-latitude boundary layer from (20:00 UT to 20:45
UT). This magnetopause crossing is typical when com-
pressional wave activity is found in the magnetosheath.

Figure 1 Figure 1
The change in wave polarization from the magne-

tosheath to the magnetosphere is clearly seen in the
power spectrogram for the crossing. Power spectra are
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obtained for all magnetic field components and the mag-
netic field magnitude and are used to obtain the com-
pressional and transverse magnetic field spectrum. In
Plate 1 we show the wave power spectral density of
compressional, P‖, and transverse, P⊥, magnetic fluc-
tuations as well as the fraction of wave power in the
transverse magnetic field component. A broad band
of waves is found in the 10–100 mHz frequency range.
In the magnetosheath, the waves are primarily com-
pressional, but at the magnetopause, where the density
and magnetic field gradients are found, the transverse
component is dominant in the same frequency range.
The compressional magnetic field spectra remain ap-
proximately the same from the magnetosheath into the
magnetopause with an eventual cutoff as WIND moved
through the low-latitude boundary layer into the plasma
sheet at 20:45 UT. In the magnetosheath, the transverse
component appears in the same frequency range and
is well correlated with the compressional component.
However, at the magnetopause there is a dramatic in-
crease in the transverse power spectrum as evidenced in
the lower panel of Plate 1. Note that the amplification
(ratio of spectral density at the magnetopause to that
of the magnetosheath) of the transverse spectrum falls
off as frequency increases.

Plate 1 Plate 1
In fact, ultra-low frequency (ULF) waves (with fre-

quencies below 500 mHz) dominate the spectrum of
nearly every magnetopause crossing [Perraut et al., 1979;
Rezeau et al., 1993; Song et al., 1993c; Song, 1994; Phan
and Paschmann, 1996, and references therein]. It has
been suggested that these waves are associated with
mode conversion of MHD waves in the magnetosheath
to kinetic Alfvén waves (KAWs) at the magnetopause
near a field line resonance location [Lee et al., 1994; Bel-
mont et al., 1995; De Keyser et al., 1999]. The mode
conversion process can explain (a) a change in wave
polarization at the magnetopause and (b) the amplifi-
cation of the transverse magnetic field component by an
order of magnitude [Johnson and Cheng, 1997b].

Because the interplanetary magnetic field changes
orientation frequently, it is possible to characterize the
magnetopause wave activity as a function of magnetic
shear (defined to be the angle between the magnetic
field in the magnetosheath and the magnetic field on
the magnetospheric side of the magnetopause). Be-
cause the mode conversion process exhibits a strong de-
pendence on this magnetic field rotation theory/data
comparisons of expected wave signatures can be used
effectively as a test of the mode conversion process.
Data for the comparison was taken from the ISEE1,
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ISEE2 and WIND spacecrafts. Thirteen magnetopause
crossings were considered where sizeable compressional
magnetic field fluctuations were found in the magne-
tosheath. These cases provided coverage of the mag-
netic rotation angle from 0 to 180 degrees. Windowed
magnetic power spectra were obtained for parallel and
transverse magnetic fluctuations during each crossing.
The magnetosheath and magnetopause spectra were
compared for each crossing to quantify the wave am-
plification for each crossing. The wave amplification
factor, P⊥mp/P⊥msh, where P⊥msh and P⊥mp refer to
average values of the power spectral density of δB⊥ in
the magnetosheath and magnetopause respectively, is
shown in Fig. 2 for these magnetopause crossings for
frequencies of 25 and 50 mHz. From the study [John-
son and Cheng, 2001], it was deduced that (1) the trans-
verse wave component at the magnetopause is not sig-
nificantly amplified below a threshold magnetic shear
angle (approximately 50 degrees), (2) greatest amplifi-
cation is for magnetic shear between 70 and 180 degrees,
and (3) waves with higher frequencies are less amplified.

