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Abstract

TAE modes are studied in linear and nonlinear regimes using several ki-

netic/MHD hybrid models. It is shown that the stability of TAE mode is largely

determined by its radial mode structure. The calculated stability thresholds are

correlated well with observations, including the recently observed alpha-driven

TAE modes in the TFTR DT experiments. In the nonlinear regime, quasilinear

simulations with multiple modes show that the saturation level is enhanced by

nonlinear wave-particle resonance overlapping when the linear growth rate ex-

ceeds a critical value. A fully self-consistent �f noise reduction method for the

3D particle/MHD hybrid model is developed.

1. Introduction

An important issue for tokamak fusion reactors is whether the Toroidal

Alfv�en Eigenmode[1] (TAE) can become unstable[2] and a�ect alpha particle

con�nement. This issue has been assessed in the past experiments where the

TAE modes were strongly destabilized by energetic beam ions in the NBI-heated

plasmas or by fast minority tail ions in the ICRF-heated plasmas[3{6]. Recently,

alpha-driven TAE instability has been observed in the TFTR DT experiments[7]

with reduced central magnetic shear and elevated central safety factor, although

alpha particle loss has not yet been seen. In ITER, high-n TAE modes are

predicted to be unstable. This gives new impetus to benchmark codes with

experimental results and to study alpha particle loss induced by TAE modes.

In this paper, recent results of linear and nonlinear studies of TAE modes are

presented.

2. Linear Stability

The linear stability of TAE modes is studied using a kinetic MHD stability

code NOVA-K[8, 9]. The NOVA-K code is applied to several recent experiments,

including the TFTR DT experiments, the JT-60U ICRF experiments and the

DIII-D NBI experiments. The NOVA-K code calculates perturbatively the fast

ion drive, the electron/ion/beam Landau damping, the collisional damping due

to trapped electrons, and the "radiative" damping due to the coupling to the

radially propagating kinetic Alfv�en waves. The important physics of �nite orbit

width of fast ions is included. The continuum damping is neglected. All the

calculations are valid for realistic equilibria with experimental parameters and

pro�les as obtained from the TRANSP code[10].

The TAE modes are calculated to be stable[11, 12] in the initial TFTR DT

experiments in supershot regime with up to 10MW of fusion power, consistent

with the observations[13]. The main damping mechanisms are beam ion Lan-

dau damping and the "radiative" damping. The stability is sensitive to the

mode structure which depends on the details of plasma parameters and pro-

�les, especially the q pro�les. There are two types of TAE modes as shown

in Fig. 1: (a) the global modes and (b) the core-localized modes (CLM). The

CLMs[14, 15] peak near the center of the plasma where the magnetic shear is

weak, and tend to be less stable than the global modes since the alpha pressure

pro�le is sharply peaked at the center. The stability of CLM is sensitive to the
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Figure 1: The radial mode structure of (a) a global mode and (b) a CLM mode.

central magnetic shear. Since the radial mode width is inversely proportional

to the magnetic shear, a weaker shear results in larger alpha drive and smaller

"radiative" damping. This led to the prediction[12] that the CLM modes can

be destabilized by alpha particles with a weakly negative central magnetic shear

and small beam ion Landau damping in the TFTR DT experiments. Figure 2

show the ratio of alpha drive to the total damping as a function of the magnetic

shear at r=a = 0:15 for a n=5 CLM in a high fusion power TFTR DT discharge

(#76770). We see that the mode becomes unstable as the shear becomes smaller.

It should also be pointed out that the beam damping has an important e�ect on

the stability. This implies that the mode tends to become more unstable when

the beam ions slow down after the beam power is turned o�. These results are

con�rmed qualitatively by the recent observation of alpha-driven TAE mode

activity after NBI in the TFTR DT experiments[7].

In these new DT experiments, the plasmas have higher central safety factor

(q(0) > 1), lower central magnetic shear and lower beta values. Figure 3 shows

the calculated ratio of alpha drive to the damping of a n=3 mode versus q(0)

for such a plasma (TFTR shot #93404) where the central alpha beta value

is 0:014% (at t = 3:2sec, when the instability appeared). The corresponding

alpha beta threshold is very low, on order of ��(0) = 0:01% for the likely range

of 2:3 < q(0) < 2:5. This is in qualitative agreement with the experimental

results. Physically, such low stability threshold is caused by several factors.

