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Counter-Propagating Laser Beams
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A. Pukhov
Max-Planck-Institut f�ur Quantenoptik, D-85748 Garching, Germany

The nonlinear interaction between counter-propagating laser beams in a plasma results in the gen-

eration of large (enhanced) plasma wakes. The two beams need to be slightly detuned in frequency,
and one of them has to be ultra-short (shorter than a plasma period). Thus produced wakes have a

phase velocity close to the speed of light and can be used for acceleration and compression of charged

bunches. The physical mechanism responsible for the enhanced wake generation is qualitatively de-
scribed and compared with the conventional laser wake�eld mechanism. We also demonstrate that,

depending on the sign of the frequency di�erence between the lasers, the enhanced wake can be used

as a \snow-plow" to accelerate and compress either positively or negatively charged bunches. This
ability can be utilized in an electron-positron injector.

I. INTRODUCTION

Plasmawas suggested as an attractive medium for par-
ticle acceleration [1] because of the high electric �eld it
can sustain. In a plasma-based accelerator [2], parti-
cles gain energy from a longitudinal plasma wave whose
phase velocity is close to the speed of light. Excitation
of such plasma wakes requires a relativistic driver, such
as an electron beam in a plasma wake�eld accelerator
(PWA) [3] or a short laser pulse in a laser wake�eld ac-
celerators (LWFA) [1]. The magnitude of the plasma
wake in LWFA, measured in units of Ewb = mc!p=e,
where !p = (4�e2n0=m)1=2 is the plasma frequency, is
approximately equal to a2

0
=2, where a0 = eA0=mc

2 is
the normalized vector potential of the laser pulse. Here
n0, �e, and m are the plasma electron density, electron
charge, and mass, respectively. Since a0 = 1 corresponds
to the laser intensity I0 = 2:7 � 1018 W/cm2=�2

0
[�m],

where �0 = 2�c=!0 is the laser wavelength, a relatively
high intensity is needed to produce an electric �eld com-
parable to Ewb.
Recently a novel approach to generating plasma wakes

was suggested [4]. It employs two counter-propagating
laser pulses: a short timing beam (TB) with frequency
!0, and a long pumping beam (PB) with frequency !1.
To produce a plasma wake of order eEz=mc!p � !p=!0
the TB has to be shorter than !�1

p
and detuned from

the PB by j�! = !0 � !1j � !p. Since this approach
requires two colliding laser beams, it is referred to as a
colliding beam accelerator (CBA). CBA has two impor-
tant features: (a) the required intensities of the colliding
laser pulses are much smaller than 1018W/cm2, and (b)
the phase of the wake depends on the frequency detuning
�!. Feature (a) can be re-stated as follows: plasmawake
due to the low-intensity short laser pulse alone is much
smaller than the plasma wake due to the interference of
the same short pulse with a long counter-propagating
pulse. Therefore, the former wake is referred to as the

\regular wake" and the latter wake is referred to as the
\enhanced wake".

In this paper we further elucidate the basic di�erences
between the regular and enhanced wakes by exploring
the analogy between the plasma wave excitation and the
excitation of a pendulum. There are two ways to excite
a pendulum: by displacing it and letting go, or by im-
parting it with momentum through an impulsive kick. It
turns out that the excitation of the regular wake is anal-
ogous to the former while the excitation of the enhanced
wake is analogous to the latter. In addition, we demon-
strate how CBA can be used as a compressor/injector of
charged particle bunches. Since the phase (or, equiva-
lently, the sign) of the enhanced wake can be controlled
by the laser detuning �!, such an injector can accelerate
and compress either electron or positron bunches.

The basic idea of using a laser pulse as a \snow-
plow" for direct ponderomotive acceleration in a plasma
was recently suggested by McKinstrie and Startsev [5].
They found that if the group velocity of the laser pulse
vg < c, an intensity threshold exists, past which an elec-
tron which initially moves with v0 < vg can be acceler-
ated to the velocity larger than the laser group velocity.
The intensity threshold becomes in�nite for a laser pulse
moving with the speed of light. For the sub-threshold in-
tensities, the electron is eventually overtaken by the laser
pulse without net energy gain. Du and Xu [6] later ex-
tended this idea by consistently taking into account the
longitudinal electric �eld of the plasma (although assum-
ing that the laser pulse is longer than the plasma period).
They concluded that, under these assumptions, electrons
cannot be accelerated by the combined �elds of the laser
and plasma. Positrons, however, could be accelerated by
the leading edge of the electrostatic potential produced
in the plasma. What's important, the intensity threshold
does not diverge in the limit of vg ! c. Unfortunately,
the transverse electric �eld would sidescatter positrons
unless some external focusing is applied.
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Accelerators described in Refs. [5,6], where an injected
particle is pushed by the leading edge of either the pon-
deromotive, or the induced electrostatic potentials, can
be referred to as the snow-plow accelerators. They di�er
from the conventional laser-plasma accelerators in that
the �nal particle energy does not depend on the particle
phase with respect to the plasma wake. As long as the
intensity threshold is exceeded, the �nal energy of the
particle which is originally ahead of the pulse is deter-
mined by the pure kinematics of the collision between a
particle and a moving wall. From similar kinematic con-
siderations one concludes that an initially long bunch is
compressed in the process of injection.
Although neither of the references [5,6] suggested that