Figure 2 Figure 2

3. Kinetic Alfvén Waves at the

Magnetopause

These observations can be understood in the context
of resonant mode conversion of compressional Alfvén
waves into kinetic Alfvén waves (KAW) [Hasegawa,
1976] at the magnetopause. Resonant mode conver-
sion occurs when a compressional Alfvén wave propa-
gates into a region with gradients in k‖VA such as at
the magnetopause where the Alfvén velocity can in-
crease by at least a factor of 10. At the magnetopause,
gradients in the direction normal to the magnetopause
boundary are dominant compared with gradients along
the boundary, and we can approximate the background
plasma and magnetic field profiles as functions of the
coordinate, x, in the direction normal to the magne-
topause. We assume the magnetic field is of the form
B = B0(x)b where b = cos θb(x)ẑ + sin θb(x)ŷ and
the magnetic field angle, θb rotates by an angle θsh

across the magnetopause. The equilibrium profiles vary
smoothly across the magnetopause on a scale of 10 ion
gyroradii (ρi). For such a configuration, wave propaga-
tion is well-described by the kinetic-fluid model [Cheng
and Johnson, 1999] which simplifies to the following set
of dimensionless coupled equations for W‖ = δp+B0δB‖
and Wx = iB0δBx.

d2W‖
dx2

= −(k2
A − k2

S)W‖ + (k2
A − k2

‖)δp
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η̂Wx ≈
∫
dx′

dkx

2π
eikx(x−x′)b

(Γ0(b) − Γ1(b))
(1 − Γ0(b))

Wx(x′)

(3)
kS is the wavevector in the plane perpendicular to x;
k‖ = k · b = kS · b = kS cos θsb, where θsb is the an-
gle between b and kS ; and k2

A = ω2/V 2
A is the Alfvén

wavevector where ω is the wave frequency and VA is
the Alfvén velocity. Z′

s is the derivative of the plasma
dispersion function of argument ζs = ω/

√
2k‖vts for

species s with thermal velocity vts. We have taken the
plasma to be isotropic. The operator η̂ is a weakly
nonlocal operator introduced by finite Larmor radius
effects. The integration involves Γn(b) ≡ In(b)e−b

where b ≡ (k2
x + k2

S sin2 θb)ρ2
i . Near the location where

k2
‖ = k2

A, η̂ ≈ 1 + O(ρ2
i d

2/dx2) and for k2
A � k2

‖ (as oc-
curs when k‖ is small), the contribution of η̂ vanishes.

The pressure equation required for the compressional
wave is, δp ≈ (1−1/τ )W‖ where τ = 1+

∑
s βs(1+Z′

s/2)
and summation is over all species, s. The function 1/τ
is well behaved for the frequencies of interest (in con-
trast to the MHD approach which gives a singularity
where ω2 = k2

‖C
2
S/(1 + β)) [De Keyser et al., 1999].

In a cold, isotropic plasma ζi � 1, τ → 1 and there
is no contribution from this term. In a warm plasma
with ζ ∼ 1, τ ∼ O(1) and this term only introduces
weak damping to the compressional wave [Johnson and
Cheng, 1997a], so the sound resonance is not very im-
portant. Moreover, near the Alfvén resonance where
k2
‖ = k2

A, the pressure term vanishes from Eq. 1, and
Larmor radius corrections in the term proportional to
δp are not critical for describing wave behavior near the
Alfvén resonance.

Generally, the Alfvén velocity increases across the
magnetopause from the magnetosheath side so that k2

A

is a monotonically decreasing function. In the magne-
tosheath the wave is propagating which requires k2

A >
k2

S . As the wave propagates across the magnetopause,
kA decreases until k2

A = k2
S where the compressional

wave is cutoff. Beyond that location, the compressional
wave decays. However, at the location k2

A = k2
‖ the de-

caying compressional wave encounters the Alfvén reso-
nance where it can be reflected out of phase from the
incoming wave. Near the resonance location the par-
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allel magnetic field is well behaved, but the transverse
fields are singular.

Ion gyroradius effects resolve the singular behavior
and are described by the kinetic response integral op-
erator, K [Cheng and Johnson, 1999]. The model in-
cludes the effects of the parallel electric field through
the quasineutrality condition, is valid for both large
and small k2

⊥ρ
2
i , and reduces to the KAW and iner-

tial Alfvén wave dispersion relations in the appropriate
limits. (Note that near the location where k‖ → 0, the
wave enters the inertial regime and decays on the scale
of the electron skin depth [Cheng and Johnson, 1999]).

