A Direct Calculation of Current Drive in Toroidal Geometry

J. C. Wright and C. K. Phillips Princeton Plasma Physics Laboratory, Princeton University, Princeton, NJ 08543

P. T. Bonoli M.I.T. Plasma Fusion Center, Cambridge, MA 02139 (Draft, not for redistribution)

The magnitude and radial pro^les of noninductive currents driven by fast magnetosonic waves in tokamaks have been calculated directly from the wave-induced quasilinear ~ux in a toroidal geometry and a Green’s function for the current. An expression for the quasilinear ~ux has been derived which accounts for coupling between modes in the spectrum of waves launched from the antenna. A FokkerŰPlanck code for the Green’s function and a full wave code for the electric ^eld in the quasilinear ~ux are used to evaluate the current in a speci^ed toroidal geometry.

PACS: 52.35.Hr, 52.55.Fa, 52.50.Gj

Radio frequency (RF) generated currents may play a critically important role in achieving steady state operation of devices and for current pro^le control in magnetically con- ^ned toroidal plasma such as those found in tokamaks. The RF driven currents in tokamaks are presently modeled with one and two dimensional codes [1] which use EhstŰKarney’s parameterization [2] of current drive ef^ciencies Ű de^ned as the ratio of the current, J, to the power, P , Ű to calculate fast wave [3] driven currents. This parameterization assumes a model quasilinear diffusion tensor (D_{ql} ) and requires a priori knowledge of the wave polarizations. These approximations may be avoided by directly calculating the quasilinear diffusion tensor from the KennelŰEnglemann form [4] using electric ^eld polarizations calculated by a full wave code, thereby eliminating the need to use the approximation inherent in the parameterization. Current pro^les are then calculated using the adjoint formulation [5]. This approach has been implemented in the FISIC code [6], and the accuracy of the parameterization of the current drive ef^ciency, η = J/P , judged by a comparison of the current from J = ηP with the direct calculation. Results indicate that in the approximation where trapped electron effects may be ignored, the EhstŰKarney parameterization is in excellent agreement with the direct calculation.

In the EhstŰKarney model, the ef^ciency, η, was parameterized by combining a rayŰtracing solution for the wave ^elds with the quasilinear ~ux, Γ_{ql}, derived from a homogenous model. Since the rays are assumed to be uncorrelated, it is unclear how one should employ the ef^ciency in calculating the current from a spectrum of waves [7]. As we shall show, the current produced by each mode in the spectrum is best given by the product of the ef^ciency for that mode times the cross spectrum power (the product of one mode with the entire spectrum.) We say ŞbestŤ because the ef^ciency, being the ratio of two expressions which are quadratic in the ^eld amplitudes, is not a linear operator. The effect of this approximation will be negligible if the wave spectrum is suf^ciently narrow that the ef^ciency is constant with respect to the phase velocity of the modes. Another consequence of the rayŰtracing picture is that one cannot account for phase correlations between multiple waveŰparticle interactions. We do not address this issue in this paper, though, our model may be readily generalized to include such effects. The central results of this paper are a validation in high aspect ratio (A ≡ R/r >∼ 3) , where R and r are the major and minor radii of the toroidal surface) regimes of the ef^ciency when applied properly to a spectrum of waves, and a direct calculation of the current using a quasilinear ~ux model for a spectrum of parallel wavenumbers, k_‖ ≡ k · B0/B_0, derived from ^rst principles (B_0 is the equilibrium magnetic ^eld.)

If the waveŰinduced electric ^elds in the plasma are known, one can in principle determine the steady state current from the balance of the quasilinear diffusion, D_{ql} , against the collisional drag, C_c(f): C_c(f) = −C_w(f) ≡ ∂ ∂v · D_{ql} · ∂f ∂v ≡ − ∂ ∂v · Γ_{ql} (1)

Rather than solve Eq. (1) for the perturbed distribution for each Γ (we will drop the ql subscript at this point), an equivalent solution may be found through the use of the adjoint formulation [8]:

J_‖ = ∫ d^3v Γ · ∂χ ∂v , C_c(f_{em}χ) = −qv_‖f_{em}, (2) P = ∫ d^3v Γ · ∂ε ∂v , ϵ = 1 2 m_ev^2,

where the adjoint function, χ, is the solution to the SpitzerŰ Hĺarm problem [9]. χ measures the incremental current deposited in the plasma by an impulse in velocity space. It serves as a Green’s function [5] for the steady state FokkerŰPlanck equation, Eq. (1), which determines the equilibrium current. Eqs. (2) give the wave induced current, J_‖, and power, P , as moments of the quasilinear ~ux. The problem is therefore reduced to a calculation of Γ from the wave ^elds.

