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I. Field-aligned Coordinates for Nonlinear Simulations
of Tokamak Turbulence

M. A. Beer, S. C. Cowley* and G. W. Hammett

The turbulence that evolves from fine-scale instabilities (e.g. n;, trapped
electron, or resistive ballooning modes) is thought to be responsible for the
anomalously large particle, momentum, and heat transport levels in toka-
maks. It is therefore of great interest to simulate numerically the nonlinear
evolution of these instabilities to determine the resulting fluctuation and
transport levels. These instabilities are characterized by long wavelengths
parallel to the magnetic field and short perpendicular wavelengths, on the
order of the ion gyroradius, p;. This is, of course, a consequence of the rapid
communication along field lines (at the sound speed for electrostatic insta-
bilities) and slow communication across the field lines (typically velocities
across the field do not exceed the diamagnetic speed). In addition, fluctu-
ation measurements’? in tokamaks indicate a relatively short perpendicular
correlation length (~ 10p;), but a long parallel correlation length.? Simula-
tion of a full tokamak with adequate resolution of these fine perpendicular
scales is somewhat beyond the presently available computational resources,
since p;/a ~ 1072 for present day large tokamaks, where a is the minor
radius. (The latest full torus gyrokinetic particle simulations can now be
run down to p;/a = 1/128.*) However, it may be unnecessary to simulate a
whole torus to reproduce small-scale, locally-driven turbulence. This paper
describes a coordinate system for nonlinear simulations that resolves a much
smaller volume and is therefore computationally more efficient, while still
resolving the relevant small scales. The smallest possible simulation volume
is a long thin flux tube that is several correlation lengths wide in both per-
pendicular directions (radial and poloidal), and extended along the field line,
exploiting the elongated nature of the turbulence (k, > k). This approach
is advantageous for fluid, gyrokinetic “Vlasov,” and particle simulations, and
could eventually be compared with full torus simulations.

The fundamental idea is to use coordinates that follow field lines.> With
such coordinates a flux tube (a tube with a surface parallel to B), which is
bent by magnetic curvature and twisted by magnetic shear, is mapped into a
rectangular domain. Such twisting coordinates were originally proposed by
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Roberts and Taylor,® and Cowley et al.” emphasized their utility for nonlinear
calculations. In Ref. 8, we described the essential features of this approach,
with an emphasis on slab geometry. Here we focus more on the toroidal as-
pects and actual details of implementation. The major problem of these field
line coordinates is enforcing the periodicity constraint since the coordinates
are multivalued in a torus, except at low order rational surfaces. In Ref. 7 it
was emphasized that it is unlikely that the correlated volume wraps around
the torus and overlaps itself. When this is true, the physical periodicity of
the full torus is irrelevant, and the simplest approach is to simulate a flux
tube subdomain that is several parallel correlation lengths long, just as it
should be several perpendicular correlation lengths wide. As described in
Ref. 5, this can be different from imposing periodicity at § = 47 as is usu-
ally suggested for the ballooning representation, which could lead to artificial
correlations and modify the results.

Another advantage of field-line coordinates, in addition to the efficiency
of a minimum simulation volume, is that radial periodicity can be easily
implemented, thus avoiding the problems of “quasilinear flattening” and al-
lowing self-consistent turbulence-generated “zonal” flows (flows which cause
flux surfaces to rotate). The field-line coordinates are also particularly con-
venient for gyrofluid simulations where partially Fourier transformed quan-
tities (in 2 of the 3 dimensions) need to be evaluated, such as |wy(6)|
|kg cos(0) + k. sin(8)].

If one wants to describe turbulence which is highly elongated along field
lines and narrowly localized across field lines it is natural to introduce coor-
dinates which are constant on field lines. A natural way to do this for any
general magnetic field is to use the Clebsch representation of the magnetic
field? (since V- B = 0):

B =Va x Vi (0.1)

Clearly B-Va = B - Vi = 0 so that a and 1 are constant on field lines.
Thus « and v are natural coordinates for the flux tube. A third coordinate,
z, must be defined that represents distance along the flux tube. In many
applications toroidal flux surfaces are defined and it is natural to take ¢ to
be the poloidal flux. The choice of « is less obvious and may be optimized for
a particular calculation. A further complication is that « and i are typically
not naturally single valued and a cut must be introduced to enforce single
values.? This issue will be discussed extensively below. Let us imagine that



a choice of a, ¢, and z has been made and that o = a(r), ¥» = ¢(r), and
z = z(r) are known functions, obtained for instance from an equilibrium code.
Thus the metric coefficients for the transformation to the «, v, z coordinates
are taken to be known.