We solve Eqs. 1 and 2 numerically on a nonuniform
discrete grid and obtain the solutions through matrix
manipulation. Boundary conditions are imposed at the
magnetosheath and magnetosphere boundaries. The
boundary condition in the magnetosheath is an incom-
ing compressional MHD wave. At the magnetosphere
boundary, the compressional MHD wave is decaying.
For the KAW only radiating/decaying solutions are al-
lowed. Boundary conditions are imposed asymptoti-
cally. The Alfven velocity is taken to increase by a
factor of 10 across the magnetopause and the magnetic
field rotates through an angle, θsh.

A good measure of the efficiency of mode conver-
sion at the magnetopause is the amount of compres-
sional wave absorption in the magnetopause layer. En-
ergy absorption is determined by comparing the Poynt-
ing flux (δE × δB · x̂) of the incident compressional
wave (SI) with the Poynting flux of the reflected (SR)
and transmitted (ST ) compressional waves. The Poynt-
ing flux of the KAW in the magnetopause near the
mode conversion layer is SKAW = SI + SR − ST . In
the magnetopause, the transverse magnetic field com-
ponent is mainly from the KAW, therefore SKAW ∼
P⊥mp, and the compressional wave absorption, A ≡
(SI + SR − ST )/SI is proportional to the wave am-
plification, P⊥mp/P⊥msh. Depending on the profiles
of VA and kS · b, there can be up to three resonance
locations in the magnetopause. The absorbed energy
is converted to KAWs which: (a) propagate back into
the magnetosheath (one resonance location), (b) propa-
gate into both magnetosheath and magnetosphere (two
resonance locations), or (c) couple to a quasi-trapped
kinetic Alfvén wave (three resonance locations).

To determine the total absorption as a function of
frequency and magnetic shear, we sum the absorption
over the wavevector spectrum of incoming compres-
sional waves. To do this, we assume that all wavevectors
lie on a dispersion surface in wavevector space defined
by ω(k) = const and integrate over the dispersion sur-
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face. We integrate over the angles of k: θk0 is the angle
between k and the magnetic field in the magnetosheath
and φk0 is the azimuthal angle in planes perpendicular
to the magnetosheath magnetic field, Bmsh. For com-
pressional waves the dispersion surface is approximately
defined by ω2 ≈ k2(V 2

A +C2
s sin2 θk0). The wave vectors

are approximately distributed on an ellipsoid with ma-
jor radius k = kA and minor radii k = kA/

√
1 + C2

s/V
2
A.

The absorption spectrum as a function of frequency is
obtained by integrating over the ellipsoid—that is, over
the angles (θk0, φk0) with k2 ≈ k2

A/(1+C2
s sin2 θk0/V

2
A)

imposed by the dispersion relation. Moreover, compres-
sional waves typically have k⊥ � k‖ so it is reasonable
to assume that the spectrum is highly peaked around
θk0 = π/2. On the other hand, there is no compelling
reason to expect that the initial wave spectrum depends
on the direction φk0.

The wave observations show a strong dependence of
amplification (P⊥mp/P⊥msh) on the shear angle across
the magnetopause. For small shear angles, there is little
wave amplification, while above a threshold amplifica-
tion is enhanced and relatively level. The minimum
in amplification for small shear is consistent with the
mode conversion mechanism because the waves in the
magnetosheath propagate nearly perpendicular to the
magnetic field. The absorption coefficient, A(ω, θsh)
is presented in Figure 3. The absorption is obtained
by computing the absorption coefficient as a function
of (ω, θsh, θk0, φk0) and performing an integration over
the variables (θk0, φk0) with uniform weight in φk0 and
a strongly peaked weighting function about θk0 = π/2.

The absorption is the result of mode conversion to
KAWs and measures the efficiency of the mode conver-
sion mechanism. The absorbed energy is the Poynting
flux of the KAW which radiates away from the mode
conversion location. The Poynting fluxes scale as the
group velocity multiplied by spectral density. Because
the KAW radiates slowly across the magnetic field, its
amplitude must be greatly increased compared with
the amplitude of the incoming MHD wave in order to
carry away the mode converted energy from the field
line resonance location. For KAWs the Poynting flux
is approximately, SKAW ∼ (ω/kx)k2