a particle injector can be based on their ideas, such prac-
tical application is logical if two major drawbacks of the
snow-plow acceleration can be overcome: (i) the mecha-
nism only works for positrons, and (ii) transverse electric
�eld defocuses the accelerated particles. In this paper
we demonstrate how, in principle, the ideas of snow-plow

acceleration and enhanced wake generation can be com-
bined to construct such an injector. To do this, we de-
velop a three-dimensional theory of the CBA. The one-
dimensional theory was described in Ref. [4]. Other laser
injection schemes, not based on the snow-plow accelera-
tion, were recently suggested by Umstadter et. al. [7] and
Esarey et. al. [8].
The remainder of the paper is organized as follows.

In Section II we present a qualitative one-dimensional
analysis and numerical simulation of the colliding beam
accelerator. The emphasis is on two properties of the en-
hanced plasmawake produced in a CBA: (i) large acceler-
ating gradients (> 1 GeV/m) can be obtained using laser
pulses of sub-relativistic (� 1018W/cm2) intensities, and
(ii) the phase of the enhanced wake can be changed by
�� = � by simply changing the sign of the frequency
detuning between the timing and pumping beams. In
Section III we review the basics of the snow-plow acceler-

ation in one dimension. The three dimensional theory of
the colliding beam accelerator in an almost-homogeneous
plasma is derived in Section IV. Section V concludes.

II. ONE-DIMENSIONAL THEORY OF

COLLIDING BEAM ACCELERATOR

To illustrate the concept of the colliding beam acceler-
ator, the following physical problem was simulated using
a one-dimensional particle-in-cell (PIC) code VLPL [9].
An ultra-short circularly polarized Gaussian laser pulse
with duration �L = 1:5!�1p and normalized vector po-
tential a0 = 0:12, propagating in the positive z direc-
tion, collides in a plasmawith a long counter-propagating
pulse with a1 = 0:05. Plasma density was chosen such
that !p=!0 = 0:05. The snapshot of the pulse intensity
normalized to 2:7 � 1018W/cm2 is shown in Fig. 1(i).

Two cases, corresponding to the di�erent frequencies
of the PB, !1 = 1:1!0 and !1 = 0:9!0, were simu-
lated. The resulting plasma wakes are shown in Fig. 1(iii)
and (iv), respectively. For comparison, we also plot the
wake produced by a single TB in absence of the counter-
propagating pulse in Fig. 1(ii).

FIG. 1. Top to bottom: (i) single short laser pulse with

a0 = 0:12 and frequency !0 propagates from left to right;

(ii) short pulse generates a weak plasma wake Ex; (iii) in the

presence of counter-propagating pump with a1 = 0:05 and

frequency !1 = 1:1!0 the wake is enhanced, and its phase

is shifted by �=2 with respect to the \regular" wake of (ii),

which is also shown for comparison; (iv) Same as (iii), only

a down-shifted pump with !1 = 0:9!0 is used, and the phase

shift is ��=2.

Since the intensity of the short pulse is chosen non-
relativistic, the magnitude of the plasmawake left behind
the pulse is much smaller than the limiting (wavebreak-
ing) �eld according to E=Ewb � a2

0
=2. The situation

changes dramatically when a counter-propagating beam
is added. As Figs. 1(iii) and (iv) indicate, the addition
of the pumping beam increases the electric �eld of the
plasma wake by an order of magnitude. To further il-

lustrate this point, we plotted the regular wake [same as
shown in Fig. 1(i)] in Figs. 1(iii-iv) for comparison. Note
that the vertical scales of the Figs. 1(iii-iv) and Fig. 1(ii)
di�er by a factor 20. Plasma wakes produced as a result
of the collision between the counter-propagating beams is
referred to as the enhanced wake because it can be much
larger than the regular wake.

