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Nonlinear gyroviscous force in a collisionless plasma
E. V. Belova

Princeton Plasma Physics Laboratory, Princeton, NJ 08543, USA

Nonlinear gyroviscous forces in a collisionless plasma with temperature variations are
calculated from the gyrofluid moments of the gyrokinetic Vlasov equation. The low-frequency
gyrokinetic ordering is assumed, and an additional finite Larmor radius (FLR) expansion in
a parameter ¢, = (kyp)? < 1 is performed. This approach leads naturally to an expression
for the gyroviscous force, (V- mg), in terms of the gyrocenter distribution function, thus
including all resonant effects, and represents a systematic FLR expansion in a general form
(no assumption of any closure is made). The obtained results can be used, in particular, in
kinetic calculations, and allow the inclusion of FLR corrections into the usual drift-kinetic
formulation via particle stress tensor. The expression of (V- 7rg) is also calculated in terms
of the particle-fluid moments by making the transformation from the gyrocenter to particle
coordinates. The calculated (V- 7rg) represents a modification of the Braginskii gyroviscosity
for a collisionless plasma with V1" # 0. It is compared with previous calculations based
on the traditional fluid approach. As a byproduct of the gyroviscosity calculations, we
derive a set of nonlinear reduced gyrofluid (and a corresponding set of particle-fluid) moment
equations with FLR corrections. The equations exhibit a generalized form of the “gyroviscous
cancellation”, which appears in an arbitrary high moment equation of an infinite set of fluid
equations.

PACS numbers: 52.65.Tt, 52.25.Dg, 52.65.K]



I. INTRODUCTION

For many problems arising in space and laboratory plasmas, the thermal Larmor radius
of a particle species (ions or electrons) is small compared to the equilibrium scale lengths,
as well as the perpendicular (with respect to the background magnetic field) wavelengths
of interest. Simplified physical models are often used to describe the low-frequency phe-
nomena in such a plasma. A magnetohydrodynamic (MHD) fluid description or a standard
guiding-center (drift-kinetic) formulation represent the lowest order approximations for col-
lisional and collisionless plasmas, respectively. When finite Larmor radius (FLR) effects are
important, corrections can be introduced in these models in a perturbative way by making
an expansion with respect to the small parameter € ~ p/L ~ w/w,., where p/L is the ratio
of the Larmor radius to the perpendicular scale length, and w. is the cyclotron frequency.

There are two different approaches to the derivation of FLR fluid equations. In the first
and more traditional approach!, a set of FLR equations is derived directly via a systematic
expansion of the hierarchy of fluid moments of Vlasov equation. When, in addition, a closure
relation (collisional, for example) is assumed, a closed set of magnetohydrodynamic, FLR-
corrected, fluid equations can be obtained! 3.

The second approach is based on a set of nonlinear gyrokinetic equations® ¢, derived

assuming the gyrokinetic ordering:
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Here L, is the equilibrium density gradient scale length, k| and k; are the parallel and

perpendicular wave numbers, ¢ is the perturbed electrostatic potential, 6 F' and F{, are the

perturbed and equilibrium distribution functions, and € ~ €5 are the expansion parameters.



In the second approach, a set of gyrofluid equations” ¥ is obtained by taking moments of
the gyrokinetic Vlasov equation. As a result, these equations are formulated in terms of
the moments of the gyrocenter distribution function, rather than the particle distribution
function. The gyrocenter-fluid (GF) moments can be expressed in terms of the particle-fluid
(PF) moments, producing a set of nonlinear reduced fluid equations with FLR corrections.
The gyrofluid formulation greatly simplifies the derivation of the reduced FLR fluid equations
as compared to the usual fluid moment approach. This simplification comes from the reduced
dimensionality of the gyrokinetic Vlasov equation (no gyroangle dependence), in which the
expansion with respect to the small parameter € ~ €5 has already been made. An additional
advantage of the gyrofluid approach is the separation of the equilibrium and perturbed fields,
which allows different scale lengths for the background fields and the perturbation. Thus,
it is valid for (k,p) ~ 1, however, in practice, an expansion in ¢, = (k, p)? can be made to
facilitate the transformation between the gyrocenter-fluid and particle-fluid moments.