xρ
2/(1 + k2

xρ
2)P⊥,

while for the MHD wave SMHD ∼ VAP⊥. The KAW
wavevector, kx can be estimated from dominant balance
in Eq. 2— kx ∼ (ρ2

iL)−1/3 where L is the scale length
of the Alfvén velocity gradient at the magnetopause.
One can then estimate from the linear dispersion re-
lation that the wave amplification P⊥KAW/P⊥MHD ∼
A(1 + (ρ/L)2/3)VA/[2πfρ(ρ/L)1/3 ]. For typical mag-
netopause parameters: VA ∼ 300 km/s, ρi ∼ 50 km,
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L ∼ 500 km, f = 25 mHz, P⊥KAW/P⊥MHD ∼ 100A.
Because |δB2

⊥| amplification scales directly with com-
pressional wave absorption, the results of Figure 3 can
be compared qualitatively with observed |δB2

⊥| ampli-
fication. The important features to notice are: (1) for
angles greater than 50◦ the absorption is approximately
constant, but for smaller shear there is a trough in A
and (2) the absorption decreases weakly as frequency
increases for angles larger than 50◦. However, for an-
gles less than 50◦ there is a significant broadening of
the trough for higher frequency with far less absorption.
These qualitative properties correspond well to obser-
vations of |δB2

⊥| amplification as a function of magnetic
shear angle and frequency as discussed in Fig. 2. The
quantitative differences between the theory and data
(for example, the theoretical threshold angle is smaller)
can be attributed to the uncertainly involved in analyz-
ing the data and the simplifications of the theoretical
model.

Figure 3 Figure 3

4. Plasma Heating and Particle Transport

Associated with Kinetic Alfvén Waves

Large amplitude transverse wave activity accompa-
nies nearly every magnetopause crossing [Perraut et al.,
1979; Rezeau et al., 1993; Song et al., 1993c; Song, 1994;
Phan and Paschmann, 1996; Johnson et al., 2001].Often
the observed wave amplitudes at the magnetopause can
be significantly large compared with the background
magnetic field, B0. It is not uncommon for δB⊥/B0 to
be the order of 0.2 or even larger [Rezeau et al., 1993;
Song et al., 1993c, 1993b]. Moreover, in the cusp, it is
likely that δB⊥/B0 ∼ 1 because of the weak background
field.

The magnetopause provides a boundary between mag-
netosheath plasma and magnetospheric plasma. Plasma
that leaks into the boundary layer is often found to have
distinctive particle distributions indicative of accelera-
tion processes. For example, electron distributions in
the boundary layer are often found to be accelerated in
the direction parallel to the magnetic field. These dis-
tributions have been identified as signatures of recon-
nection events, but the process which accelerates the
electrons is not well known. It was suggested that elec-
trons could also be accelerated by kinetic Alfvén waves
[Hasegawa and Chen, 1976; Lee et al., 1994] which pref-
erentially heat electrons in the parallel direction due to
the parallel electric field. Thermal electrons trapped in
the wave potential would be heated leading to a slight
increase in the parallel direction consistent with obser-
vations.
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On the other hand, ions in the sheath transition layer
and boundary layers often exhibit significant anisotropy
with T⊥ > T‖ [Anderson et al., 1991; Song et al., 1993a].
Moreover, Wilber et al. [2001] have reported unusual low
energy ion distribution components in the low-latitude
boundary layer with pitch angles intermediate between
0 and 90 degrees observed by WIND/3DP during equa-
torial passes. The particles appeared to have undergone
adiabatic streaming from a stronger magnetic field re-
gion with heating occuring near the magnetopause as
deduced from the mirror ratios. The low energy ions
appear to have been heated perpendicular to the mag-
netic field and in some events the core of the distribution
appears to be flattened. The ion distributions presented
by Song et al. [1993a] also illustrate that in the inner
boundary layer the slope of the low energy component
of the ion distribution function is flattened compared
with the magnetosheath distribution suggestive that a
physical process may be heating the low energy core of
the distribution to higher energies.

In a recent study Johnson and Cheng [1997b] showed
that when the kinetic Alfvén wave amplitude is suffi-
ciently large, particle orbits can become stochastic lead-
ing to significant transport and particle heating. When
the orbits became stochastic in an inhomogeneous back-
ground field, the particles could diffuse rapidly across
the magentic field with a diffusion coefficient of D ∼
109m2/s.