The origin of the enhanced wake can be qualitatively
understood by comparing its phase with that of the reg-
ular wake. As the comparison of Figs. (ii) and (iii)
indicates, the phase of the enhanced wake di�ers by
�� = �=2 from that of the regular wake. Recall that
when a laser pulse of the duration �L < !�1p inter-
acts with a plasma electron, an electron is displaced by
�0 = c

R
d�ja0j2=2 [10], where � = t�z=vg . The momen-

tum gained by the electron from the laser pulse is small
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since the plasma response can be neglected for short pulse
durations. Here, and elsewhere we assume nonrelativis-
tic laser intensities a0;1 � 1 for both the short and long
pulses. Plasma is assumed tenuous, !p � !0, so that
� � t� z=c.
The above reasoning applies not only to a single plasma

electron but also to any small 
uid element of the plasma.
Fluid description is appropriate here because the electron
displacement jkp�j � 1 for a short laser pulse of nonrela-
tivistic intensity. Therefore, electron trajectories do not
cross, and the Lagrangian displacement of the 
uid ele-
ment at z = z0 satis�es the harmonic oscillator equation
�� + !2

p
� = 0. The initial condition �(z0; t = z0=c) = �0

and _�(z0; t = z0=c) = 0 is given along the world line of the
short laser pulse which sets up the initial displacement �0.
The solution of the harmonic oscillator equation which
satis�es this initial condition is � = �0 cos !p(t� z0=c).
Electric �eld of the resulting plasma wake is found from
Ez = 4�en0�:

eEz

mc!p
=
!p�0

c
cos!p� =

�p
�ja0j2

2

�
cos!p�; (1)

where we assumed that a2
0
/ exp [��2=�2

L
].

Enhanced wake is shifted in phase by �=2 with respect
to the regular wake because the initial conditions for ev-
ery 
uid element along the path of the short pulse are set
up di�erently. Assume, for example, that every plasma

uid element is imparted with an initial velocity _�0 in-
stead of being initially displaced. With such an initial
condition, the solution of the harmonic oscillator equa-
tion, � = ( _�0=!p) sin!p(t � z0=c), exhibits the observed
from the simulations phase shift. The initial velocity is
imparted to the plasma via the backscattering of the long
pulse into the short one (or vice versa, depending on the
frequency detuning �!), as explained below.
When two counter-propagating laser pulse interfere,

an almost-standing intensity wave is produced. Its spa-
tial and temporal periods are 2�=(k0 + k1) � �=k0 and
2�=�!, respectively. This intensity grating is slowly
moving with the speed vph = �!=(2k0) � c, and in the
limit of the monochromatic beams becomes a standing
wave. Plasma electrons are a�ected by the ponderomo-
tive force ~F = �r�p which is proportional to the gra-
dient of the ponderomotive potential �p = mc2ja2j=2,
created by the interference of the two lasers. This pon-
deromotive force, directed along the z�axis, is given by
Fp = 2k0a0a1 cos (2k0z ��!t).

It is convenient to introduce an electron ponderomotive
phase  j = 2k0zj��!t of the j'th particle inside a given
ponderomotive period. Using this de�nition and the ex-
pression for the ponderomotive force, a useful quantity
!2
B

= 4!2
0
a0a1 can be constructed which has the di-

mension of the frequency squared, and characterizes the
strength of the ponderomotive force. If !2

B
> !2

p
, then

the Coulomb interactions between the plasma electrons

can be neglected in comparison with the ponderomotive
force. Equation of motion for the j's electron in this case
is particularly simple:

� j + !2
B
(�) sin j = 0; (2)

where, as before, a dot denotes a derivative with respect
to time t or the co-moving coordinate � = t � z=c. The
functional dependence of !B on � is determined by the
longitudinal pro�le of the short pulse; the bounce fre-
quency vanishes before and after the timing beam.

Plasma electrons, initially stationary in the laboratory
frame, enter the time-dependent ponderomotive bucket
with the initial \speed" _ = ��!. If this speed is
smaller than the bucket height _ max = 2!B, some elec-
trons (with the appropriate initial ponderomotive phase)
become trapped and execute a synchrotron oscillation in
the bucket. It turns out that, by appropriately choosing
the pulse duration and frequency detuning, a substantial
average momentum Pz can be imparted to plasma elec-
trons. Clearly, depending on their initial phase  j, some
electrons will gain positive or negative momentum. The
emphasis, however, is on the average momentum trans-
ferred to a 
uid element of size �0=2. The sign and mag-
nitude of Pz varies on a scale of the short pulse duration
which is assumed much larger than �0=2. This consti-
tutes the major di�erence between the generation mech-
anisms of the regular and enhanced wakes. In the case of
a regular wake the 
uid description on all spatial scales
is completely adequate. In the case of an enhanced wake

uid description is suÆcient on a long spatial scale (of
order c�L or c=!p). Fully kinetic treatment may be nec-
essary on a short scale of the ponderomotive period.