In this paper, we derive the FLR corrections to the particle stress tensor for a collisionless
plasma using the gyrokinetic formulation. The goal of this calculation is twofold. First, the
FLR corrected stress tensor expressed in terms of the gyrocenter distribution function can be
used to include the higher order FLR corrections into the drift-kinetic model. It can be used
directly or as a part of the ion perpendicular current calculation in the numerical /analytical

101 For k) p< 1, such a scheme can

schemes, which rely on the so-called particle closure
be considerably cheaper and more efficient than a gyrokinetic one. Second, the particle-
fluid gyroviscosity, 7, is obtained by expressing the gyrocenter-fluid moments in terms of

the particle-fluid moments. The fluid expression so obtained yields a useful benchmark

for comparison with similar calculations based on the standard fluid approach?312. The



calculated gyroviscous force allows one to incorporate FLR (diamagnetic) effects into a fluid
description of plasma.

It is well known that in the fluid description, in the limit of small but finite Larmor
radius, the FLR corrections can be included in the momentum equation in the form of the
gyroviscous stress tensor!. The Braginskii fluid equations were derived assuming collisional
ordering, and neglect the contribution of the higher-order fluid moments (heat fluxes, in
particular) into the gyroviscosity. It has recently been demonstrated® that in a plasma with
temperature variations, the contributions to the gyroviscous stresses from the gradients of
the heat flux are comparable to that of the velocity gradients. The self-consistent inclusion

2312 when

of the heat fluxes is also important for the so-called gyroviscous cancellation
T # const. (The gyroviscous cancellation is usually understood as the cancellation of the
convective derivative associated with the diamagnetic velocity from the total time derivative:
d/dt = d/dt — (V,-V), when the gyroviscous force is included in the momentum equation.)

In this paper, the expression for the gyroviscous force is obtained in terms of the par-
ticle distribution function, and all higher order moments are retained without truncation.
Therefore, it represents a systematic FLR expansion in a general form (no assumption of
any closure is made), and includes all relevant kinetic effects. In addition, the gyroviscous
cancellations are recovered automatically, since the diamagnetic velocity does not appear
in the total time derivative in the gyrofluid equations. Results of our calculations are in
general agreement with those of Smolyakov®, who used an alternative fluid approach. It is
demonstrated, in particular, that the previous discrepancy between calculations based on

the fluid theory® and the gyrofluid derivation” is related to the inconsistent treatment of the

parallel heat fluxes in Ref. 7.



This paper is organized as follows. In Sec. II, we present the gyrokinetic Vlasov equation
and the relation between the particle phase-space and the gyrokinetic phase-space variables
used in this paper. Our calculations are based on the nonlinear gyrokinetic equations* ©,
and are carried out up to the second order in ¢, €5, assuming the gyrokinetic ordering Eq. (1).
A general gyrofluid equation is derived in Sec. III. A relation between the gyrocenter-fluid
moments and the particle-fluid moments, and a general reduced fluid moment equation are
also presented. The derivation is greatly simplified by the small Larmor radius assumption,
kip< 1, and the expansion in €, is carried out through O(e,) order. The first six reduced
FLR-corrected fluid equations are presented, and these equations are compared with the
previous fluid and gyrofluid results. The parallel component of the gyroviscous force is
found from the parallel component of the nonlinear FLR-corrected momentum equation.
The derivation of the perpendicular component of (V- 7g) is presented in Sec. IV, where

2

two different forms of the gyroviscous force*!'? are given and discussed. A summary and

conclusions are given in Section V.
II. GYROKINETIC VLASOV EQUATION

The gyroviscous forces are calculated assuming a low beta plasma, using the electrostatic
approximation, and neglecting the magnetic curvature terms. To simplify notation, we set
e = m; = ¢ = 1 throughout the paper. The gyrokinetic equations used in this paper are
derived using the action-variational Lie perturbation method®!?. The derivation is carried
out in two steps. First, the guiding-center equations of motion are derived. This is done by
making a transformation from physical space coordinates, z = (x, vy, v /2B, 6p), to guiding-

center coordinates Z' = (X', U’,1/,0') in such a way that the gyroangle dependence in a



guiding-center Hamiltonian is “transformed away”, and the resulting equations of motion are
gyroangle independent. The coordinate transformation is the near identity transformation
with small parameter being € = p/L, and eliminates the gyroangle dependence associated
with the background inhomogeneities. When magnetic curvature is neglected, “new” and
“old” variables are simply related by: X' =x— p, U' =v, ¢/ =v1 /2B, 0' = 0,.