In this paper we will concentrate on particle heating.
To study ion heating in the presence of a kinetic Alfvén
wave, we will prescribe the electromagnetic fields con-
sistent with the kinetic Alfvén waves. We investigate
the particle motion in those prescribed fields as a func-
tion of the wave amplitude. The study will consist of
a sequence of Poincaré sections taken at different wave
amplitude which demonstrate the onset of stochastic-
ity. The results will demonstrate: (1) stochastic ion
heating can result through nonlinear coupling between
low frequency waves and cyclotron motion, (2) ions can
be heated transverse to the magnetic field leading to
temperature anisotropy (T⊥ > T‖) as observed at the
magnetopause [Wilber et al., 2001], and (3) the stochas-
tic process will deplete the core of the ion distribution
function leading to a flattened core of the distribution
function similar to the observations of [Wilber et al.,
2001; Song et al., 1993a].

5. Kinetic Alfvén Waves and Ion Heating

The kinetic Alfvén wave [Hasegawa, 1976] is well
described by three scalar quantities—φ, A‖, and δB‖
[Cheng and Johnson, 1999]. The fields associated with
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the kinetic Alfvén wave are obtained through Maxwell’s
equations given in Gaussian units.

E = −∇φ− 1
c

∂A‖b
∂t

(4)

B = B0(x) + δB ≈ (B0(x) + δB‖)b− b ×∇A‖ (5)

where b is the unit vector in the direction of the mag-
netic field. The vector potential is related to the elec-
trostatic potential by introduction of a secondary po-
tential, ψ defined by

E‖ = −∇ψ = −∇‖φ− 1
c

∂A‖
∂t

(6)

The fields are obtained by solving the set of equa-
tions described in Cheng and Johnson [1999] for the
prescribed background magnetic field. If the back-
ground field is uniform, the kinetic Alfvén wave is a
simple sinusoidal with φ = φ0 cos(k · x − ωt), ψ ≈
−(Te/Ti)k2

⊥ρ
2
iφ/(1 + k2

⊥ρ
2
i ), A‖ = (k‖/ω)(φ − ψ). The

wave satisfies the approximate dispersion relation

ω2 = k2
‖V

2
A(1 + (1 +

Te

Ti
)k2

⊥ρ
2
i ) (7)

where we ignore damping and take a Padé approxima-
tion for the Bessel function as described in Cheng and
Johnson [1999]. The kinetic Alfvén wave is incompress-
ible at low β so that δB‖ ≈ 0, but at β ∼ 1 and short
wavelength, δB‖ may also included as prescribed in
Cheng and Johnson [1999]. For the chosen parameters
(k⊥ρi = 3, k‖ρi = 0.05, and β = 1), |δB‖| ∼ 0.55|δB⊥|
and is 90◦ out of phase.

Particle orbits are determined by the equation of mo-
tion

mi
d2r
dt

= qi(E +
v
c
×B) (8)

which we normalize to

Ẍ = −∇̃Φ + Ẋ × (∆b̂ +
δB
B̃0

) (9)

where X = r/ρi, τ = Ωt, ∇̃ = ρi∇, Φ = qiφ/Ti, with
Ω = qiB̃0/mic, ρi =

√
Ti/mi/Ω, ∆ = |B0(x)/B̃0| and

Ẋ ≡ dX/dτ , and B̃0 is a characteristic value of mag-
netic field.

To investigate the behavior of particles in the ki-
netic Alfvén waves, we plot Poincaré sections for par-
ticle orbits. This technique is standard and has been
applied to electrostatic waves to understand plasma
heating well above the cyclotron frequency [Karney and
Bers, 1977], at near the cyclotron frequency [Hsu et al.,
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1979]. Points on Poincaré sections are plotted at con-
stant particle gyrophase, γ, with the requirement that
γ̇ < 0. In the absence of waves, this would corre-
spond with one point per gyroperiod. At each cross-
ing of the phase space plane defined by γ = 0 where
k · b × Ẋ = k⊥v⊥ sin(γ), we plot the value of the mag-
netic moment, µ ≡ |b × Ẋ|2/∆, versus Ψ = k · x− ωt,
taken modulo 2π. In the following plots, at least 1000
points are taken for each trajectory to resolve the phase
space structure (more near a separatrix). The choice of
these variables is good for examining particle heating in
the presence of the wave because the magnetic moment
is an adiabatic invariant which follows well defined tra-
jectories in phase space. The wave phase is an obvious
choice because there is a direct correlation between the
adiabatic particle motion and the wave amplitude.

