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Stochastic ion heating at the magnetopause due to
kinetic Alfvén waves

Jay R. Johnson and C. Z. Cheng

Princeton University, Plasma Physics Laboratory, Princeton, NJ

Abstract. The magnetopause and boundary layer are typically characterized
by large amplitude transverse wave activity with freqency below the ion
cyclotron frequency. The signatures of the transverse waves suggest that
they are kinetic Alfvén waves with wavelength on the order of the ion
gyroradius [Johnson and Cheng, 1997a; Johnson et al., 2001]. We investigate
ion motion in the presence of large amplitude kinetic Alfvén waves with
wavelength the order of ρi and demonstrate that for sufficiently large wave
amplitude (δB⊥/B0 > 0.05) the particle orbits become stochastic. As a
result, low energy particles in the core of the ion distribution can migrate
to higher energy through the stochastic sea leading to an increase in T⊥
and a broadening of the distribution. This process can explain transverse
ion energization and formation of conics which have been observed in the
low-latitude boundary layer.

Introduction

Large amplitude transverse wave activity accom-
panies nearly every magnetopause crossing [Perraut
et al., 1979; Rezeau et al., 1993; Song et al., 1993c;
Song, 1994; Phan and Paschmann, 1996; Johnson
et al., 2001]. The wave spectrum is dominated by
ULF waves with frequencies below 500 mHz (less
than the ion cyclotron frequency). There is growing
evidence that those waves are kinetic Alfvén waves
which result from mode conversion in the steep gra-
dient of Alfvén velocity at the magnetopause [John-
son and Cheng, 1997a] or through nonlinear decay of
mirror modes generated in the magnetosheath [Wu
et al., 2001]. Often the observed wave amplitudes at
the magnetopause can be significantly large compared
with the background magnetic field, B0. It is not un-
common for δB⊥/B0 to be the order of 0.2 or even
larger [Rezeau et al., 1993; Song et al., 1993c, 1993b].
Moreover, in the cusp, it is likely that δB⊥/B0 ∼ 1
because of the weak background field.

The magnetopause provides a boundary between
magnetosheath plasma and magnetospheric plasma.
Plasma that leaks into the boundary layer is often
found to have distinctive particle distributions indica-
tive of acceleration processes. For example, electron
distributions in the boundary layer are often found to

be accelerated in the direction parallel to the mag-
netic field. These distributions have been identified
as signatures of reconnection events, but the process
which accelerates the electrons is not well known. It
was suggested that electrons could also be accelerated
by kinetic Alfvén waves [Lee et al., 1994] which prefer-
entially heat electrons in the parallel direction due to
the parallel electric field. Thermal electrons trapped
in the wave potential would be heated leading to a
slight increase in the parallel direction consistent with
observations.

On the other hand, ions in the sheath transition
layer and boundary layers often exhibit significant
anisotropy with T⊥ > T‖ [Anderson et al., 1991;
Song et al., 1993a]. Moreover, Wilber et al. [2001]
have reported unusual low energy ion distribution
components in the low-latitude boundary layer with
pitch angles intermediate between 0 and 90 degrees
observed by WIND/3DP during equatorial passes.
The particles appeared to have undergone adiabatic
streaming from a stronger magnetic field region with
heating occuring near the magnetopause as deduced
from the mirror ratios. The low energy ions appear to
have been heated perpendicular to the magnetic field
and in some events the core of the distribution ap-
pears to be flattened. The ion distributions presented
by Song et al. [1993a] also illustrate that in the inner
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boundary layer the slope of the low energy component
of the ion distribution function is flattened compared
with the magnetosheath distribution suggestive that
a physical process may be heating the low energy core
of the distribution to higher energies.