To model the electron dynamics on a scale of one pon-
deromotive period, we assume that the TB has a Gaus-
sian temporal pro�le, !2

B
(�) � !2

B
exp (��2=2�2

L
), and

solve the nonlinear pendulum equation (2) for an ensem-
ble of test electrons. Before the arrival of the TB (at
� = �1) the electrons are uniformly distributed in phase
0 <  j < 2� and have identical _ j = ��!. The aver-
age momentum Pz, gained by the electrons after the in-

teraction, is calculated as Pz = (m=2k0)
X
j

� _ j, where

� _ j = _ j(� = +1) � _ j(� = �1). In the color plot of
Fig. 2, Pz is shown as the function of the normalized pulse
duration !B�L and frequency detuning �!=!B. From
Fig. 2, the average momentum, gained by the electrons,
has the same sign as the frequency detuning.

The largest average momentum gain Pz � mc�!=!0
is realized for �! � !B and �L � 2=!B. For these pa-
rameters, most of the electrons execute half of a bounce
in the ponderomotive bucket. Other bright color streaks
in Fig. 2 correspond to the electrons executing 3=2, 5=2,
etc. bounces. For those higher-order resonances Pz is
maximized for longer pulse durations �L. If the pulse
duration is longer than !�1p , the neglected space-charge
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terms are likely to wash out these higher-order resonances
and to reduce Pz. The nonzero momentum transfer to
the plasma electrons is due entirely to the short duration
of the TB. While it was long recognized [11] that the
interaction between laser beams in the plasma results
in the momentum transfer to plasma electrons and ions,
most calculations assumed long laser beams, in which
case most of the momentumwas transferred to the ions.

∆ω / ωB

τLωB

2k0Pz / ωBm

2

1

0

-1

-2

2 4 6 8 10

-2 -1 0 1 2

FIG. 2. Average momentum Pz gained by plasma electrons

in the ponderomotive bucket as a function of the normalized

TB duration !B�L and the frequency detuning �!=!B .

The kinetic modeling presented above provides the av-
eraged value of the transferred momentum as an input
for a long-scale 
uid calculation. Namely, with an initial
condition for the 
uid element velocity _�0 = Pz=m, we
calculate the electric �eld of the enhanced wake as

eEz

mc!p
=
hPzi
mc

sin!p� �
�
�!

!0

�
sin!p�: (3)

In deriving Eq. (3) we assumed that the initial displace-
ment of the 
uid element �0 = 0. This is because, as
one observes from Eq. (2), plasma electrons k and j are
\clamped" at the opposite sides of the ponderomotive
period,  k = 0 and  j = 2�. Comparison between
Eqs. (1,3) indicates that the phase shift between the reg-
ular and the enhanced wakes is �=2, just as observed from
Figs. 1(ii) and (iii). Moreover, changing the sign of the
frequency detuning �! shifts the phase of the enhanced
wake by �, in agreement with the simulations results from
Figs 1(iii) and (iv).

To conclude this section, we present an alternative
derivation of the enhanced wake in one dimension which
will be extended to three dimensions in Section IV. The
electric �eld of the enhanced wake can be interpreted as a
displacement current. As the photons are exchanged be-
tween the counter-propagating beams, electrons, on av-
erage, acquire the recoil momentum Pz and produce a

nonlinear current JNL = �en0Pz=m. In 1-D any current

owing through the plasma must be balanced by the dis-
placement current [11]. Therefore, an electric �eld Ez

is produced, satisfying Faraday's law @Ez=@t = �4�Jz ,
where Jz is the combined current in the plasma. Two

ows contribute to Jz: the linear plasma 
ow in the �eld
of the enhanced wake Jf = �en0vf , and the nonlinear
(space-averaged) 
ow JNL. Taking the time derivative of

Faraday's law (with r� ~B = 0), we obtain�
@2

@�2
+ !2

p

�
Ez = �4�

@JNL

@�
: (4)

The earlier Eq. (3) for the enhanced wake can be
recovered from Eq. (4) by assuming that JNL(�) =
�en0Pz=mH(�). This assumption is justi�ed when the
TB duration is shorter than !�1

p
.