To examine the onset of stochastic particle behavior
in the presence of large amplitude kinetic Alfvén waves,
we examine a sequence of Poincaré sections as a function
of wave magnetic field amplitude. For simplicity, we as-
sume a uniform background magnetic field. We specify
k⊥ρi = 3, ω = Ωi/5, β = 1, Te/Ti = 0.2 and k‖ρi ≈ 0.05
consistent with the kinetic Alfvén wave dispersion re-
lation. The small perpendicular scales are consistent
with typical kinetic Alfvén wave solutions at the mag-
netopause with wavelength the order of 100km ≈ 2ρi

[Johnson and Cheng, 1997b; Johnson et al., 2001].
For clarity of Poincaré section plots, we take the

wave frequency equal to 1/5 of the ion gyrofrequency.
For smaller frequency similar physics leads to stochas-
tic thresholds, but the formation of island chains com-
posed of hundreds of islands cannot be as easily seen
by eye. Interestingly, the stochastic threshold primarily
depends on wave amplitude and is not strongly depen-
dent on wave frequency in the range of interest. Note
that because k⊥ρi is larger than 1, the kinetic Alfvén
wave does have a significant electrostatic component as-
sociated with ion Larmor radius effects.

The Poincaré section for δB⊥/B0 = 0.006 is shown
in Figure 4. Particles are started with Ψ = 0 with
varying initial value of µ and v‖ = 0. If there were no
wave, the particles would simply gyrate with constant
value of µ. For small wave amplitude, X is nearly pe-
riodic in the gyrophase, so dependence of Ψ on time is
primarily through −ωt. Because the wave frequency is
Ωi/5, Ψ will approximately decrease by 2π/5 each gy-
roperiod until it returns to the original phase (minus
2π). The Poincare section for a given particle would
therefore reduce to five equally spaced points at con-
stant µ. However, with the addition of the wave, the
particle gyration can be retarded or accelerated.
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Figure 4 Figure 4
In Figure 4, it is apparent that the for initial µ < 0.41

particles do not return to the same wave phase after a
wave period (five gyroperiods), but have a small posi-
tive increment in phase Ψ. On the other hand, for initial
µ > 0.41, it is apparent that the after a wave period,
the phase, Ψ, of the particle will have a small nega-
tive increment. Near initial µ = 0.41, it is evident that
there is a boundary where the orbit is stationary and the
Poincaré section only consists of only five points. As the
amplitude is increased these fixed points move to larger
values of µ and nearby orbits circulate around the fixed
points. Moreover, other boundaries appear across which
the phase advances/retards, but with higher order pe-
riodicity. This phenomenon is illustrated in Figure 5
which shows the Poincaré section for δB⊥/B0 = 0.05.
The period five island chain associated with the orig-
inal transition boundary has moved to larger value of
µ and is quite large in extent. Above that chain, the
high energy particles do not show any structure related
to the gyromotion and simply float up and down in the
wave. Other islands chains have also appeared at lower
energies. The obvious island periods evidently are in
the sequence: 26, 21, 58, 16, 27 and so forth. Islands in
the period 16 and 21 chains have just begun to overlap.

Figure 5 Figure 5
At the lowest energies, a chain of five fingers (rather

than islands) has appeared. The fingers have divided
into ten subfingers. The central finger contains two
islands.. The physical origin of the fingers is the in-
crease of the E × B velocity of the wave. When low
energy particles are subjected to large E × B motion,
the gyrophase can reverse direction and the particles
are trapped in the wave. As a result, the particles are
not sampled during their gyromotion and the island is
incomplete (that is, the low energy particles can skip
one or more fingers during their gyromotion).