First, the beam damping is signi�cantly reduced due to slowing down of beam

ions. Second, the plasma beta is reduced after NBI, which leads to smaller

radiative damping, especially for the CLM modes. Finally, the alpha drive

is relatively larger for higher q(0) (when plasma beta is su�ciently low) and

weaker magnetic shear. It can be shown analytically that the alpha drive is

approximately proportional to q=s, where s is the magnetic shear. From Fig.

3, we also see that the stability is a sensitive function of q(0). The instability

is maximized at about q(0) = 2:45 at which the CLM is located in the region

of large alpha pressure gradient. As q(0) varies from 2:5 to smaller value, the

3



0

1

2

3

4

5

-0.12 -0.06 0 0.06 0.12

#76770
n=5

γ α
/γ

d

beam damping = 0

unstable

S

Figure 2: The ratio of alpha drive to the total damping versus the central

magnetic shear with (dashed line) and without (solid line) beam damping.

mode location shifts from the center of the plasma toward the edge. This change

in the mode location results in large variation of alpha particle drive. Work is

in progress to analyze the alpha-driven TAE experiments in TFTR for a wider

parameter range and results will be reported elsewhere.
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Figure 3: The ratio of drive to damping versus q(0) for a n=3 mode in a TFTR

DT discharge (#93404).

The stability of TAE mode in the TFTR DT plasmas has also been analyzed

using a gyro
uid model[16]. The model calculates excitation of the TAE using

a set of 
uid moment equations which have been constructed to include Landau

resonance e�ects. The model also includes continuum damping, ion/electron
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Landau damping and the radiative damping. The fast ion distribution is cur-

rently constrained to be a Maxwellian. The calculations are performed with

realistic equilibria and are non-perturbative. We �nd that the conventional

global TAE and the CLM modes can be present for di�erent parameter regimes.

The parameter which determines which mode dominates is the ratio of the av-

eraged alpha velocity to the Alfv�en velocity (v�=vA). Figure 4 shows the linear

growth rates as a function of v�=vA for the global mode and the CLM mode

and several toroidal mode numbers. As indicated, the CLM mode resonates

at somewhat lower values of v�=vA (0:3 < v�=vA < 0:6) than the global TAE

(0:6 < v�=vA < 1). Realistically, the alpha energy distribution and vA are

constantly evolving in time so making a scan in v�=vA can be viewed as encom-

passing the dynamic behavior of the actual experiment.
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Figure 4: The growth rates and the real frequencies of the CLM mode and the

global modes as a function of v�=vA for several toroidal mode numbers.

The stability of TAE in JT60U and DIII-D plasmas has also been analyzed

using the NOVA-K code. In the recent JT-60U ICRF experiments, the high-n

TAE modes were excited sequentially during the sawteeth stabilizing phases.

The instability was induced by the fast minority ions powered by the ICRF

heating. The results of NOVA-K code indicated that the stability of the TAE

mode is a strong function of mode location[17]. This dependence results in

sequential mode excitation as q(0) drops in time. More recently, high-n TAE

instability was observed in the JT-60U ICRF experiments with reversed shear

pro�les[18]. The mode activity only appeared after the second mini-collapse.

Our calculations show that the stability is mainly determined by mode structure.

It is found that that the mode is unstable only when it peaks in the region of

weakly negative shear region just inside the qmin radius since the fast ion drive

of such a mode is much larger than that of the mode which peaks outside the

qmin radius. Furthermore, the existence of the mode just inside qmin depends

on the density gradient in this region. The mode exist only when the density

gradient is small or the continuum gaps are well aligned near the qmin radius.
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This result is in good agreement with the experimental observations since the

mini-collapses reduce the density gradient signi�cantly. Details of these results

are reported by Kimura et al.[18] at this conference. Finally, for the DIII-D

NBI experiments, the calculated critical beam ion beta is �beam(0) � 10% for

the TAE instability. This is in approximate agreement with the observations.

Compared to the TFTR NBI and the JT-60U ICRF experiments, the critical

fast ion beta in the DIII-D NBI-heated plasmas is much higher due to the edge

localized mode structure.