III. SNOW-PLOW ACCELERATION:

ONE-DIMENSIONAL CALCULATION

In this Section we explain how a combination of the
ponderomotive force of a short laser pulse and plasma
wake can be used to accelerate charged particles to the
velocity exceeding the group velocity of a laser pulse in
the plasma. The original idea of using ponderomotive
force of the leading edge of a laser pulse to accelerate
a charged particle (electron or positron) was suggested
by McKinstrie and Startsev [5]. They found that if the
particle is initially ahead (to the right) of the laser pulse
moving with the group velocity vg = �gc, and its ini-
tial velocity v0 = �0c < vg , then if the intensity of the
laser pulse is suÆciently high, the particle can bounce o�
the laser pulse, gaining energy as the result. This cal-
culation can be extended to the case of the laser pulse
moving through the plasma.
In the reference frame moving with vg the initial

energy-momentumof the particle are 
0 = 
g
0(1��g�0)
and p0 = 
g
0(�0 � �g). Primed variables are calculated
in the reference framemovingwith the pulse. In the pulse
frame the particle velocity is negative if in the laboratory
frame �0 < �g . However, if the pulse is suÆciently in-
tense, particle can re
ect o� the pulse, reversing the sign
of its momentum in the pulse frame. Transforming back
to the laboratory frame, we �nd that, after re
ection, the
�nal particle energy is


f = 
0

2

g
(1 + �2

g
� 2�g�0) (5)

The �nal energy does not depend on the exact details of
the force experienced by the particle: in one dimension
energy and momentum can be expressed as functions of
the interaction potential which vanishes before and af-
ter the interaction. Therefore, expression (5) is simply a
consequence of the conservation of energy and momen-
tum.
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For a laser pulse in vacuum McKinstrie and Start-
sev found that a threshold laser intensity needed for
re
ecting an electron (or positron) is given by a2

0
=


2
g

2
0
(1� �g�0)2� 1. This estimate also holds for a tenu-

ous plasma provided that the pulse is shorter than !�1
p

.
Note that for a pulse moving with a speed of light the
threshold intensity diverges.
In the presence of a dense plasma the threshold for

electrons is further increased because the ponderomo-
tive pressure of the laser pulse on the ambient electron
plasma leads to charge separation. The resulting electro-
static potential e�ectively decreases the ponderomotive
potential of the laser pulse experienced by the electrons
injected for acceleration. The situation is, however, re-
versed for positrons, as was pointed out by Du and Xu [6].
Moreover, since in the case of positrons injected into elec-
tron plasma acceleration is done directly by the electric
�eld, not by the ponderomotive force, the laser intensity
threshold for snowplowing positrons remains �nite. To
see why this is the case, consider the one-dimensional

equations of motion for a particle with charge q = �e
and mass m.
By conservation of the transverse canonical momen-

tum, ~v
?
= �(q=e)~a=
, where 
 = (1 + a2 + u2

z
)1=2, and

uz = 
�z . The corresponding equations for uz and 


become

duz

dt
= �c

@ ~�

@z
�

c

2


@jaj2

@z
(6)

d


dt
= �

cuz




@ ~�

@z
+

1

2


@jaj2

@t
; (7)

where the electric �eld is proportional to the derivative
of ~�: Ez = �(mc2=q)@ ~�=@z. In a 1-D plasma wake all
�elds are functions of � alone, so the normalized poten-
tial ~� can always be introduced as an integral of Ez over
�.
The �rst terms in the RHS of Eqs. (6,7), which de-

scribe the electric �eld of the wake, dominate over the
second (ponderomotive) terms for large 
. Therefore, in
the remainder of the paper we neglect the direct pondero-
motive force. The opposite limit of 
g ~� < ja2j was taken
in Ref. [5], where the vacuum threshold intensity was ob-
tained. The complete system of equations (6,7), along
with the Poisson's equation for ~�, was earlier considered
by Esarey and Sprangle [12].
From the invariant of the equations of motion 
 + ~��

�guz = 
0(1��0�g) and 
2 � 1+u2z (we dropped the ja2j
term) particle momentum can be expressed as a function
of ~�:

uz = 
g

�
�g
g(C0 � ~�) �

q

2g (C0 � ~�)2 � 1

�
(8)


 = 
g

�

g(C0 � ~�)� �g

q

2g (C0 � ~�)2 � 1

�
(9)

where C0 = 
0(1 � �g�0). The plus (minus) sign cor-
responds to a particle which is moving faster (slower)

than the laser pulse. The switching from minus to plus
signs takes place when the expression under the square
root vanishes. This happens at �r which corresponds to
~�(�r) = C0 � 
�1

g
. The accelerating potential has to be

larger than this threshold value to ensure the snow-plow
acceleration. It can be shown that C0� 
�1g

> 0, so that
a positive (negative) potential is required for accelerating
positrons (electrons).

The most interesting case is 
0 � 
g . The �nal energy
of the accelerated particle is then approximately given
by 
f = 
2g=
0. The threshold condition for snow-plow

acceleration also simpli�es to ~� > (2
0)
�1. Therefore,

the initially fast particles with 1� 
0 � 
g are easier to
trap than the stationary ones. The relative energy boost

f=
0 is, however, decreased in the same proportion.