The gyroangle dependence introduced by the perturbed field is removed by the second
transformation from the guiding-center to gyrocenter coordinates: Z' — Z = (X, U, u, 0).
The small parameter €5 associated with this transformation is the perturbation amplitude,
and the gyrokinetic equations used in this paper are second order accurate in €5. In this
order, the guiding-center and gyrocenter coordinates are related by:

, , 1 9GY ,
7B = 2%+ G+ 2Go 4 G, 2)
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where G and G are the components of the generating vector of the first order and second
order (in the perturbation amplitude) transformations respectively, given by (n = 1,2)

G, = —bdS,/0U — +b x VS,

GU =V,5,
Gt = 9S,/00
G = —88,/0u

The equations for the scalar functions S; and Sy = O(e2) are determined by the choice of the
transformation (2), and are given up to O(ees, €3) in the Appendix. The lowest order solution
for Sy is Sy =V /B, where U= [? 3 df, and $= ¢ — () is the gyroangle dependent part
of the perturbed electrostatic potential p = p(X+ p,t).

The gyrocenter distribution function is gyroangle independent, F' = F(X, U, u), and

satisfies the gyrokinetic Vlasov equation®:
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where b = B/B and ® = ¢ — 5=0(¢%)/Op + ﬁf) VU x V $, and angular brackets denote
the gyroaveraging. We will assume that V| Fy = 0. Note that the gyrokinetic ordering
implies that V  0F ~ V| Fy ~ €, where from now on ¢ will denote both € and €.

It is possible to directly calculate the stress tensor in terms of the gyrocenter distribution
function by using Eq. (2) and making a coordinate transformation in the integral P =
[vv fd*v. However, since we are only interested in the expression for the force, V - P, the
calculations can be simplified. Thus in this paper, we are using the gyrofluid approach to
derive a set of FLR corrected fluid equations, and the parallel component of the gyroviscous
force is obtained from the parallel momentum equation. The perpendicular component of

V - P is calculated by expressing the perpendicular fluid velocity in terms of the gyrofluid

moments through O(e?) order.
II. REDUCED FLUID EQUATIONS

A. Gyrofluid equations

In the gyrofluid approach”®, a set of coupled nonlinear gyrofluid equations is obtained
by taking moments of the gyrokinetic Vlasov equation (3). Due to the ordering (1), the first
order O(e) accurate Vlasov equation and the first order accurate transformation between the
gyrocenter-fluid and the particle-fluid moments are sufficient” to derive the fluid equations

valid up to O(€?). We define the general gyrocenter-fluid (GF) moment as
M(X,t) = |[#0YF = [ WU F dudu 4)

Multiplying the gyrokinetic Vlasov equation Eq. (3) by p*U', and taking the integral, we



obtain two equations

for [ - even:

d/Mkl
dt

1
+ViMuy + 553 {Vie, My} =0 (5)

for [ - odd:

d/Mkl
dt

1 l
+ V| (M1 + IMig—1) + 252 {Vi% Mk—i—ll} tog -1V Vi =0 (6)

where d'/dt = 0/0t 4+ (vg - V), and {f,g} = b-Vf x Vg. In the derivation, it has been
assumed that My, = O(1) for any [ - even, and My = O(e) when [ is odd, and terms of order
higher than O(e?) have been neglected. An expansion with respect to small parameter €, has
been made in the gyrokinetic Vlasov equation, so that (®) = Jy ¢ + O(e?) = (1 + 5V )y,
where Jy is the Bessel function. Equations (5) and (6) are the gyrofluid equations written
in a general form, and valid up to O(¢?) and O(ey) order. The equations for GF density
N = My, parallel momentum NV| = My;, and the GF perpendicular and parallel pressure,
P = BM,o and P| = My, can be obtained from Eqgs. (5) and (6). To the same order in €,
and with the same assumptions, these equations agree with the gyrofluid equations given by

Brizard”.

B. Relation between gyrocenter-fluid and particle-fluid moments

In this Section we derive a relation between the gyrocenter-fluid and particle-fluid mo-
ments to first order accuracy in € and ¢, . Higher-order O(e?) terms are not needed for the
derivation of the reduced fluid equation, because their contribution in the particle-fluid equa-
tions is an order higher than that considered in this paper. We define a general particle-fluid

moment as:



mi(x,t) = |0 = [(032B) o) f dv (7)
In terms of guiding-center distribution function, F., the PF moment can be written as*:
mmxw:/MWEﬂm&X+p—@fZ (8)

where dZ = Bd*X dUdudf. Using the relation between the guiding-center distribution

function and the gyrocenter distribution function given in the Appendix, it becomes:
k7l OF 6
mew:/uU Ft pgn| 00X+ p=x) 2 (9)

After the Larmor radius expansion, the PF moment in terms of GF moments to first order
in € and €, is:

(k+1)
B2

= My + —VlMiﬁLu MuV?3 e (10)

For [ - odd, the last term on the RHS is O(€?), and should be dropped. The difference
between PF and GF moments is O(e ), and to this order, the inversion of the Eq. (10) is
trivial:

k+1)
B2

1
2
My = myy — —=Vimppu —

5B msziSO (11)