3. Nonlinear Particle/MHD Hybrid Simulations

Here, we study nonlinear evolution of the TAE modes using Particle/MHD

hybrid simulations. Two models are used: a quasilinear model developed by

Chen and White[19] and the fully nonlinear model by Park et al.[20]. First, the

quasilinear model is used to study the saturation of TAE modes. The model

is valid when the mode amplitudes are low enough such that the mode-mode

coupling e�ects can be neglected in the nonlinear stage. In this limit, each mode

is described by a slowly varying amplitude and phase with �xed mode structure.

Given the linear mode structure �n(x), we can represent the solution as

�(x; t) =
X

An(t)�n(x)sin(!nt + �n(t)) (1)

where !n is the mode frequency. The equations for the amplitude An(t) and

the phase �n(t) can be derived from the momentum equation with the current-

coupling scheme and are given by


n = � <

Z
Jh �End

3r > =(!2nA
2

n) (2)

_�n(t) = � <

Z
Jh �

1

!n

@En

@t
d3r > =!2nA

2

n (3)

where the growth rate 
n = _An=An and <> represents averaging over a wave

period, and Jh is the fast ion current density. The Jh is calculated from the fast

ion distribution which is obtained by solving the drift-kinetic equation using

the �f method. A Hamiltonian guiding center code [21] ORBIT is used to

follow the particle trajectories in the presence of TAE modes. Notice that Eq.

2 just expresses the energy conservation of the system. Previously, the energy

conservation was used to advance the wave amplitude for a single mode with

�xed phase. It was observed[22] that resonant particles, which lose energy to the

mode through inverse Landau damping, shift outwards, thus the density gradient

which gives the free energy to the wave is 
attened at the resonant surface as

time evolves, eventually leading to mode saturation. These observations are

con�rmed by using Eq. (2) and (3)directly. We also found that using Eq. (2)

and (3) instead of explicit energy conservation can lower the noise signi�cantly.

We now consider the simultaneous evolution of multiple modes. Of particular

concern in multiple modes case is whether the TAE amplitudes becomes large

enough to cause resonance overlap, which can lead to global particle di�usion

and energy loss. As shown previously[23], resonance overlap is greatly facilitated

by the simultaneous excitation of multiple modes. In the following simulation

we use ITER-like parameters: R = 800cm, a = 300cm, B = 6T , �r = a=3.

Only n = 2 and n = 3 are considered and mode frequencies are !n=3=
c =
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1:34 � 10�3, !n=2=
c = 1:12 � 10�3 where 
c is the on-axis gyro-frequency.

The equilibrium particle distribution is assumed to be f0(r; ") = e�r
2=�r2"�

3

2 .

The mode structures are obtained from NOVA-K code. Figure 4 shows the

saturated amplitude of a n=3 mode as a function of �h from a single mode case

and a two mode simulation (n = 2; 3). We see that for the single mode case

the saturation level A1=2 is approximately linear in �h, which gives the expected

trapping scaling of A / 
h since the linear growth rate 
h is proportional to �h.

Apparent deviation between the saturation levels starts at about �h = 0:16%,

when resonance overlap occurs. This result shows that the saturation level is

enhanced by resonance overlap.
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Figure 5: The saturation level as function of �h for a single mode case and a

double mode case.

In the fully nonlinear hybrid model, the MHD equations are coupled with

gyrokinetic energetic particles through the pressure tensor.[20, 24] The plasma

is divided into two parts: the bulk plasma, which contains the thermal electrons

and ions, and the energetic hot ions. The bulk plasma is described by the

ideal MHD equations, whereas the hot ions are described by the gyrokinetic

equations[25]. The e�ects of hot ions couple to the bulk plasma motion through

the pressure tensor term in the momentum equation as follows:

�b
dvb

dt
= �rPb � (r � Ph)? + J�B; (4)

where the subscript b denotes the bulk part, the subscript h denotes the hot

ion component, Pb is the isotropic pressure of the bulk plasma, and the Ph is
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the pressure tensor of the hot ions. The Ph is calculated from the hot ion dis-

tribution function f represented by an ensemble of particles which follow the

gyrokinetic equations with the self-consistent electromagnetic �eld. Equation 4

and the other MHD equations are advanced in time using Ph given by the par-

ticles. The new E and B are in turn used to advance the particle quantities in

time. The model is fully self-consistent, including self-consistent e�ects of hot

particles on the MHD dynamics and the nonlinear MHD mode coupling.

