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Signatures of Mode Conversion and Kinetic Alfvén

Waves at the Magnetopause

Jay R. Johnson and C. Z. Cheng

Princeton University, Plasma Physics Laboratory, Princeton, NJ

Abstract. It has been suggested that resonant mode conversion of com-
pressional MHD waves into kinetic Alfvén waves at the magnetopause can
explain the abrupt transition in wave polarization from compressional to
transverse commonly observed during magnetopause crossings [Johnson and
Cheng, 1997b]. We analyze magnetic field data for magnetopause crossings as
a function of magnetic shear angle (defined as the angle between the magnetic
fields in the magnetosheath and magnetosphere) and compare with the the-
ory of resonant mode conversion. The data suggest that amplification in the
transverse magnetic field component at the magnetopause is not significant
up to a threshold magnetic shear angle. Above the threshold angle significant
amplification results, but with weak dependence on magnetic shear angle.
Waves with higher frequency are less amplified and have a higher threshold
angle. These observations are qualitatively consistent with theoretical results
obtained from the kinetic-fluid wave equations.

Introduction

Ultra-low frequency (ULF) waves (with frequencies
below 500 mHz) dominate the spectrum of nearly ev-
ery magnetopause crossing [Rezeau et al., 1993; Song,
1994; Song et al., 1993; Phan and Paschmann, 1996,
and references therein]. It has been suggested that
these waves are associated mode conversion of MHD
waves in the magnetosheath to kinetic Alfvén waves
at the magnetopause which occurs near a field line
resonance location Lee et al. [1994]; Belmont et al.
[1995]. The mode conversion process can explain
(a) a shift in wave polarization at the magnetopause
and (b) the amplification of the transverse magnetic
field component by an order of magnitude [Johnson
and Cheng, 1997b]. However, comparative studies
between theory and observation have not been per-
formed. In this work, we present evidence that ULF
waves at the magnetopause are the result of a mode
conversion process which transforms compressional
MHD waves that originate in the magnetosheath into
transverse shear/kinetic Alfvén waves at the magne-
topause. Based on a data survey of ISEE1, ISEE2,
and WIND magnetopause crossings, we examined the

dependence of the mode conversion process on the
magnetic shear angle (defined to be the angle between
the magnetic field in the magnetosheath and magne-
tosphere on each side of the magnetopause). The re-
sults of the survey compare favorably with theoretical
predictions based on the model developed by Johnson
and Cheng [1997b].

Magnetosheath/Magnetopause Wave Ac-
tivity and Magnetic Shear

The most striking wave feature associated with
magnetopause crossings is the sharp transition in
the polarization of low frequency wave power from
compressional (δB‖ ≥ δB⊥) in the magnetosheath
to transverse (δB⊥ � δB‖) at the magnetopause
[Rezeau et al., 1993; Song, 1994; Song et al., 1993;
Phan and Paschmann, 1996, and references therein].

A good example of such a transition is illustrated
by the WIND crossing of the magnetopause on De-
cember 12, 1996 which is shown in Fig. 1. In this
figure, WIND is passing from the magnetosheath into
the magnetosphere on the flank of the magnetosphere
at roughly Xgse = 0, Ygse = 15RE, Zgse = 0. The
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background magnetic field undergoes a rotation of
approximately 80◦ during the crossing of the mag-
netopause. While in the magnetosheath (prior to
19:30 UT), the wave power is mainly in the compres-
sional component as evidenced in the large fluctua-
tions of Btot. The plasma β for this period is mod-
erate (around 2) and the pressure anisotropy is not
very large [see Fig. 2 from Phan et al., 1997], sugges-
tive that they are compressional Alfvén waves rather
than mirror modes. The compressional wave activ-
ity continues through the magnetopause even though
the plasma β drops below unity in a plasma depletion
layer (between 19:25 and 20:00 UT). As the density
gradually decreases and the magnetic field increases,
the transverse component of the magnetic field fluc-
tuations becomes dominant, although the frequency
range remains roughly the same. There is a marked
increase in wave activity in the individual GSE Carte-
sian components of the magnetic field, but the fluctu-
ations of Btot remain roughly the same. The enhanced
transverse wave activity persists all the way into the
low-latitude boundary layer from (20:00 UT to 20:45
UT). This magnetopause crossing is a typical exam-
ple of situations where compressional wave activity is
found in the magnetosheath.