Fast wave current drive ef^ciency is maximized under conditions where there are no ion resonance layers in the plasma, so all of the wave’s power is ultimately deposited in the electrons. Therefore, we limit our scope to the calculation of the quasilinear response of the electrons to the wave ^elds. If f is the equilibrium distribution, and f̃ the small perturbation of the distribution by the wave ^elds, the quasilinear ~ux is determined from the VlasovŰMaxwell system of equations in the form: ∂f ∂t = − q m ( E + v × B c ) · ∂f̃ ∂v = ∂ ∂v · D_{ql} · ∂f ∂v = −Γ · ∂f ∂v and f̃ = − q m ∫_∞ 0 dτ e^{iωτ} ( E(r^′) + v^′ × B(r^′) c ) · ∂f ∂v^′ where τ measures the history of the particle’s motion up till the present, and primed quantities are evaluated along the past orbit [10].

The expression for Γ is made explicit using a spectral representation in which the wave ^elds are expanded in toroidal and poloidal Fourier modes: E = ∑ m,n E_{m,n}(ψ)e^{i(mθ+nζ)} e^{−iωt} (3)

where ψ is a ~ux surface quantity, ζ is the toroidal angle, θ is the poloidal angle measured from the center of the ~ux surface, and ω = ω_r +iν. After averaging over the toroidal angle of symmetry, ζ, and over the wave period, the RF diffusion is: ⟨Γ⟩_{ω,ζ} = e^{2νt} ( −e^2 2m ) ℜ { ∑ m1m2 ∑ n e^{i(m2−m1)θ} × ∫_∞ 0 dτ e^{iωτ} e^{im2(θ0−θ)+in(ζ0−ζ)} [ E^∗_{m1n}(ψ) + v c × B^∗_{m1n}(ψ) ] ( v^′ ∂f ∂ε ) · [ E_{m2n}(ψ^′) + v^′ c × B_{m2n}(ψ^′) ]} (4) The complex exponential terms act as a resonance term that contributes strongest when the variation of the sum of their arguments is near zero. This resonance term depends on only one of the poloidal indices. Both poloidal mode numbers remain because of the inhomogeneity in θ introduced by the equilibrium magnetic ^eld. The poloidal modes are coupled together by the inhomogeneity of B_0 in θ and prevent a spatial averaging as was done with the toroidal angle. In fact, an average over θ would lead to performing a bounceŰaveraged calculation that accounts for the trapping of electrons in the magnetic well of the poloidal ^eld.

Since the ^elds have been Fourier transformed in directions orthogonal to rψ, the waveŰvector components parallel to the ~ux surface are representable as algebraic quantities. In order to simplify the phase integral we introduce the equations for electron motion on the ~ux surface, Eqs. (5). We neglect motion normal to the ~ux surface which is due to gradient induced drifts of order ρ/L, where ρ = v_⊥/Ω is the Larmor radius, Ω is the gyrofrequency, and L is the equilibrium gradient scale length. Hence, we use: θ^′ − θ = − ∫_τ 0 dt^′ 1 r^′ v^′ · θ̂ ζ^′ − ζ = − ∫_τ 0 dt^′ 1 R^′ v^′ · ζ̂ (5)

v^′ = v^′_‖b̂ + v^′_⊥ ( ψ̂ cos ϕ^′ + η̂ sin ϕ^′ )

yielding:

Ψ(τ ) ≡ ωτ + m_2(θ^′ − θ) + n(ζ^′ − ζ) = ∫_τ 0 dτ^′ { ω − k^{′m2}_‖ v^′_‖ − k^{′m2}_η v^′_⊥ sin(ϕ + h(τ^′)) } (6) where we have grouped terms explicitly in k_‖ and k_η such that k^{m,n}_‖ g(ψ)e^{i(mθ+nζ)} ≡ ( b̂ · r ) g(ψ)e^{i(mθ+nζ)} = ( B_θ B m r + B_ζ B n R ) g(ψ)e^{i(mθ+nζ)}, k^{m,n}_η g(ψ)e^{i(mθ+nζ)} ≡ (η̂ · r) g(ψ)e^{i(mθ+nζ)} = ( − B_θ B n R + B_ζ B m r ) g(ψ)e^{i(mθ+nζ)} , η̂ = b̂ × ψ̂, h(τ ) ≡ ϕ^′ − ϕ = ∫_τ 0 Ω(t) dt, and where ϕ is the gyroangle and (ψ̂, η̂, b̂) are the local Stix coordinates [11]. The direction gradients serve to highlight the fact the the wavenumbers are related to the scale lengths of variation of the ~uctuating quantities. The k_ηv_⊥ term in Eq. (6) is small for fast waves and has an average contribution of zero over the wave period except when the frequency is near a cyclotron harmonic. The drifts of the electron’s gyrocenters are assumed to be negligible, and so the particle trajectories lie on a ~ux surface. At this point, we will drop the toroidal harmonic index, n, because toroidal symmetry makes the response of the system independent for each n, and expand in a power series about the guiding center, to ^nd:

Γ = e^{2νt} ( −e^2 2m ) ℜ { ∑ m1m2 e^{i(m2−m1)θ} ( 1 + v_⊥ × b̂ Ω · r^{) [}E^∗_{m1} (ψ) +^v_c × B^∗_{m1} (ψ)^] ∫_∞ 0 dτ e^{iΨ(τ)} ( 1 + v_⊥^′ × b̂^′ Ω^′

· r^) Em_2 (ψ) · v^{′} ∂f}_{∂ε} (7)

After averaging over the gyroangle in velocity space and dropping harmonic terms:

Γ = e^{2νt} ( −e^2 2m ) ℜ { ∑ m1m2 e^{i(m2−m1)θ} (8) [ E^{∗m1}_‖ (ψ) + v^2_⊥ 2Ω (r⊥ × E)^{∗m1}_‖ (ψ)^{]^}b ∫_∞ 0 dτ e^{iΨ(τ)} [ E^{m2}_‖ (ψ) + v^{′2}_⊥ 2Ω^′

(r⊥ × E)^{m2}_‖ (ψ)^] v^′_‖^{∂f}_{∂ε}^}

The method of stationary phase in the limit, ν → 0, leads to the usual δŰfunction resonance behavior.

Γ = ∑ m1,m2 πe^2 m^2_e a^∗_{m1} a_{m2} v_‖ f T_e/m_e δ(ω − k^{m2}_‖ v_‖) (9) ≡ ∑ m1,m2 Γ_{m1,m2} δ(ω − k^{m2}_‖ v_‖)

a_m = k^m_‖ v_‖ ω E^m_‖ + k^m_‖ v^2_⊥ 2ωΩ (r⊥ × E)^m_‖

Note that if r_⊥ → k_⊥, Eq. (9) is identical to the KennelŰ Englemann form [4] in which only the n = 0 terms are retained and the Bessel functions are expanded to lowest order in k_⊥ρ (here n is the cyclotron harmonic.) Expanding Eq. (9) out, leads to our ^nal expression for Γ:

Γ = ∑ m1,m2 πe^2 m^2_e [ k^{m1}_‖ k^{m2}_‖ v^4_⊥ (2Ωω)^2

(r⊥ × E)^{∗m1}_‖ (r⊥ × E)^{m2}_‖

−ℜ(i(r_⊥ × E)^{∗m1}_‖ E^{m2}_‖ ) k^{m1}_‖ k^{m2}_‖ v_‖v^2_⊥ Ωω^2 + k^{m1}_‖ v_‖ ω k^{m2}_‖ v_‖ ω E^{∗m1}_‖ E^{m2}_‖ ] v_‖ f T_e/m_e δ(ω − k^{m2}_‖ v_‖) (10)

In this form, the ^rst term contains the magnetic pumping contribution whose strength is related to the parallel magnetic ^eld, the third term is the usual Landau damping term, and the second is the cross term. Note also that for these Landau resonant terms, the ~ux is purely in the parallel direction in velocity space. In Fig. 1, Eq. (10) is plotted for several poloidal locations on a given ~ux surface. The pro^le shows a null at v_⊥ = √ 2v_{te}, where v_{te} ≡ √ T_e/m_e is the electron thermal velocity. At this point there is a balance between magnetic pumping and Landau damping, since these two are out of phase for electrons. The general shape of the curves is ‖ D_{ql} ‖ ≈ (2 − x^2)^2, where x ≡ v_⊥/v_{te}. This is the result expected in a homogenous plasma for Alfvťen wave polarization and is the assumed analytic form for the quasilinear diffusion used in the EhstŰKarney parameterization.

FIG. 1. Γql plotted for various θ on a given ~ux surface.

We proceed to calculate the power and current deposited in the plasma via Eqs. (2). In order to make meaningful comparisons between the parameterized model, J_‖ = P η, and our direct calculation, J_‖ = ∫ d^3v Γ · ∂χ/∂v, we check the accuracy of our calculation of Γ. This is done by comparing the power calculated from the plasma conductivity, P = E · σ^↔_A · E^∗, with the power calculated from the quasilinear ~ux, P = ∫ d^3v Γ · ∂ϵ/∂v, which are analytically equivalent [12]. Excellent agreement is found, as displayed in Fig. 2.