In a recent study Johnson and Cheng [1997a] showed
that when the kinetic Alfvén wave amplitude is suf-
ficiently large, particle orbits can become stochastic
leading to significant transport and particle heating.
In this paper we will concentrate on particle heat-
ing. To study ion heating in the presence of a ki-
netic Alfvén wave, we will prescribe the electromag-
netic fields consistent with the kinetic Alfvén waves.
We investigate the particle motion in those prescribed
fields as a function of the wave amplitude. The study
will consist of a sequence of Poincaré sections taken
at different wave amplitude which demonstrate the
onset of stochasticity. The results will demonstrate:
(1) stochastic ion heating can result through nonlin-
ear coupling between low frequency waves and cy-
clotron motion, (2) ions can be heated transverse to
the magnetic field leading to temperature anisotropy
(T⊥ > T‖) as observed at the magnetopause [Wilber
et al., 2001], and (3) the stochastic process will de-
plete the core of the ion distribution function leading
to a flattened core of the distribution function similar
to the observations of [Wilber et al., 2001; Song et al.,
1993a]

Kinetic Alfvén Waves and Ion Heating

The kinetic Alfvén wave is well described by three
scalar quantities—φ, A‖, and δB‖ [Cheng and John-
son, 1999]. The fields associated with the kinetic
Alfvén wave are obtained through Maxwell’s equa-
tions given in Gaussian units.

E = −∇φ− 1
c

∂A‖b
∂t

(1)

B = B0(x) + δB ≈ (B0(x) + δB‖)b − b ×∇A‖ (2)

where b is the unit vector in the direction of the mag-
netic field. The vector potential is related to the elec-
trostatic potential by introduction of a secondary po-
tential, ψ defined by

E‖ = −∇ψ = −∇‖φ− 1
c

∂A‖
∂t

(3)

The fields are obtained by solving the set of equa-
tions described in Cheng and Johnson [1999] for the
prescribed background magnetic field. If the back-
ground field is uniform, the kinetic Alfvén wave is

a simple sinusoidal with φ = φ0 cos(k · x − ωt), ψ ≈
−(Te/Ti)k2

⊥ρ
2
iφ/(1+k2

⊥ρ
2
i ), A‖ = (k‖/ω)(φ−ψ). The

wave satisfies the approximate dispersion relation

ω2 = k2
‖V

2
A(1 + (1 +

Te

Ti
)k2

⊥ρ
2
i ) (4)

where we ignore damping and take a Padé approxi-
mation for the Bessel function as described in Cheng
and Johnson [1999]. The kinetic Alfvén wave is in-
compressible at low β so that δB‖ ≈ 0, but at β ∼ 1
and short wavelength, δB‖ may also included as pre-
scribed in Cheng and Johnson [1999]. For the cho-
sen parameters (k⊥ρi = 3, k‖ρi = 0.05, and β = 1),
|δB‖| ∼ 0.55|δB⊥| and is 90◦ out of phase.

Particle orbits are determined by the equation of
motion

mi
d2r
dt

= qi(E +
v
c
×B) (5)

which we normalize to

Ẍ = −∇̃Φ + Ẋ× (∆b̂ +
δB
B̃0

) (6)

where X = r/ρi, τ = Ωt, ∇̃ = ρi∇, Φ = qiφ/Ti, with
Ω = qiB̃0/mic, ρi =

√
Ti/mi/Ω, ∆ = |B0(x)/B̃0|

and Ẋ ≡ dX/dτ , and B̃0 is a characteristic value of
magnetic field.

To investigate the behavior of particles in the ki-
netic Alfvén waves, we plot Poincaré sections for par-
ticle orbits. This technique is standard and has been
applied to electrostatic waves to understand plasma
heating well above the cyclotron frequency [Karney
and Bers, 1977], at near the cyclotron frequency [Hsu
et al., 1979]. Points on Poincaré sections are plotted
at constant particle gyrophase, γ, with the require-
ment that γ̇ < 0. In the absence of waves, this would
correspond with one point per gyroperiod. At each
crossing of the phase space plane defined by γ = 0
where k · b × Ẋ = k⊥v⊥ sin(γ), we plot the value
of the magnetic moment, µ ≡ |b × Ẋ|2/∆, versus
Ψ = k · x−ωt, taken modulo 2π. The choice of these
variables is good for examining particle heating in the
presence of the wave because the magnetic moment
is an adiabatic invariant which follows well defined
trajectories in phase space. The wave phase is an
obvious choice because there is a direct correlation
between the adiabatic particle motion and the wave
amplitude.