The change in wave polarization from the mag-
netosheath to the magnetosphere is clearly seen in
the power spectrogram for the crossing. The spec-
trum is computed in a sliding Hanning window ev-
ery 30 seconds and includes 4 minutes of data. The
power spectral densities are obtained consistently us-
ing either the Fourier Transform or the Thompson
Multitaper Method (with 128 modes). Power spec-
tra are obtained for all magnetic field components
and the magnetic field magnitude and are used to ob-
tain the compressional and transverse magnetic field
spectrum. In Fig. 2 we show the wave power spec-
tral density of compressional, P‖, and transverse, P⊥,
magnetic fluctuations as well as the fraction of wave
power in the transverse magnetic field component. A
broadband of waves is found in the 10–100 mHz fre-
quency range. In the magnetosheath, the waves are
primarily compressional, but at the magnetopause,
where the density and magnetic field gradients are
found, the transverse component is dominant in the
same frequency range. The compressional magnetic
field spectra remain approximately the same from the
magnetosheath into the magnetopause with an even-
tual cutoff as WIND moved through the low-latitude
boundary layer into the plasma sheet at 20:30 UT.
In the magnetosheath, the transverse component ap-
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Figure 1. Density and magnetic field data from a
magnetopause crossing by the WIND satellite on Jan
12, 1996 at approximately 19:30 UT as indicated by
the vertical reference line. Note that in the magne-
tosheath (prior to 19:30 UT) wave power is primarily
compressional. Coincident with the strong density
gradients at the magnetopause there is a strong en-
hancement in the transverse components of the mag-
netic field fluctuations, but the compressional ampli-
tude remains approximately the same as in the mag-
netosheath. The magnetic field angle relative to the
sheath field rotates by about θsh = 80◦ during the
crossing. Data courtesy of R. Lepping and R. Lin.

pears in the same frequency range and is well corre-
lated with the compressional component but appears
to fall off slightly faster with frequency suggestive that
the wavevector is more oblique for higher frequency
waves. However, at the magnetopause there is a dra-
matic increase in the transverse power spectrum as
evidenced in the lower panel of Fig. 2. Notice also
that the amplification (ratio of spectral density at the
magnetopause to that of the magnetosheath) of the
transverse spectrum falls off as frequency increases.

In order to understand the wave activity better, we
have examined 13 cases of ISEE1, ISEE2, and WIND
data as a function of magnetic shear, θsh, which is
defined as the angle between the magnetic field in the
magnetosheath and the magnetic field on the mag-
netospheric side of the magnetopause. The crossings
are listed in Table 1. In these cases compressional
waves were found in the magnetosheath, the space-
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Figure 2. Wave power spectra for the WIND cross-
ing of the magnetopause shown in Fig. 1. P‖, P⊥
and Ptot are the power spectral densities obtained
from |δB‖|2, |δB⊥|2 and |δB|2 respectively. Notice
that prior to crossing the magnetopause wave power
is primarily compressional, coincident with the mag-
netopause crossing (indicated by the vertical line),
the wave activity is primarily transverse. Note that
the compressional wave component remains essen-
tially the same before and during the magnetopause
crossing.

craft remained at the magnetopause for an extended
time, and the background density gradients were rela-
tively smooth. The wave amplification (P⊥msh/P⊥mp

where P⊥msh and P⊥mp refer to average values of the
power spectral density of δB⊥ in the magnetosheath
and magnetopause respectively) is shown in Fig. 3
for these magnetopause crossings for frequencies of 25
and 50 mHz. The results indicate: (1) The transverse
wave component at the magnetopause is not signif-
icantly amplified below a threshold angle (approxi-
mately 60◦), (2) Greatest amplification is for shear
between 70◦ and 180◦, and (3) Waves with higher
frequency are less amplified.