C. Particle-fluid moment equations

In this Section the relation between the GF moments and the PF moments, Eq. (10),
and the gyrofluid equations Egs. (5) and (6) are used to derive the evolution equation for
PF moment my;. The calculations are carried with O(e?) and O(e, ) accuracy. Taking the

time derivative d'/dt of the PF moment my;, and using the Egs. (10) and (6), we obtain

d'm l
dtkl = — V| (Mg + IMy—1p) — 232 {Vl% Mk+1z} QBMk—f—ll 1V Vig
1 d 2 11 (k+1) d
— M,
T op g VMt T Mug Vi



Now we can substitute the GF moments in terms of the PF moments, neglecting O(e?)
and O(€%) terms, and use the commutation relation” d'/dt V3 = V3d'/dt + {V?p, }/B—
2V, -{V.p, }/B to obtain

for [ - even:

U

d'm d
£ = =V Mg + my(k + 1)%V2MO/B2 — Vi AV o,msu}/B, (12)

dt

for [ - odd:

d’mkl
dt

= =V M1 — lm 1V — Vi - {V1 o, meiu}/B? (13)

+ [(k + D)mi1/B? — lmk—f—ll—l/B} V Vi,

where d'/dt = 0/0t+ (vg-V). When the equilibrium distribution function is bi-Maxwellian,
the last term in the Eq. (13) is proportional to (p|(|0) — p(f)) and can be neglected if the
zero-order pressure anisotropy is small. In this case, the FLR corrections in the odd-l
moment equations appear only in the nonlinear (€%) term. The equations (12) and (13)
represent an infinite set of coupled FLR-corrected reduced fluid equations derived through
O(€?) and O(e, ) order. Note that these particle-fluid equations exhibit a generalized form of

“gyroviscous cancellation” (a cancellation of the (v, - V) term from the total time derivative

on the LHS).

D. Example: first six reduced fluid equations

Using the general form of the particle-fluid equations (12) and (13), the time evolution

equations for the first four particle-fluid moments n = ||1||7F = mqg, nvy = |U[|"F = mo1,
pL = || Bul|"" = Bmag, and pj = |[|[U?||"F = my2, becomes
d'n n©® d'
IR, v ——Vip— V1 {VL o, B’ 14
o | (o) + 5 Vie= Vi {VLi g pi}/ (14)

10



(0)

dp, 2py d'
(0)
d'p pd
= VI 5 Vie = Vi (Ve U]}/ B (16)
(0) (0)
d/?) p — Py
nel = = Vyp =0 Vo= Vi A{VLp |Ul}/B*+ =V Vi (7)

These equations are written in terms of the particle-fluid moments, and the index “0” is
used for the equilibrium quantities. Using the notation of Ref. 7, the third and fourth-order

moments can be written as follows:

1
|ULlB = prvy+af”, 0P| = 3pyo; + 24", (18)

2p3

)| B* =

TLioRs, |UtuB =0

+ Ry. (19)

Here ¢ = q|(| )+ q|(|”)

is the parallel heat flux, and R, and Ry are the components of the
energy-weighted stress tensor R. From the time evolution equations for the third-order

moments my; and mys, the equations for the components of the parallel heat flux can also

be derived
d,ql(li)
o Y IWPIB 4+ TV = VAV OB - T/ B (20)
0)
T
* ?Q’ﬁm —p1) V) Vig
d,qﬁm ; X
= T 5 v IlU4 + S DI Vip =5 Ve {Viye, |uU?|| = 3Ty[|uU ||}/ B (21)

In Eqgs. (20) and (21), the equilibrium distribution function, £, is assumed to be bi-
Maxwellian, and 7'y = p, /n and T = p;/n are the perpendicular and parallel temperatures.

When the FLR corrections are neglected, these equations take a simple form

dqj”

o =~ VITi= V) Ry (22)
gl 5

dt 521 Vi Ti= Vi B (23)

11



The equations for R and other higher-order moment equations can be obtained from Eqs. (12)
and (13) in the same way. This infinite set of coupled fluid equations cannot in general be
closed unless some assumption about the distribution function is made.