Figure 6 Figure 6
A slight increase in wave amplitude shown in Fig-

ure 6 allows the phase space islands to merge and re-
gions of stochastic orbits appear. Island structures still
remain embedded in the stochastic region, but now par-
ticle trajectories can wander through the stochastic sea
to higher energies than previously accessible. Hence,
the low energy part of the ion distribution can be effec-
tively heated. Note that the ten finger structures have
now moved into the stochastic sea and comprise a se-
quence of ten islands. A new five fingered structure has
also begun to emerge from the low energy part of the
phase space with regular orbits below the stochastic sea
with a fixed point in the central island. The stationary
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orbit at Ψ = 0 in the central finger is an elongated
orbit which has period equal to that of the wave and
can be considered to be in nonlinear resonance with the
wave. Above the stochastic sea, particle trajectories lie
on well defined curves or island chains and the parti-
cles are not heated. The large period five island chain
remains intact and moves to higher energy. However,
clear boundaries still confine heating to the lowest en-
ergy ions.

For δB⊥/B0 ∼ 0.11 as shown in Figure 7 nearly the
entire low µ region becomes stochastic except for a few
small islands that remain embedded in the stochastic
sea. The stochastic region is forced up against the set
of period five islands which have themselves become
stochastic. A clear boundary exists between the two
stochastic regions and particles may not move across
that boundary. Above the boundary, the period five is-
land chain has also merged and become stochastic and
other chains of islands have also appeared against the
boundary between the lower stochastic region and the
upper stochastic region. Chains of islands have also
appeared inside the period five islands. However, the
two regions are still separated and low energy parti-
cles cannot be energized much above the thermal speed.
With a modest increase to δB⊥/B0 = 0.14 as shown
in Figure 8, the period five islands merge with the
low energy stochastic region leaving a path for low en-
ergy particles to be heated well beyond the thermal en-
ergy. With further increase in the wave amplitude the
stochastic regime pushes to larger µ. For example, with
δB⊥/B0 ∼ 0.3 particles are readily energized to µ ∼ 4.

Figure 7 Figure 7
Figure 8

Figure 8These results have several implications relevant to
magnetopause observations. First, transverse ion heat-
ing due to this process depends on wave amplitude.
Below the wave threshold, there is no heating of the
plasma. Slightly above the threshold, the core of the
distribution is expected to flatten, but ions are not
heated above the thermal velocity. For larger wave am-
plitude, ions can be heated above the thermal velocity.
The heating process can occur rapidly over a time less
than 30 cyclotron periods. Due to the brevity of this
letter, we defer estimates of the stochastic threshold,
more detailed description of the appearance of island
chains, island overlap,, and discussion of the effect of
background gradients (and the resulting particle trans-
port) for a later publication.

Obviously, wave heating at the magnetopause is more
complicated than this simple picture. This calculation
is primarily meant to provide understanding of the non-
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linear coupling between kinetic Alfvén waves and cy-
clotron motion and to provide a physical picture which
gives qualitative understanding of resulting particle sig-
natures. Most likely, there is a spectrum of waves that
can participate in the heating process. Typically, the
addition of a second wave or magnetic field rotation
can reduce the threshold for stochasticity to occur and
increase particle heating and transport beyond quasi-
linear levels [Johnson and Cheng, 1997c].

6. Summary

In this paper we have examined the role of kinetic
Alfvén waves at the magnetopause. ULF waves domi-
nate the spectrum of nearly every magnetopause cross-
ing. Probably the most distinctive wave features at the
magnetopause are the large increase in wave amplitude
and abrupt change in wave polarization where the mag-
netopause Alfvén velocity gradient is encountered. The
abrupt change in wave characteristics is suggestive of
a process which could convert the compressional wave
into a shear wave. Theoretical examination of the mode
conversion process yields results similar to the observa-
tions. Compressional wave mode convert into kinetic
Alfvén waves at the magnetopause. The mode struc-
ture suggests that wave amplitude will be increased
and polarization will change abruptly. Magnetic ro-
tation across the magnetopause provides a good test
of the theory of resonant mode conversion. Wave ob-
servations appear to be in rough agreement with the
theory which predicts small wave amplification below
a threshold shear angle and roughly constant amplifi-
cation above the shear angle. The amplification as a
function of frequency also seems to agree qualitatively
with observations. It therefore seems reasonable to be-
lieve that the ULF wave activity at the magnetopause
is the result of a mode conversion process.