Observations and Kinetic Alfvén Wave
Theory

These observations can be understood in the con-
text of resonant mode conversion of compressional
Alfvén waves into kinetic Alfvén waves at the mag-
netopause. Resonant mode conversion occurs when
a compressional Alfvén wave propagates into a re-

Spacecraft Date Shear Angle
ISEE1 05/11/77 10
ISEE2 06/11/77 140
ISEE2 24/11/77 5
ISEE2 29/11/77 160
ISEE2 19/17/78 0
ISEE2 05/09/78 90
ISEE1 01/11/78 50
ISEE1 25/11/78 130
ISEE1 21/10/79 180
ISEE1 19/11/79 80
ISEE1 19/12/79 170
ISEE1 23/12/79 70
WIND 12/01/96 80

Table 1. Magnetopause Crossings

gion with gradients in k‖VA such as at the magne-
topause where the Alfvén velocity can increase by at
least a factor of 10. At the magnetopause, gradients
in the direction normal to the magnetopause bound-
ary are dominant compared with gradients along the
boundary, and we can approximate the background
plasma and magnetic field profiles as functions of the
coordinate, x, in the direction normal to the magne-
topause. We assume the magnetic field is of the form
B = B0(x)b where b = cos θb(x)ẑ + sin θb(x)ŷ and
the magnetic field angle, θb rotates by an angle θsh

across the magnetopause. The equilibrium profiles
vary smoothly across the magnetopause on a scale
of 10 ion gyroradii (ρi). For such a configuration,
wave propagation is well-described by the kinetic-fluid
model [Cheng and Johnson, 1999] which simplifies to
the following set of dimensionless coupled equations
for W‖ = δp + B0δB‖ and Wx = iB0δBx.

d2W‖
dx2

= −(k2
A − k2

S)W‖ + (k2
A − k2

‖)δp
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[
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=
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Figure 3. Amplification of waves at the magne-
topause as a function of magnetic shear across the
magnetopause boundary. The amplification is defined
to be P⊥msh(f)/P⊥mp where the subscripts mp and
msh refer to the magnetopause and magnetosheath
respectively. Data points are taken from the magne-
topause crossings listed in Table 1.

kS is the wavevector in the plane perpendicular to x;
k‖ = k ·b = kS ·b = kS cos θsb, where θsb is the angle
between b and kS ; and k2

A = ω2/V 2
A is the Alfvén

wavevector where ω is the wave frequency and VA is
the Alfvén velocity. Z′

s is the derivative of the plasma
dispersion function of argument ζs = ω/

√
2k‖vts for

species s with thermal velocity vts. We have taken
the plasma to be isotropic. The operator η̂ is a weakly
nonlocal operator introduced by finite Larmor radius
effects. The integration involves Γn(b) ≡ In(b)e−b

where b ≡ (k2
x+k2

S sin2 θb)ρ2
i . Near the location where

k2
‖ = k2

A, η̂ ≈ 1 + O(ρ2
i d

2/dx2) and for k2
A � k2

‖
(as occurs when k‖ is small), the contribution of η̂
vanishes.

The pressure equation required for the compres-
sional wave is, δp ≈ (1 − 1/τ )W‖ where τ = 1 +∑

s βs(1+Z′
s/2) and summation is over all species, s.

The function 1/τ is well behaved for the frequencies
of interest (in contrast to the MHD approach which
gives a singularity where ω2 = k2

‖C
2
S/(1 + β). In a

cold, isotropic plasma ζi � 1, τ → 1 and there is
no contribution from this term. In a warm plasma
with ζ ∼ 1, τ ∼ O(1) and this term only introduces
weak damping to the compressional wave [Johnson
and Cheng, 1997a], so the sound resonance is not very
important. Moreover, near the the Alfvén resonance

where k2
‖ = k2

A, the pressure term vanishes from Eq. 1.
Therefore, it is also not critical to include Larmor
radius corrections in the term proportional to δp in
Eqs. 1 when describing wave behavior near the Alfvén
resonance.