It is worth-while to compare our FLR fluid equations Eqs. (14)-(21) with the previous
FLR fluid derivations. For an equilibrium with p(f) = p|(|0), the first four FLR-corrected
reduced fluid equations (for the density, parallel velocity, and the perpendicular and par-
allel pressures) have been derived earlier using both the gyrofluid” and the direct fluid?
approaches. Our continuity equation Eq. (14) includes the contributions of the nonlinear
polarization flow, and agrees with the equation obtained earlier®”. There has been disagree-
ment between the FLR corrections to the parallel momentum equation obtained from the
gyrofluid equations”, and those calculated using the fluid theory®. Our parallel momentum
equation, Eq. (17), agrees with that of the fluid calculations by Smolyakov3. As the deriva-
tion of the Eq. (17) shows, there is an additional cancellation of the terms proportional to
the perturbed perpendicular temperature, when the contributions of the parallel heat fluxes
are consistently included. In particular, the term ~ d’ (Viql(ﬁ)) /dt, which appears when the
GF moment is expressed via PF moments: NV = nv — V3 ||uU|| /2B, had been neglected
in the previous gyrofluid derivation of parallel momentum balance. However, from Eq. (22),
it follows that the contribution from this term is of the same order as other FLR corrections,
and it must be retained when 67", # 0.

Our particle-fluid equations for the perpendicular and parallel pressure, Eqs. (15)
and (16), include the FLR corrections in a form of the “generalized polarization term”.
Such corrections have been derived previously from the corresponding gyrofluid pressure

equations’. The FLR-corrected pressure equations obtained in our paper are in general

12



agreement with that of the earlier calculation, except for the extra term ~ p*V? Vv, which
appears in the equation for p; in Ref. 7. This term is cancelled out, when the difference
between the GF and PF parallel heat fluxes (Ql(ll) and ql(‘l)) is taken into account. From
Eq. (10) one has: [|[Up||PF = ||Up||9F +V2 ||Up?| /2B, which combined with relation between

v and V) gives

N 1 pL P
qf” = Q7 = VAU — 5 mVEIUL| & 5 5 Vi

which is correct up to O(e), and where the higher order moments on the RHS have been

neglected.
IV. DERIVATION OF THE GYROVISCOUS FORCE

A. Parallel component of (V- )
The FLR-corrected parallel momentum equation Eq. (17) can be used to find the parallel

component of gyroviscous force. We will define the PF gyroviscosity tensor g by:
wg= P — p°t — pvv, (24)

where P is the stress tensor, and p©“L = p, (I — Bf)) +p| bb is the particle-fluid Chew-
Goldberger-Low!? (CGL) pressure tensor. Then the parallel component of the fluid momen-

tum equation becomes
n—=-=Vp— (V-mg) —n V)¢ (25)

To the order considered in this paper, the total time derivative in Eq. (25) can be written as
d/dt = 0/0t + V(f) -V , where we have neglected the parallel convective derivative, and used

the lowest order expression for the perpendicular fluid velocity, V(f) = vp+V,. In this paper

13



we define the diamagnetic velocity in terms of p; as: v, = b x Vp, /(nB). The comparison
of Egs. (25) and (17), gives the expression for the parallel gyroviscous force in terms of the

PF moments

1
(V- mg)y= —(nvi - V)uy + 55 Vi AVL @, [Um]l} ~ V) Vig (26)

B2
The first term in Eq. (26) is responsible for the “gyroviscous cancellation”, and the other
two are the FLR corrections (the last term on the RHS side can be neglected, when the
equilibrium pressure anisotropy is small). Note that our expression for (V- 7'rg)|| does not

include the parallel vorticity gradient obtained in previous studies®'2.

It can be shown’,
that this cancels from the parallel momentum equation when other FLR corrections of the

same order O(e?) are included self-consistently.

B. Perpendicular component of momentum equation

In the previous Section, we have found the parallel component of momentum equation
from the gyrofluid equations up to O(¢*) and O(e, ). The advantage of the gyrofluid method
is that the second-order accurate (in €) equations can be obtained from the first-order accu-
rate gyrokinetic equations, which simplifies the calculations considerably. Unfortunately, the
perpendicular component of the GF momentum equation cannot be derived in the same way
(the GF moment of [V, F dUdudf vanishes, where V| = B dp/00 is the particle perpen-
dicular velocity associated with its cyclotron motion). It can be recovered, however, when
the PF perpendicular momentum is expressed in terms of the moments of the gyrocenter
distribution function F' through the second order in €, and expanded in €, .