With the accuracy of Γ veri^ed, the current ~owing on a ~ux surface is now calculated from both the EhstŰKarney parameterization and the adjoint moment of the quasilinear ~ux for a high aspect ratio tokamak. The parameterized ef^ciency is available only for a single mode. It is not be correct to calculate the current from the power for each mode multiplied by the ef^ciency for each mode, as has been done by others [7]. Instead of a simple product, the correct procedure is a convolution of ef^ciency with the power over the modal spectrum. This is motivated by Eqs. (2) and (10) which may be combined and written in a more suggestive form that emphasizes the convolution over m’s for the current:

J_‖ = ∫_∞ 0 v_⊥ dv_⊥ ∑ m1,m2 ( Γ_{m1,m2} v_‖ ) 1 v_‖ ∂χ ∂v_‖ | | vk=ω/km2k (11)

≡ ∫_∞ 0 v_⊥ dv_⊥ ∑ m1,m2 P_{m1,m2} η_{m2} (v_⊥)

≡ ∑ m2 ∫_∞ 0 v_⊥ dv_⊥P_{m2} η_{m2} Thus, the current is calculated from the parameterization for a k_‖ spectrum using the paradigm: J_‖ = ∑ m2 P_{m2} η(k^{m2}_‖ ) where P_{m2} = ∑ m1 P_{m1,m2} . Figure 3 shows that the two current pro^les are in excellent agreement. Given the results shown in Fig. 1, this may have been expected.

FIG. 2. Power deposition pro^les from two calculations are equivalent. The dashed curve is a plot of power from the plasma conductivity, P = E � σ$A � E� and the solid curve is from the quasilinear ~ux, P = R d^3v Γ � ∂ϵ/∂v.

FIG. 3. Current pro^les from parameterization, J = ηP (dashed), and direct calculation methods, J = R d^3v Γ � ∂χ/∂v (solid).

These calculations were performed in a high aspect ratio geometry where the local approximation is good. As indicated above, others have chosen to ignore the crossŰspectrum correlations and set m_1 = m_2 in Eq. (11) [7]. Numerical experiments show that in the high aspect ratio limit, neglecting these correlations can introduce deviations of ∼ 10% from the direct calculation, Eq. (2). It is anticipated that the increased variation of k_‖ with the poloidal ^eld at lower aspect ratios will enhance the deviations of the direct model from the parameterization because of increased correlations between the spectral modes. At lower aspect ratios, the trapped particle fraction, which cannot contribute to the net parallel current, becomes signi^cant, causing the parameterization ^t to break down [2]. Trapped particle effects are currently being included by generalizing to a bounceŰaveraged version of the method outlined in this paper and low aspect ratio equilibrium are being considered. A discussion of these effects will be reported in detail elsewhere.

We gratefully acknowledge many useful discussions with Dr. Charles Karney and Mr. Yi Zhao. This work was supported by the United States Department of Energy under contract nos. DEŰAC02Ű76ŰCHO3073 and DE-AC02-78- ET51013.

[1] P. T. Bonoli, in AIP ConferenceProceedings No. 289 Radio Frequency Power in Plasmas, edited by M. Porkolab and J. Hosea (American Institute of Physics, New York, 1993), pp. 192Ű200.

[2] D. A. Ehst and C. F. F. Karney, Nucl. Fusion 31, 1933 (1991). [3] T.H.Stix, in The Theory of Plasma Waves (American Institute of Physics, New York, 1992), Chap. 6.

[4] C. F. Kennel and F. Engelmann, Phys. Fluids 9, 2377 (1966). [5] C. F. F. Karney, N. J. Fisch, and A. H. Reiman, in AIP Conference Proceedings No. 190 Radio Frequency Power in Plasmas, edited by R. McWilliams (American Institute of Physics, New York, 1989), p. 430.

[6] M. Brambilla and T. Krĺucken, Nucl. Fusion 28, 1813 (1988). [7] E. F. Jaeger and D. B. Batchelor, in AIP Conference Proceedings No. 244 Radio Frequency Power in Plasmas, edited by D. B. Batchelor (American Institute of Physics, New York, 1992), p. 159.

[8] C. F. F. Karney and N. J. Fisch, Phys. Fluids 28, 116 (1985). [9] L. Spitzer and R. Hĺarm, Phys. Rev. 89, 977 (1953). [10] T.H.Stix, in The Theory of Plasma Waves (American Institute of Physics, New York, 1992), Chap. 10.

[11] E. F. Jaeger, D. B. Batchelor, and D. C. Stallings, Nucl. Fusion 33, 179 (1993).

[12] J. C. Wright, C. K. Phillips, and P. T. Bonoli, Bulletin of the American Physical Society 40, 1705 (1995).