Note that Eqs. 1 and 2 do not explicitly involve
the magnetic field component in the b× x̂ direction.
Therefore these two equations along with appropriate
boundary conditions determines W‖ and Wx. In the
absence of kinetic effects (K → 0), the singularities
of Eqs. 1 and 2 occur where (1) δp = −B0δB‖ (τ =
0) which corresponds to the slow mode resonance in
MHD and (2) ω2 = k2

‖V
2
A (at k2

A = k2
S cos2 θkb) which

is the Alfvén resonance where the response of Wx is
singular as found in Eq. 2. At the magnetopause the
singularities are resolved by including kinetic effects.

Generally, the Alfvén velocity increases across the
magnetopause from the magnetosheath side so that
k2

A is a monotonically decreasing function. In the
magnetosheath the wave is propagating which re-
quires k2

A > k2
S . As the wave propagates across the

magnetopause, kA decreases until k2
A = k2

S where
compressional wave is cutoff. Beyond that location,
the compressional wave decays. However, at the lo-
cation k2

A = k2
‖ the decaying compressional wave en-

counters the Alfvén resonance where it can be be re-
flected out of phase from the incoming wave. Near
the resonance location the parallel magnetic field is
well behaved, but the transverse fields are singular.

Ion gyroradius effects resolve the singular behav-
ior and are described by the kinetic response op-
erator, K, which is an integral operator obtained
in a straightforward way from [Cheng and Johnson,
1999]. The operator is obtained using a Padé ap-
proximate (valid for both large and small k2

⊥ρ2
i ). We

have also included the effects of the parallel electric
field through the quasineutrality condition. In the
limit vi � ω/k‖ � ve, the usual KAW operator
K → (1+Te/Ti)k2

‖ρ
2
i d

2/dx2 is recovered (the Padé ap-
proximation accounts for the factor of 1 rather than
3/4). On the other hand, near the location where
k‖ → 0, ω/k‖ � ve, vi, K → −k2

Aλ2
ed

2/dx2 where
λe = c/ωpe. Note the change of sign in the coeffi-
cient of the operator indicates that the wave enters
the inertial regime where it decays on the scale of
the electron skin depth [Johnson and Cheng, 1997b;
Cheng and Johnson, 1999].

Away from the Alfvén resonance, the waves de-
scribed by Eqs. 1 and 2 are basically decoupled on two
different scales: (1) the long MHD wavelength scale
of the compressional wave, kA, and (2) the short scale
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of the kinetic Alfvén wave, ρi. In the long wavelength
limit, the transverse component obeys the simple rela-
tionWx = k‖(dW‖/dx)/(k2

‖−k2
A). In the short wave-

length limit, Eq. 1 requires that W‖ vanishes because
the derivative term cannot be balanced by the other
terms. For this reason, W‖ consists almost entirely of
the long wavelength compressional wave which is well
behaved (constant) near the resonance. Hence, mag-
netic signatures in the compressional component are
not significantly amplified while the transverse com-
ponent is significantly amplified. Note that this prop-
erty is nicely shown in Fig. 2 where the compressional
wave power hardly changes in contrast to the trans-
verse wave power. Near the Alfvén resonance it is
necessary to solve the coupled system of equations.

We solve Eqs. 1 and 2 numerically on a nonuniform
discrete grid and obtain the solutions through matrix
manipulation. Boundary conditions are imposed at
the magnetosheath and magnetosphere boundaries.
The boundary condition in the magnetosheath is an
incoming compressional MHD wave. At the magne-
tosphere boundary, the compressional MHD wave is
decaying. For the kinetic Alfvén wave only radiat-
ing/decaying solutions are allowed. Boundary condi-
tions are imposed asymptotically. The Alfven velocity
is taken to increase by a factor of 10 across the mag-
netopause and the magnetic field rotates through an
angle, θsh.