The relative energy boost is related to the bunch com-
pression ratio. By conservation of the longitudinal phase
space, lf Æ
f = l0Æ
0, where lf and l0 are the �nal and
initial bunch lengths, and Æ
f and Æ
0 are the �nal and
initial energy spreads, respectively. Since the �nal energy
scales as 
�1

0
, the �nal and initial energy spreads are re-

lated through jÆ
f=Æ
0j = 
f=
0 Therefore, both the en-
ergy can be boosted and the bunch length decreased by
a large factor 
2

g
=
2

0
if 
0 � 
g .

One arrives at the same result by requiring that the
beam density remains unchanged in the reference frame
of the laser pulse, where a particle bunch is scattered by
a stationary potential. Using Lorenz transformation, the
particle density n0 in the pulse frame can be expressed in
terms of the initial and �nal densities n0 and nf , respec-
tively:


gn0(1� �0�g) = n0 = 
gnf (1� �f�g): (10)

Therefore, nf=n0 = (1 � �0�g)=(1 � �f�g). This ratio
is equal to 
f =
0 since the particle energy in the primed
frame remains the same before and after the re
ection:

g(
0 � �gu0) = 
g(
f � �guf ). The bunch compression
ratio lf=l0 is then given by lf=l0 = n0=nf = 
0=
f .

One possible application of the snow-plow acceleration
is an injector capable of accelerating and compressing ini-
tially low-energy long particle bunches. Since the ability
to inject both electrons and positrons is crucial, such an
injector should be able to produce positive as well as
negative potential wells. Colliding beam accelerator can
accomplish just that by adjusting the frequency detun-
ing �! between lasers. The examples of the electron
and positron injectors are shown in Figs. 1(iii) and (iv),
respectively. Note an important di�erence in the dynam-
ics of the cold ambient plasma electrons and the initially
relativistic electrons injected into the plasma just ahead
of the laser pulse. While the slow plasma electrons ex-
perience the beatwave of the counter-propagating laser
pulses, the fast electrons are barely a�ected by the beat-
wave ponderomotive force because the phase velocity of
the beatwave is much smaller than the speed of light.
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Let's calculate the maximum normalized potential ~�
produced in a CBA using Fig. 1(iii) as a blueprint for
an electron injector. Assuming �! � �!p and using

Eq. (3), obtain, for injected electrons, ~� � !p=!0(1 �
cos!p�). Therefore, the condition for the snow-plow ac-
celeration becomes 2!p=!0 > (2
0)

�1, or 
0 > !0=4!p.
The presence of the plasma naturally reduces the group
velocity of the laser pulse: 
g = !0=!p. Therefore, if the
initial energy of the electron bunch is inside the interval
!0=4!p < 
0 < !0=!p, CBA can be used for snow-plow
acceleration/bunch compression.

To calculate the interaction distance required to ac-
complish the snow-plow acceleration, approximate the
normalized potential by a linear function, assuming for
simplicity that C0� ~� � X = C0(1� �=�g)+ 
�2g

, where
�g = �=!p is a typical gradient scale, approximately set
equal to !�1

p
. The re
ection point �r = �g, and the start-

ing (and �nal) point is � � 0. Expanding Eqs. (8,9) in
the limit of �g � 1 and using _� = 1�uz=(�g
), we obtain
the following equation of particle motion relative to the
moving potential:

d�

dt
=

q
X2 � 
�2g

�
X +

q
X2 � 
�2g

�
1 +X2

; (11)

which is solved with initial condition �(t = 0) = 0 (or
X = C0). The time it takes a particle to reach � = �g
and return back to � = 0 is given by

tac =

 
2�g


2

g

C0

!Z
C0



�1

g

dX Xq
X2 � 
�2g

= 2�g

2

g

q
1�C�2

0

�2g

(12)

In the limit of 
gC0 � 1 we �nd that tac � 2�g

2

g . To
gain more physical insight into this result, note that av-
erage acceleration gradient is equal to the < W >=
mc2
f=(ctac) = mc2C0=(c�g), which is precisely the mag-
nitude of the electric �eld.

Consider the following numerical example: plasma
with density n0 = 2:5 � 1018 cm�3 (corresponding to
!0=!p = 20) is used as a medium for compressing a 3:2
MeV electron bunch of 1 ps duration. Since 
2

g
=
2

0
= 10

for this example, the output of such an injector is a 100
fs, 32 MeV electron bunch. The required plasma length
is estimated ctac = 2:6 mm by assuming that �g = !�1p .