Namely, using the PF' momentum equation,

d
n%:—vlpl—(V~7‘rg)l+n(El+VxB) (27)

14



the perpendicular fluid velocity can be found by expanding in €

vV = v, +vg (28)

V. Vet —=bx (V )+113de(¢1)
VIZVTVET OB Te) TP T

(29)

O(€2)

where d/dt = 0/0t + V(f) -V . If the particle-fluid velocity v, is calculated up to O(e?), the
perpendicular component of gyroviscous force can be found using Eq. (29). In terms of the

guiding-center variables the perpendicular momentum can be written as*:
nv,(x,t) = /wlf(w,x, t) d*w = /Vngcé(X +p—x)d°Z (30)

In order to express Eq. (30) in the gyrocenter moments, the relation between the guiding-
center distribution function, Fj., and the gyrocenter distribution function, F', can be used.
This relation is given in the Appendix. Keeping all nonlinear terms through the second

order, and expanding in €, we obtain:

1~ 1 - 3~
nv, = beVPL—FNVE—FEI)XV(ViHN2H>_ﬁbXle (31)
N[0 1. 1 )
_ﬁ E—FV*V Vlgp—kﬁbXV(vlpl'vlw)‘i‘@VE(vipl)
N - 9 3P, 9 0
—+ @b X V(Vl SO) - @VLEVL@

where the RHS of Eq. (31) is written in terms of the GF moments, and the GF diamagnetic
velocity is defined as V, = b x VP, /(NB), and x. = —(P./B)b-V x vg. Eq. (31)
can be used, for example, in kinetic calculations, and it allows one to determine the ion
perpendicular current, including FLR and inertia effects, in terms of three GF moments: N,
Py and [|p?].

To obtain the particle-fluid version of Eq. (31), the GF perpendicular pressure and
density on the RHS of Eq. (31) have to be written in terms of the PF moments. First-order

15



accurate relation between N and n is sufficient, and it can be obtained from Eq. (11). The
perpendicular pressure moment is needed up to O(€?), and this can be calculated in the same

way as the v, moment in Eq. (30). Thus, we find:

1 2 2
Pr=pitgnvi = VAWl - S5 Vie— 55 Vie- Vips -

2 Vil (3

55
N=n-g Vlm QVQM (33)

In terms of particle-fluid moments, neglecting O(¢% ) terms, nv, becomes:

nv, = (v*+VE>+@bxv( i——vf 121 + —5 (Vua)) (34)
n d 3L 0
T Ea VP T apVig Ve

Equation (34) includes FLR corrections to the drift velocity, Eq. (28), and nonlinear polar-
ization drifts. The last term represents the FLR correction to the polarization drift velocity.
This term is O(ell/ %) order higher than other terms in Eq. (34), but it can be important
in some applications (thus, it allows one to obtain the correct dispersion for kinetic Alfven
wave'® when Eq. (34) is used in two-fluid electromagnetic calculations). For simplicity, this
term will be neglected in the subsequent calculations. The divergence of the above expression

for the perpendicular momentum, which enters the continuity equation, can be calculated:

d/
V-(nvy)=vg-Vn-— EEVQ 3Vi AV.ip, pi}

where we used the relations V| - d'(V @) /dt = d' (V3 p)/dt and V| - (v.- V)V o= -V -
{Vip, pi}/(n9B). Thus, the continuity equation, Eq. (14), which has been derived from
gyrofluid equations, can be recovered again from Eq. (34).

From Egs. (34) and (29), the perpendicular component of the gyroviscous force can now
be found

16



where y is defined as

Vip)? (36)

1
X Va2 el + s

N | —

X =

The structure of the calculated (V- mg) , Eq. (35), is similar to that obtained by Hazeltine
and Meiss'? for the VT = 0 case. The diagonal part of Eq. (35) can be cast in a more

familiar form

g:—@b val——Bb qu) (37)

where the first term is a parallel vorticity term'?

, and the second term appears due to a
finite temperature gradient. The component of the perpendicular heat flux is defined by

q” = (1/2) f(wy)*w. f d®w. In the leading order, it can be shown that

%W - 9.
q(” = Bb x V|2 H—Qplv*:%beTl—i—beVRl. (38)

Therefore, when temperature variations (and R, ) are neglected, our expression for (V- mg) |
reduces to that of Hazeltine and Meiss'?
An alternative expression for the perpendicular gyroviscous force has been derived by

several authors?3

. The relation between two different forms of gyroviscosity can be found
from the equation for the perpendicular pressure including FLR corrections. Thus, using

equation (15) for p,, it can be shown that

dv,
dt

1~
= (v V)vi = b x V(V) [|Unl]) (39)
which allows us to write the perpendicular gyroviscous force in a different form:
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(V- mg), = —n(va- V)vi+ b x V(V [[Un])+ Vi X (40)