That a population of large amplitude ULF waves
nearly always populates the magnetopause and the as-
sociated boundary layers is not without consequence.
Quasilinear theory predicts substantial plasma trans-
port for typical observed parameters. Moreover, be-
cause the waves have such large amplitude, the orbits
can also be stochastic leading to rapid transport and
heating. We examined single particle orbits in kinetic
Alfvén waves and demonstrated that ions can be sig-
nificantly heated for modest wave amplitudes. Recent
particle observations near the magnetopause and in the
low-latitude boundary layer show significant heating of
low energy ions without significant heating of the ener-
getic population. Such observations are a typical signa-
ture of stochastic ion heating near the stochastic thresh-
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old. Moreover, in plasma with magnetic shear, stochas-
tic ion transport can even exceed the quasilinear parti-
cle entry estimate of 1027 particles/sec. Hence, kinetic
Alfvén waves found at the magnetopause contribute to
the population of the boundary layers and can explain
some of the observed wave and particle signatures found
in those layers.
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Figure 1. Density, Alfvén velocity, and magnetic field data
from a magnetopause crossing by the WIND satellite on Jan
12, 1996 from approximately 19:20 UT to 19:55 UT. φB is
the magnetic field vector angle in the LM plane (zero along
L axis) and the λB is the angle between the magnetic field
and the magnetopause tangent plane for a LMN boundary
normal coordinate system. Note that in the magnetosheath
(prior to 19:20 UT) wave power is primarily compressional.
Coincident with the density gradients at the magnetopause
is a strong enhancement in the transverse components of the
magnetic field fluctuations, but the compressional amplitude
remains approximately the same as in the magnetosheath.
Data courtesy of R. Lepping and Phan et al., [1997].

Figure 1. Density, Alfvén velocity, and magnetic field data from a magnetopause crossing by the
WIND satellite on Jan 12, 1996 from approximately 19:20 UT to 19:55 UT. φB is the magnetic field
vector angle in the LM plane (zero along L axis) and the λB is the angle between the magnetic field
and the magnetopause tangent plane for a LMN boundary normal coordinate system. Note that in the
magnetosheath (prior to 19:20 UT) wave power is primarily compressional. Coincident with the density
gradients at the magnetopause is a strong enhancement in the transverse components of the magnetic field
fluctuations, but the compressional amplitude remains approximately the same as in the magnetosheath.
Data courtesy of R. Lepping and Phan et al., [1997].
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topause wave power is primarily compressional, coincident
with the magnetopause crossing (indicated by the vertical
line), the wave activity is primarily transverse. Note that
the compressional wave component remains essentially the
same before and during the magnetopause crossing.

Plate 1. Wave power spectra for the WIND crossing of the magnetopause shown in Fig. 1. P‖, P⊥
and Ptot are the power spectral densities obtained from |δB‖|2, |δB⊥|2 and |δB|2 respectively. Notice
that prior to crossing the magnetopause wave power is primarily compressional, coincident with the
magnetopause crossing (indicated by the vertical line), the wave activity is primarily transverse. Note
that the compressional wave component remains essentially the same before and during the magnetopause
crossing.
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Figure 4. Poincaré section for small amplitude wave. Note
that low energy particles are advanced in the phase of the
wave while higher energy particles are retarded. Phase space
islands with period five first emerge along the stationary
phase trajectory.

Figure 4. Poincaré section for small amplitude wave. Note that low energy particles are advanced in
the phase of the wave while higher energy particles are retarded. Phase space islands with period five
first emerge along the stationary phase trajectory.
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Figure 5. As the wave amplitude is increased, chains of phase space islands appear. The period 16
island chain has just begun to merge and a separatrix appears.
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Figure 6. With a slight increase in wave amplitude, the low energy region of the Poincaré section
becomes stochastic. Low energy particles can now wander through the stochastic sea to higher energies.
Phase space islands remain embedded in the stochastic sea, but the entire region becomes stochastic for
δB/B0 = 0.056.
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Figure 7. Both the period five island chain and the low energy region are stochastic, but they are
separated by a boundary. Global stochasticity occurs when the two regions merge just above δB⊥/B0 =
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Figure 8. Global stochasticity for δB⊥/B0 = 0.14. Cold and/or thermal particles may wander to
superthermal energies resulting in heating perpendicular to the magnetic field. .
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