To examine the onset of stochastic particle behav-
ior in the presence of large amplitude kinetic Alfvén
waves, we examine a sequence of Poincaré sections as
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a function of wave magnetic field amplitude. For sim-
plicity, we assume a uniform background magnetic
field. We specify k⊥ρi = 3, ω = Ωi/5, β = 1,
Te/Ti = 0.2 and k‖ρi ≈ 0.05 consistent with the
kinetic Alfvén wave dispersion relation. The small
perpendicular scales are consistent with typical ki-
netic Alfvén wave solutions at the magnetopause with
wavelength the order of 100km ≈ 2ρi [Johnson and
Cheng, 1997a; Johnson et al., 2001].

For clarity of Poincaré section plots, we take the
wave frequency equal to 1/5 of the ion gyrofrequency.
For smaller frequency similar physics leads to stochas-
tic thresholds, but the formation of island chains com-
posed of hundreds of islands cannot be as easily seen
by eye. Interestingly, the stochastic threshold primar-
ily depends on wave amplitude and is not strongly
dependent on wave frequency in the range of interest.
Note that because k⊥ρi is larger than 1, the kinetic
Alfvén wave does have a significant electrostatic com-
ponent associated with ion Larmor radius effects.

The Poincaré section for δB⊥/B0 = 0.006 is shown
in Figure 1. Particles are started with Ψ = 0 with
varying initial value of µ and v‖ = 0. If there were
no wave, the particles would simply gyrate with con-
stant value of µ. For small wave amplitude, X is
nearly periodic in the gyrophase, so dependence of Ψ
on time is primarily through −ωt. Because the wave
frequency is Ωi/5, Ψ will approximately decrease by
2π/5 each gyroperiod until it returns to the original
phase (minus 2π). The Poincare section for a given
particle would therefore reduce to five equally spaced
points at constant µ. However, with the addition of
the wave, the particle gyration can be retarded or ac-
celerated. Indeed, this can be seen from the equation
of motion for constant background magnetic field

γ̇ =
ρ · Ẍ
ρ2

= −(1+B0 · δB/B2
0)− ρ

ρ2
·∇̃⊥(Φ−A‖b·X)

(7)
where ρ = b × Ẋ is the gyroradius vector. The gy-
romotion can be retarded/advanced by the perturbed
electric and magnetic fields and clearly depends on
gyroradius/magnetic moment.

In Figure 1, it is apparent that the for initial
µ < 0.41 particles do not return to the same wave
phase after a wave period (five gyroperiods), but have
a small positive increment in phase Ψ. On the other
hand, for initial µ > 0.41, it is apparent that the
after a wave period, the phase, Ψ, of the particle
will have a small negative increment. Near initial
µ = 0.41, it is evident that there is a boundary where
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Figure 1. Poincaré section for small amplitude wave.
Note that low energy particles are advanced in the
phase of the wave while higher energy particles are
retarded. Phase space islands with period five first
emerge along the stationary phase trajectory.

the orbit is stationary and the Poincaré section only
consists of only five points. As the amplitude is in-
creased these fixed points move to larger values of µ
and nearby orbits circulate around the fixed points.
Moreover, other boundaries appear across which the
phase advances/retards, but with higher order peri-
odicity. This phenomenon is illustrated in Figure 2
which shows the Poincaré section for δB⊥/B0 = 0.05.
The period five island chain associated with the orig-
inal transition boundary has moved to larger value
of µ and is quite large in extent. Above that chain,
the high energy particles do not show any structure
related to the gyromotion and simply float up and
down in the wave. Other islands chains have also ap-
peared at lower energies. The obvious island periods
evidently are in the sequence: 26, 21, 58, 16, 27 and
so forth. Islands in the period 16 and 21 chains have
just begun to overlap.