The first term in Eq. (40) is responsible for the gyroviscous cancellation in the perpendicular
momentum equation, and other two terms represent off-diagonal and diagonal FLR correc-
tions to the ion stress tensor. Note that previous attempts®1? to find a relation between
two different representations of the gyroviscous force, Egs. (35) and (40), failed because they
did not account for the pressure anisotropy. Our derivation demonstrates that, to the order
which Eq. (39) is valid, both expressions for the perpendicular component of gyroviscous
force are equivalent. Substituting Eq. (35) and Eq. (40) into (27), the corresponding two

different forms of the FLR corrected ion perpendicular momentum equation can be obtained

d
n%z—vi (pL+x)+n(EL +vxB) (41)
d'v . ~

YL~ VL (i D)~ b x V(T U] +n(BL v % B) (42)

In previous work, the perpendicular component of the gyroviscous force, including tempera-
ture variations, was calculated from the fluid equations by solving the stress tensor evolution

equation®®. An expression for (V- mg) |, similar in structure to Eq. (40), was obtained. How-

IR
ever, in the derivation by Chang and Callen? the contribution of the perpendicular heat flux
was neglected, and their expression for y is missing a second term proportional to VT',. As
Eq. (38) shows, the perpendicular heat flux is comparable to v in a plasma with nonuniform
temperature. Calculations by Smolyakov?® included the heat fluxes and other third-order mo-
ments. For the case 07, = 07), the temperature gradient corrections in Eq. (40) agree with
those derived in Ref. 3. Thus, for isotropic temperature, it can be shown that q(f) =4/5q,,
where q; = q(f) + qﬂ” is the total perpendicular heat flux vector. However, in the general

case of anisotropic temperature, our results are in partial disagreement with the fluid theory

18



results®, possibly, because the fluid calculations did not distinguish between the two parts

of the perpendicular heat flux, q(f) and qﬂ”.

C. Gyroviscous force in terms of gyrocenter distribution function
Components of (V- mg) given by Egs. (26), (35) and (40) have been calculated in terms
of PF moments. In this Section, the expression for the gyroviscous force is given in terms of

the GF moments. It is convenient to define the GF gyroviscous stress tensor as
II,=P— P (I-bb)— Pbb (43)

where P, = ||uB| and P; = ||U?|| are GF perpendicular and parallel pressure. In the
models relying on kinetic (particle) closure schemes'®!% the energetic ion stress tensor is
usually approximated by the CGL pressure tensor, P€“L = P, (I — Bf)) + Pﬂ)f), and particle
dynamics is described using the drift-kinetic or gyrokinetic approximation. For k), p< 1,
the next order FLR corrections can be included via the GF gyroviscosity tensor (43). The
gyrofluid gyroviscosity tensor, Il,, is related to PF tensor 7, by

A A

I, =, + pvv + (pr — PL — pv} /2) (I = bb) + (p; — P — pv}) bb (44)

where the difference between PF and GF pressure moments has been included in the def-
inition of II,. Expressing particle-fluid moments in terms of gyrocenter-fluid moments, or

using Eq. (31) directly, it can be shown:

(V- Tog), =N(vp-V)VL+bxV (V)|uU])

1 3
+V, (ZViH/ﬂH XL + NV, ‘VE>

1
(V-IIg), = N(veg- V)V +V] (@Vi!\(ﬂu!\ - Xi>
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1

1 2
b o3 VoAV, U} + 5t VU2

where the RHS is written in terms of GF moments, so that NV = [UF dUdyu, and V| =
vg + V.. Note that the difference between PF and GF pressure moments is of the same

order as other FLR corrections, and it must be taken into account in the calculations of

V.-P.

V. SUMMARY

In this paper we have presented the derivation of nonlinear gyroviscous forces in a
collisionless plasma with temperature variations using gyrokinetic formalism. First, a set of
nonlinear gyrofluid equations has been derived in a general form by taking moments of the
gyrokinetic Vlasov equation, and expanding with respect to €, = (k1 p)%. A corresponding
set of reduced fluid equations is obtained by expressing the gyrocenter-fluid moments in
terms of particle-fluid moments. These FLR fluid equations exhibit a generalized form
of “gyroviscous cancellation”, which appears in an arbitrary high moment equation of an
infinite set of fluid equations. The parallel momentum equation, thus obtained, contains
FLR corrections up to O(e, ) order in a form of the parallel component of gyroviscous force.

The perpendicular component of the gyroviscous force is found by calculating the per-
pendicular fluid velocity in terms of gyrocenter-fluid moments and expanding in €;. This
calculation has been carried out through second-order in the gyrokinetic smallness parameter
¢, and includes all relevant nonlinear FLR corrections and polarization drifts. Two different
forms of the perpendicular gyroviscous force, Egs. (35) and (40), have been presented, and
these are shown to be related by the FLR fluid equation for the perpendicular pressure.