One dimensional treatment of a snow-plow injector is
suÆcient only to determine its accelerating properties.
Full three-dimensional description of the transverse elec-
tric and magnetic �elds of the injector is needed to study
the transverse particle dynamics. It is essential that the
accelerated particles are focused to (or, at least, not defo-
cused from) the laser axis. As McKinstrie and Startsev
point out in Ref. [5], one of the limitations of the di-
rect laser acceleration by the leading edge of the pulse is

that the particles are scattered o�-axis, and a very wide
laser beam is needed to prevent particles from scattering
out of the beam. The same drawback is found in the
positron injector scheme of Du and Xu [6], where a long
(� !�1

p
) laser pulse is used to adiabatically produce an

electrostatic potential ~�. Since the shape of this poten-
tial follows the shape of the laser intensity, it is peaked
on axis, causing positrons to scatter out of the beam.

Although in this section we used the potential descrip-
tion of the longitudinal (accelerating) electric �eld, this
was only done for notational convenience: an integral
~� = (q=mc)

R
d� Ez can always be introduced whether

the electric �eld is curl-free (electrostatic) or not. In
one dimension the E-�eld is always curl-free, so there is
no need to introduce the distinction between the actual
scalar potential and the quantity ~� de�ned above { both
are the same. If the electric �eld is electrostatic in 3-
D, and the accessible region for positrons (electrons) is
~� > 0 (~� < 0), then particles are going to be defocused
from the axis if j~�j peaks on-axis. In three dimensions the
enhanced wake�eld is not curl-free. The full 3-D theory
of CBA is developed in the next Section.

IV. THREE-DIMENSIONAL THEORY OF CBA

At the end of Section II we presented an alternative
derivation of the equation for the electric �eld in a CBA.
This derivation was based on splitting the total current
~J 
owing through the plasma into two components: the
linear plasma 
ow in the �eld of the enhanced wake
~Jf = �en0~vf and nonlinearly-generated recoil current
~JNL = �ẑen0Pz=m which is produced via the photon
exchange between the counter-propagating laser beams.
Plasma 
ow velocity ~vf satis�es the linearized equation

of motion @~vf=@t = �e~E=m, where ~E is the enhanced

wake �eld. In Section II we assumed that ~B = 0, as

appropriate for a one-dimensional calculation. In this
section we keep the magnetic �eld which is crucial for
determining the focusing/defocusing properties of the en-
hanced wake. Almost-homogeneous plasma is assumed to
avoid the subtleties associated with the wake excitation
in plasma channels [13].

Taking the curl of the Lenz's law, substituting into
the resulting formula the time derivative of the Ampere's
law, and the using the equation of motion for the linear
plasma 
ow, we obtain

�
@2

@t2
+ !2p0

�
~E + c2r�r� ~E = �4�

@ ~JNL

@t
(13)

The density perturbation, related to ~E through the Pois-
son's equation, can be found by taking the divergence of
Eq. (13) and assuming that ~JNL = ~ezJNL(�; ~x?):
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� =
JNL

c
�
!p

c

Z
�

�1

d�0 sin!p(� � �0)JNL (14)

Electric �eld can now be solved component by compo-
nent. First, the accelerating �eld is obtained by substi-
tuting � into Eq. (13):

�
�r2

?

+ k2p0
�
Ez = �4�k2p0

Z
�

�1

d�0 cos !p(� � �0)JNL:

(15)

For a wide beamr2

?

� k2
p0
, and Eq. (15) yields the same

expression for Ez as Eq. (4). Equation (15) is identical
to the one derived by Keinigs and Jones [14] for a beam-
driven plasmawake�eld accelerator in the limit of �g = 1.
The key di�erence is that in a CBA the current JNL which
drives the enhanced wake is generated through the inter-
action between the counter-propagating laser pulses and
not by an external electron beam. An important advan-
tage of such \virtual beam" is that it can carry positive
as well as negative current while propagating in the pos-
itive z direction. By changing the sign of the frequency
detuning between lasers in a CBA one achieves the same
e�ect as switching from electron to positron driver in a
plasma wake�eld accelerator.
The transverse component of the electric �eld ~E

?
can

be similarly calculated from Eqs. (13,14). Using Eq. (15)

it can be, moreover, shown that ~E
?

is related to Ez

through

~E
?
=

c

!2
p0

~r
?