A good measure of the efficiency of mode conver-
sion at the magnetopause is the amount of compres-
sional wave absorption in the magnetopause layer.
Energy absorption is determined by comparing the
Poynting flux (δE × δB · x̂) of the incident com-
pressional wave (SI ) with the Poynting flux of the
reflected (SR) and transmitted (ST ) compressional
waves. The Poynting flux of the kinetic Alfvén
wave in the magnetopause near the mode conver-
sion layer is SKAW = SI + SR − ST . In the mag-
netopause, the transverse magnetic field component
is mainly from the kinetic Alfvén wave, therefore
SKAW ∼ P⊥mp, and the compressional wave absorp-
tion, A ≡ (SI + SR − ST )/SI is proportional to the
wave amplification, P⊥mp/P⊥msh. Depending on the
profiles of VA and kS ·b, there can be up to three res-
onance locations in the magnetopause. The absorbed
energy is converted to kinetic Alfvén waves which: (a)
propagate back into the magnetosheath (for a single
resonance location), (b) propagate into both magne-
tosheath and magnetosphere (for two resonance loca-
tions), or (c) couple to a quasi-trapped kinetic Alfvén
wave (for three resonance locations).

In order to obtain the total absorption as a func-
tion of frequency and magnetic shear, we must sum
the absorption over the wavevector spectrum of in-
coming compressional waves. To do this, we as-
sume that all wavevectors lie on a dispersion sur-
face in wavevector space defined by ω(k) = const
and integrate over the dispersion surface. We inte-
grate over the angles of k: θk0 is the angle between
k and the magnetic field in the magnetosheath and
φk0 is the azimuthal angle in planes perpendicular to
the magnetosheath magnetic field, Bmsh. For com-
pressional waves the dispersion surface is approxi-
mately defined by ω2 ≈ k2(V 2

A + C2
s sin2 θk0). The

wave vectors are approximately distributed on an el-
lipsoid with major radius k = kA and minor radii
k = kA/

√
1 + C2

s/V 2
A. The absorption spectrum as a

function of frequency is obtained by integrating over
the ellipsoid—that is, over the angles (θk0, φk0) with
k2 ≈ k2

A/(1 + C2
s sin2 θk0/V 2

A) imposed by the disper-
sion relation. Moreover, compressional waves typi-
cally have k⊥ � k‖ so it is reasonable to assume that
the spectrum is highly peaked around θk0 = π/2. On
the other hand, there is no compelling reason to ex-
pect that the initial wave spectrum depends on the
direction φk0, therefore we take a uniform weighting.

The wave observations show a strong dependence
of amplification (P⊥mp/P⊥msh) on the shear angle
across the magnetopause. For small shear angles,
there is little wave amplification, while above a thresh-
old amplification is enhanced and relatively level. The
minimum in amplification for small shear is consis-
tent with the mode conversion mechanism because the
waves in the magnetosheath propagate nearly perpen-
dicular to the magnetic field. The absorption coeffi-
cient, A(ω, θsh) is presented in Figure 4. The absorp-
tion is obtained by computing the absorption coeffi-
cient as a function of (ω, θsh, θk0, φk0) and performing
an integration over the variables (θk0, φk0) with uni-
form weight in φk0 and a strongly peaked weighting
function about θk0 = π/2.