In the derivation of the reduced fluid equations and gyroviscous forces, the FLR cor-
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rections have been systematically accounted for by keeping higher-order moments of the
distribution function. It is shown that when the plasma temperature is nonuniform, the
contributions of the parallel and perpendicular heat fluxes into the gyroviscous stress tensor
are comparable to those of the velocity gradients. The disagreement between the previous
fluid and gyrofluid calculations®®7 is due to the inconsistent treatment of those heat fluxes.

The gyroviscous forces and reduced fluid equations derived in this paper can be used
to include FLR effects into a fluid description of plasma, and serve as a useful benchmark
for similar fluid derivations. However, the fluid description, even with the FLR corrections
rigorously retained, has to rely on an approximate closure scheme, and generally fails to
include other kinetic effects, such as the parallel dynamics and resonant wave-particle inter-
actions. The FLR corrections to the ion stress tensor calculated in terms of the moments of
the gyrocenter distribution function represent a systematic FLR expansion, which includes
all relevant kinetic effects. Therefore, it can be used in kinetic calculations, for example,
to include FLR effects into a drift-kinetic formulation. For the case when k; p<< 1, such a
scheme is more efficient that the gyrokinetic model.

The FLR corrections presented in this paper have been derived assuming a uniform
background magnetic field and electrostatic perturbations. These assumptions are commonly

2312 and can be justified when the magnetic

used in the derivation of the gyroviscous stress
curvature and finite-beta effects are small and can be accounted for in a perturbative way,
for example, in a large aspect ratio tokamak plasma. Since FLR effects are considered as
a small correction as well, it is consistent to include the field variation and electromagnetic

effects elsewhere in the model. In the general case, however, the magnetic curvature part of

the stress tensor and the electromagnetic FLR effects are important, and should be retained.
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The present calculations could be straightforwardly extended to include these effects by using

the general geometry electromagnetic gyrokinetic equations?.
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APPENDIX

The scalar function S; related to the first order (in €5) gyrocenter transformation satisfies

the equation!'”!®;

051 051 .
o B2t
ot + UVHSl + 20

Expanding the solution up to O(ees), we have Sy = Sfl) + SP), where

)_1
S ——B\I/

(2):_1/9 ov ,
S o (at + U V||‘If do

For the second order gyrocenter transformation® we have:

05y _ ,0p 1 ,0 P 0 0
Bae— G- Vg Glau 2l(G V¢ )+Ga +G169

+3 e v @gE el

where ¢ = () is the gyroaveraged scalar potential.

In the derivation of the FLR fluid equations (Section III), the first order gyrocenter
transformation is sufficient, and the gyrocenter and guiding-center variables are related by:
Zi = 7' + G4, where the components of the generating vector can be found using the lowest
order solution for S; = Sfl). In this order, the guiding-center distribution function, Fj., can

be expressed in terms of the gyrocenter distribution, F', using the pullback transformation'3

F,o = T#(F) = exp(G 0/0Z7)F, so that
Fpe=F+ Gy -VF+G{OF/0u+ GYOF/oU,

which also follows from: F.(Z") = F(Z(Z')).
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The calculation of the perpendicular fluid velocity (Section IV) in terms of the
gyrocenter-fluid moments requires second order transformation. The guiding-center and

the gyrocenter distribution functions are then related by

Fye F+G36—F+1G 0 (G’aF°> L b

Yoz Yozi\ oz 207
It is convenient to separate linear and quadratic terms in ¢ (related to the first and second

order transformation respectively) in the expression for F,

Fpo=F+FY 4 F®

where F(V) = G{0F/0Z, and F® = 1G] 0(Gi0F,/021)/0Z7 + G} 0F,/0Z7 . Using the
equation for G4 = 05,/00, and neglecting the third order terms, the nonlinear part can be
simplified:

, 0% Fp

F(2 i
(G 5 .

Op 1 w19 ey 950
- (5O Vot FOISE - 3G vED - st ) 5

Substituting the expressions for components of the generating vector GY and Sj, to the

second order in € and €;:

OF, @ OF 1 oW OF,
FO = U .VF il G U
BbXV VF + — V|| 3U+B&u B +U V) &u
¢ O°F, _0p 1 - . 10 1 OF
F® = 0+ U V-t ———(bxVU.Ve) +-—(5) | ==
2323 Bb><v Vo= g, Tap X VY Va5 | o,

The last term in the equation for F(! comes from S@, the higher-order in w/w,; solution for
Sy. It is usually neglected in calculations®®, because (¥ (x— p)) = 0, and its contributions
to the density and parallel current integrals are zero. However, it is important to keep this
term in the perpendicular current calculations, because it is related to the perpendicular

inertia (polarization current) part of j, .
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