�
@Ez

@�

�
: (16)

Let's consider the case of Ez > 0 which is peaked on axis,
i. e. a positron injector. This corresponds to �! > 0,
when the short pulse photons scatter into the pump and
deposit positive momentum into plasma electrons. This
generates an increase in electron density on axis, pulling
positrons towards the axis. Equation (16) leads to the

same conclusion: Ex;y < 0. However, ~E
?

is not the
only �eld which a�ects the transverse particle dynamics.
Magnetic �eld generated by the \virtual beam" defocuses

relativistic positrons. The equation for the transverse
wake�eld ~W = ~E

?
+ ẑ � ~B which determines the trans-

verse dynamics of ultra-relativistic particles is derived
from the Lenz's law by assuming that both the electric
and magnetic �elds depend on the � � t � z=c:

~W = �c
Z �

�1

~r
?
Ez: (17)

Equation (17), which is the Panowski-Wenzel theorem,
indicates that whenever jEzj is peaked on axis, the trans-
verse wake defocuses the particles. Note that this conclu-
sion can only be drawn for snow-plow acceleration which
takes place inside the leading portion of the enhanced

wake where the sign of Ez does not change. If one were
to use the wake�eld shown in Fig. 1(iii) for accelerating
positrons in the second half-period of the wake (counting
from the head of the laser pulse), the integral of the gra-
dient of the accelerating �eld Ez in the RHS of Eq. (17)
is positive, so that W < 0 in that region. If, however,
one were to use the same wake for snow-plow accelera-
tion of electrons in the leading portion of the wake, the
transverse wake W is still negative, and electrons are de-
focused.
It appears that to ensure focusing during snow-plow ac-

celeration it is essential to generate a somewhat unusual
accelerating �eld pro�le which has a local minimum of
jEzj on axis. Assuming that the laser spotsize is much
larger than k�1

p
, we �nd that the transverse pro�le of Ez

follows the transverse pro�le of JNL according to Eq. (4).
Therefore, producing a local minimum of jEzj requires
generating JNL with a local minimum on axis. Such a
current pro�le would be challenging to produce using a
�nite emittance external beam driver. It appears that

it can be produced in a CBA if plasma density has a
minimum on axis (plasma channel).
To see this, consider Eq. (3) for Ez which indicates that

for a �xed �! the magnitude of Ez at a given � is propor-
tional to !p. Frequency detuning �! is yet another knob
which can be tuned in order to maximize current deposi-
tion o� axis. We conjecture that by the proper choice of
the plasma channel width, frequency detuning, and laser
intensity the desired pro�le of Ez can be produced to
ensure particle focusing during snow-plow acceleration.
Plasma channels, which have been produced in the labo-
ratory [15,16], play another bene�cial role of guiding the
laser pulse over extended distances much larger than the
Rayleigh length. Three-dimensional particle simulations
will be used in the future to demonstrate the focusing
properties of the CBA injector.
Another way of avoiding particle defocusing is to use

a hollow plasma channel. As was demonstrated in ear-
lier publications [17], evacuated channels with plasma
outside have attractive accelerating properties, includ-
ing homogeneous accelerating �eld inside the channel.

According to Eq. (17), transverse wake vanishes inside
the hollow channel. Closely following the calculations of
Refs. ( [17]) for a 
at plasma channel of width b, we �nd
two major di�erences in the wake excitation from that in
a homogeneous plasma: (i) the wavelength of the plasma
wake is 2�c

p
1 + kp0b=!p0, and (ii) the amplitude of the

wake is reduced by a factor
p
1 + kp0b from its value

given by Eq. (3).

V. CONCLUSIONS

In this paper we presented a qualitative description of
the colliding beam accelerator (CBA) in one dimension,
followed by the fully three-dimensional calculation of the
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plasmawakes generated by two counter-propagating laser
beams. We reviewed the earlier ideas of snow-plow accel-
eration by the leading edge of the laser pulse and demon-
strated how the concepts of CBA and snow-plow accelera-
tion can be combined for particle injection and pulse com-
pression. Some of the limitations of the earlier considered
snow-plow accelerators are the large threshold intensity
of the laser pulse, inability to accelerate both electrons
and positrons, and strong sidescatter of the accelerated
particles.
The suggested approach based on a CBA concept

gets around these drawbacks. Laser intensity needed
for snowplowing is reduced due to the strong nonlin-
ear interaction between counter-propagating laser beams.
The sign of the accelerating potential can be readily re-
versed by changing the frequency detuning between the
lasers, enabling acceleration of either positive or negative
charges. An example of bunch compression/acceleration
is presented. We also conjecture that particle defocus-
ing can be avoided by employing a plasma channel. This

idea needs further investigation using three-dimensional
particle simulations. Utilizing a hollow plasma channel
is yet another possibility to avoid particle defocusing.
This work was supported by the DOE Division of High

Energy Physics, DOE contract DE-FG030-98DP00210,
and the Deutsche Forschungsgemeinschaft.
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