At the lowest energies, a chain of five fingers
(rather than islands) has appeared. The fingers have
divided into ten subfingers. The central finger con-
tains two islands.. The physical origin of the fingers
is the increase of the E×B velocity of the wave. When
low energy particles are subjected to large E×B mo-
tion, the gyrophase can reverse direction and the par-
ticles are trapped in the wave. As a result, the parti-
cles are not sampled during their gyromotion and the
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Figure 2. As the wave amplitude is increased, chains
of phase space islands appear. The period 16 island
chain has just begun to merge and a separatrix ap-
pears.

island is incomplete (that is, the low energy particles
can skip one or more fingers during their gyromotion).

A slight increase in wave amplitude shown in Fig-
ure 3 allows the phase space islands to merge and
regions of stochastic orbits appear. Island struc-
tures still remain embedded in the stochastic region,
but now particle trajectories can wander through the
stochastic sea to higher energies than previously ac-
cessible. Hence, the low energy part of the ion distri-
bution can be effectively heated. Note that the ten
finger structures have now moved into the stochastic
sea and comprise a sequence of ten islands. A new
five fingered structure has also begun to emerge from
the low energy part of the phase space with regular
orbits below the stochastic sea with a fixed point in
the central island. The stationary orbit at Ψ = 0 in
the central finger is an elongated orbit which has pe-
riod equal to that of the wave and can be considered
to be in nonlinear resonance with the wave. Above
the stochastic sea, particle trajectories lie on well de-
fined curves or island chains and the particles are not
heated. The large period five island chain remains
intact and moves to higher energy. However, clear
boundaries still confine heating to the lowest energy
ions.

For δB⊥/B0 ∼ 0.11 as shown in Figure 4 nearly
the entire low µ region becomes stochastic except
for a few small islands that remain embedded in the
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Figure 3. With a slight increase in wave ampli-
tude, the low energy region of the Poincaré section
becomes stochastic. Low energy particles can now
wander through the stochastic sea to higher energies.
Phase space islands remain embedded in the stochas-
tic sea, but the entire region becomes stochastic for
δB/B0 = 0.056.

stochastic sea. The stochastic region is forced up
against the set of period five islands which have them-
selves become stochastic. A clear boundary exists be-
tween the two stochastic regions and particles may
not move across that boundary. Above the bound-
ary, the period five island chain has also merged and
become stochastic and other chains of islands have
also appeared against the boundary between the lower
stochastic region and the upper stochastic region.
Chains of islands have also appeared inside the pe-
riod five islands. However, the two regions are still
separated and low energy particles cannot be ener-
gized much above the thermal speed. With a modest
increase to δB⊥/B0 = 0.14 as shown in Figure 5, the
period five islands merge with the low energy stochas-
tic region leaving a path for low energy particles to be
heated well beyond the thermal energy. With further
increase in the wave amplitude the stochastic regime
pushes to larger µ. For example, with δB⊥/B0 ∼ 0.3
particles are readily energized to µ ∼ 4.

Discussion and Summary

It is useful to discuss some of the properties of the
waves and particle orbits. In this study we have fo-
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Figure 4. Both the period five island chain and the
low energy region are stochastic, but they are sep-
arated by a boundary. Global stochasticity occurs
when the two regions merge just above δB⊥/B0 =
0.11.
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Figure 5. Global stochasticity for δB⊥/B0 = 0.14.
Cold and/or thermal particles may wander to su-
perthermal energies resulting in heating perpendic-
ular to the magnetic field. .