The absorption is the result of mode conversion to
kinetic Alfvén waves and measures the efficiency of
the mode conversion mechanism. The absorbed en-
ergy is the Poynting flux of the kinetic Alfvén wave
which radiates away from the mode conversion loca-
tion. The Poynting fluxes scale as the group velocity
multiplied by spectral density. Because the kinetic
Alfvén wave radiates slowly across the magnetic field,
its amplitude must be greatly increased compared
with the amplitude of the incoming MHD wave in
order to carry away the mode converted energy from
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the field line resonance location. For kinetic Alfvén
waves the Poynting flux is approximately, SKAW ∼
(ω/kx)k2

xρ2/(1 + k2
xρ2)P⊥, while for the MHD wave

SMHD ∼ VAP⊥. The kinetic Alfvén wavevector, kx

can be estimated from dominant balance in Eq. 2—
kx ∼ (ρ2

i L)−1/3 where L is the scale length of the
Alfvén velocity gradient at the magnetopause. One
can then estimate from the linear dispersion rela-
tion that the wave amplification P⊥KAW/P⊥MHD ∼
A(1 + (ρ/L)2/3)VA/[2πfρ(ρ/L)1/3]. For typical mag-
netopause parameters: VA ∼ 300 km/s, ρi ∼ 50 km,
L ∼ 500 km, f = 25 mHz, P⊥KAW/P⊥MHD ∼ 100A.
As shown in the paper by Johnson and Cheng [1997b],
amplification can also be larger near the Alfvén reso-
nance depending on a number of other factors.

Because |δB2
⊥| amplification scales directly with

compressional wave absorption, the results of Fig-
ure 4 can be compared qualitatively with observed
|δB2

⊥| amplification. The important features to no-
tice are: (1) for angles greater than 50◦ the absorp-
tion is approximately constant, but for smaller shear
there is a trough in A and (2) the absorption decreases
weakly as frequency increases for angles larger than
50◦. However, for angles less than 50◦ there is a sig-
nificant broadening of the trough for higher frequency
with far less absorption. These qualitative properties
correspond well to observations of |δB2

⊥| amplification
as a function of magnetic shear angle and frequency
as discussed in Fig. 3. The quantitative differences
between the theory and data (for example, the the-
oretical threshold angle is smaller) can be attributed
to the uncertainly involved in analyzing the data and
the simplifications of the theoretical model.

Discussion and Summary

In this work we have examined the dependence of
amplification of the transverse magnetic field compo-
nent at the magnetopause as a function of magnetic
shear angle across the magnetopause. We have ana-
lyzed a set of observational events which are typical
of magnetopause crossings when strong compressional
wave activity is found in the magnetosheath. Those
events suggest that transverse wave amplification at
the magnetopause is not significant up to a thresh-
old angle around 60 degrees. Above this angle sig-
nificant amplification results. Waves with higher fre-
quency have less amplification of the transverse mag-
netic field component and exhibit a wider trough be-
low the threshold. While there was significant amplifi-
cation of the transverse magnetic power spectra, there
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Figure 4. Absorption coefficient as a function of
frequency and magnetic shear angle θsh (degrees).

was little enhancement of the compressional spectra.
We compared these observations with a theoreti-

cal calculation of compressional wave absorption via
mode conversion into kinetic Alfvén waves at the mag-
netopause which has been proposed to be responsible
for amplification of the transverse magnetic power
spectra. We examined wave absorption as a func-
tion of frequency and magnetic shear angle. We inte-
grated over the wavevector spectrum assuming that
the incoming wave spectrum is strongly peaked with
wavevector perpendicular to the magnetic field in the
magnetosheath. The resulting absorption curve sug-
gests that maximum absorption occurs at magnetic
shear angles greater than approximately 50 degrees.
For smaller angles, a trough in wave absorption is
found which is broader for larger frequency. The wave
absorption is a decreasing function of frequency for
frequencies of interest. These properties are quali-
tatively consistent with the wave observations. Fi-
nally, the mode conversion process does not amplify
the compressional magnetic field component consis-
tent with observation.

These results imply that mode conversion of com-
pressional MHD waves at the magnetopause to ki-
netic Alfvén waves is a real process. Moreover, based
on previous studies the kinetic Alfvén waves are ex-
pected to provide significant particle transport and
plasma heating at the magnetopause [Hasegawa and
Mima, 1978; Johnson and Cheng, 1997b; Chen, 1999].
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