Using the particle/MHD hybrid MH3D-K code, we had found that wave

particle trapping is the dominant mechanism for the TAE saturation[24]. In

that work, the \double trajectory method" was used to reduce the simulation

noise in the linear regime. Two sets of particles are used, one following the

equilibrium �eld and the other the total electromagnetic �eld. The hot parti-

cle pressure tensor Ph(t) is replaced by (Ph(t) � Ph;0(t)) + Ph;0(0) where Ph;0
is evaluated from the equilibrium orbits. The advantage of the double trajec-

tory method is that it can be applied to any 3D equilibrium with an arbitrary

distribution of particles including a delta function in velocity space. The dis-

advantage is that it is only valid for the linear regime. In this work, we adopt

another noise reduction scheme, namely, the �f method[26], which is valid in

both linear and nonlinear regimes. However, it is di�cult to apply the scheme in

a self-consistent manner to a 3D electromagnetic problem with a self-consistent

equilibrium. For the �rst time, a scheme for the �f method is developed for such

cases, and implemented in MH3D-K code. The new linear results agree closely

with the double trajectory method results, while improved nonlinear saturation

results have been obtained for realistic parameters and pro�les. The two main

components for the self-consistent treatment of the �f method are the loading

of particles and �nding a self consistent equilibrium. The particles are loaded

according to an analytic function f(P�; E; �). (The equilibrium distribution f

is written in terms of the constants of motion in the equilibrium �elds, namely,

the toroidal angular momentum P�, the kinetic energy E, and the magnetic

moment �.) Speci�cally, the distribution function is integrated in velocity space

to get the particle density, �p(r; �). Then, the particles are loaded in real space

according to �p(r; �) and in velocity space according to f0. Note that the real

space variables and the velocity variables are coupled together due to P� so

that the loading in velocity space can not be separated from that in real space.

An equilibrium solution consistent with the analytic distribution f0(P�; E; �)

is obtained by an iterative method. The particles are �rst loaded according

to an analytic distribution for the initial equilibrium �eld, and the equilibrium

is allowed to relax with the self-consistent pressure. Then, the particles are

re-loaded for the new equilibrium �eld and the equilibrium relaxes again. This

process is repeated until the converged equilibrium is consistent with the particle

distribution.

In the fully nonlinear simulations, we considered parameters and pro�les

similar to those of the TFTR NBI experiments[3] where the TAE modes were

destabilized by energetic beam ions: the aspect ratio R=a = 3:0, q(0) = 1:0,

q(a) = 3:5, the plasma density pro�le � = �0(1 � 0:8(r=a)2), and the hot ion

beta �h(0) = 2:5%. Figure 6 shows the evolution of the n=2 TAE mode for

a single mode simulation and a multiple mode simulation with n = 0; 1; 2 and

3. We �nd that the saturation level obtained from a single mode is nearly

the same as that from a multiple mode simulation. Thus, the nonlinear mode-
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mode coupling is not important for the mode saturation, as least for the case

considered. Further work is in progress to assess the importance of mode-mode

coupling in a wider parameter range.

4. Conclusions

The linear stability analysis of TAE modes has been carried out for the pa-

rameters and pro�les of several tokamak experiments, including the most recent

TFTR DT experiments where alpha-driven TAE modes were observed for the

�rst time. The predicted stability trend by the NOVA-K code is well correlated

with the observations. However, more work is needed in order to have accurate

quantitative comparisons with the experimental thresholds for the instability,

especially at levels of individual drive and damping mechanisms. This can be

done in two ways. First, the theoretical model can still be improved in order

to have all the important damping mechanisms and fast ion drive more self-

consistently. Second, future experiments should be designed to investigate more

systematically the dependence of stability on parameter and pro�les. Our anal-

ysis has shown that the stability is sensitive to plasma pro�les, especially the q

pro�le. In the nonlinear regime, hybrid simulations using a quasilinear model

as well as a fully nonlinear model have been carried out to assess the nonlinear

saturation mechanisms for realistic parameters and pro�les. The nonlinear reso-

nance overlapping which enhances the saturation level is demonstrated for ITER

parameters. A fully self-consistent �f method for the global electromagnetic Par-

ticle/MHD model is developed for the �rst time and is used in the MH3D-K

code simulations for realistic parameters. More work is needed to compare the

calculated saturated mode amplitudes and related fast ion transport with the

experimental observations.
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