cused on particles with v‖ << vti. However, for par-
ticles with larger v‖ heating is still primarily in the
perpendicular direction. Because the parallel electric
field is not large it does not seem to affect the parallel
ion motion for non-resonant ions very much. Increases
in the parallel velocity for low energy ions are primar-
ily due to the magnetic field as v̇‖ ≈ −v ·∇⊥A‖. Even
for the stochastic orbits examined in this paper, the
parallel velocity does not increase significantly (typi-
cally less than 1% of perpendicular energy). Although
the parallel electric field could be significant for en-
ergizing particles which are moving with the parallel
phase velocity of the wave, the parallel phase speed
for kinetic Alfvén waves is significantly increased due
to perpendicular dispersion so that wave trapping is
more difficult even in a high β plasma (ω/k‖ ∼ 3vti).
Finally, the wave solution has a significant electro-
static component which is primarily responsible for
the behavior of low energy particles, but the period
five islands at larger values of µ appear to be deter-
mined by the perturbed magnetic field.

The Poincaré sections for waves with lower fre-
quency are relevant to particle dynamics at the mag-
netopause because magnetopause wave spectra are
dominated by waves with frequencies in the range 10-
500 mHz ≈ 0.01 − 0.5Ωi. Poincaré sections are quite
similar except more fingers appear at lower frequency
and island chains can consist of hundreds of islands.
Interestingly, the threshold appears to show no sig-
nificant dependence on frequency for ω > 0.01Ωi al-
though the threshold for onset of stochasticity does
increase slightly for lower frequency. Similarly, heat-
ing rate and maximum energy of particles is slightly
smaller for lower frequency. Irrational values of Ωi/ω
also seem to produce ion heating with roughly the
same threshold for onset of stochasticity.

Particle motion of low energy particles is dom-
inated by the electrostatic electric field for large
k⊥ρi. As such, the stochastic threshold is mainly
dependent on the value of Φ and k⊥, and indeed,
we have found that the stochastic regime occurs
when k2

⊥ρ
2
i Φ ∼ 1 without much sensitivity to fre-

quency. For magnetopause conditions this would
translate to modest electric field strength—E ∼ 5 ×
(λ/100km)(B/50nT)2mV/m. Magnetic fields are ap-
proximately given by

δB⊥
B0

∼
√
β

2

√
1 + (1 + Te/Ti)k2

⊥ρ
2
i

k⊥ρi(1 + k2
⊥ρ

2
i )

(8)

which is in rough agreement with our calculation
(δB/B0 ∼ 0.1) and shows the dependence on wave-
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length and β.
These results have several implications relevant

to magnetopause observations. First, transverse ion
heating due to this process depends on wave ampli-
tude. Below the wave threshold, there is no heat-
ing of the plasma. Slightly above the threshold, the
core of the distribution is expected to flatten, but ions
are not heated above the thermal velocity. For larger
wave amplitude, ions can be heated above the ther-
mal velocity. The heating process can occur rapidly
over a time less than 30 cyclotron periods. Due to
the brevity of this letter, we defer estimates of the
stochastic threshold, more detailed description of the
appearance of island chains, island overlap,, and dis-
cussion of the effect of background gradients (and the
resulting particle transport) for a later publication.

Obviously, wave heating at the magnetopause is
more complicated than this simple picture. This cal-
culation is primarily meant to provide understand-
ing of the nonlinear coupling between kinetic Alfvén
waves and cyclotron motion and to provide a phys-
ical picture which gives qualitative understanding of
resulting particle signatures. Most likely, there is a
spectrum of waves that can participate in the heat-
ing process. Typically, the addition of a second wave
or magnetic field rotation can reduce the threshold
for stochasticity to occur and increase particle heat-
ing and transport beyond quasi-linear levels [Johnson
and Cheng, 1997b].

In summary, we have examined ion motion in the
presence of kinetic Alfvén waves prescribed for mag-
netopause conditions. We find that for typical Alfvén
wave parameters, onset of stochasticity occurs when
δB/B0 ∼ 0.05, leading to full stochasticity of the
thermal population when δB/B0 ∼ 0.1 as first shown
by Johnson and Cheng [1997b].
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