We shall assume that the turbulence has short perpendicular correla-
tion lengths compared to equilibrium scale lengths but a parallel correlation
length on the order of the equilibrium scale lengths. Consider a flux tube sim-
ulation domain defined by ag—Aa < a < ag+ Aa, g— Ah < b < hg+ A,
and —zg < z < zp. This volume is chosen to be several correlation lengths
in all three directions, but should be as small as possible for computational
efficiency. Once the box volume is larger than several correlation lengths, the
turbulence should be insensitive to the size of the box. One tests whether the
box size is adequate by increasing the box size and comparing the turbulence
in the different size boxes, or by measuring the correlation functions in a
given box and verifying that they go to zero at the edges of the box. In this
way we arrive at a minimum simulation volume.

Three spatial operators appear many times in the equations for the per-
turbations: B -V, V2, and B x V® - V. In the field-aligned coordinates

z; = (a, ), z) these are:

0A 1 0A
DR RS P N
VA = J;axi J(ZJ: awjvx]) V|, (0.3)
0A 0P

where A and ® are any scalars. Since the simulation volume is narrow in
a and ¥ compared to equilibrium variations, all equilibrium quantities, or
gradients of equilibrium quantities when they appear in these operators, are
to lowest order functions of z alone, with @ = a9 and ¥ = 9. For example,
the Jacobian J = (Va x Vi - Vz)™! is to a good approximation constant
across the box but not along the box, thus J = J(ag,t0,2). When A is
a perturbed scalar (n, T, etc.), and ® is the electrostatic potential, we can
neglect the 3/0z terms in V2, and B x V® - V| since they are smaller by



ky/k.. Then Egs. (0.3,0.4) reduce to:

0*A 0*A 0*A
2 4 _ 2 ‘ 2
ViA=|Va aaz—l—ZVa V¢aaa¢+|v¢| IR (0.5)

Y da da O (06)

Therefore, the equations to be solved in this minimum simulation volume

BxV@-VA:(a—Aa—q)—a—Aa—q))B2.

have no explicit dependence on « or ¥, which leads to great computational
simplification. The E x B nonlinearity takes the simple form Eq. (0.6), and
all other coefficients in the equations are only functions of z.

The perpendicular boundary conditions on the perturbations at o = ag =+
Ao and ¢ = ¥y + Ay are taken to be periodic. If the box is more than a
correlation length wide the turbulence should be insensitive to the boundary
conditions, although one set of boundary conditions that is not advisable is
fixed boundary conditions which prohibit energy and particle fluxes through
the boundary. If fixed radial boundary conditions without sources or sinks
are used, then the components of the perturbations which are constant on
flux surfaces (the m = 0, n = 0 components, i.e. n(v), T(+), where m and n
are the poloidal and toroidal mode numbers) will grow to eventually cancel
the driving equilibrium gradients (“quasilinear flattening”), thus turning off
the turbulence. In principle, this problem can be overcome with a sufficiently
large box so that the time scale to flatten the driving gradients becomes much
longer than the simulation time, but periodic radial boundary conditions
avoid flattening altogether and allow the use of a more efficient, smaller box.
Past simulations have sometimes zeroed out the m = 0,n = 0 components
of perturbations to avoid this flattening, but this prevents the generation
of sheared zonal E x B flows resulting from the m = 0,n = 0 component
of ®(¢), which can be an important nonlinear saturation process. Periodic
radial boundary conditions allow the self-consistent evolution of m = 0,n =0
perturbations such as the zonal flows.

The assumption of radial periodicity in the small flux-tube is not based
on actual physical constraints, which would require simulating the full toka-
mak to include heating in the core, losses to the limiter or edge regions,
etc.. Instead, we are assuming that the statistical properties of the fluctu-
ations at ¥ + 2A4 are the same as at @, and that if the simulation box
width 2A% is larger than the radial correlation length we can assume that



they are actually identical at every instant. Periodic boundary conditions
are often used in two dimensional plasma simulations or in simulations of
homogeneous Navier-Stokes turbulence, but are complicated in three dimen-
sional plasma simulations by the shear in the magnetic field. The fluctua-
tions tend to be elongated along the direction of the magnetic field, which
points in different directions at different radii. In regular coordinates this
requires the use of something like the “twist-and-shift” radial boundary con-
ditions suggested by Kotschenreuther and Wong.'''? In coordinates already
aligned with the magnetic field, however, radial periodicity becomes simply
A+ 200, a,z,t) = A(Y, a, z,1).

For the same reasons, we can also assume statistical periodicity in the
a direction, A(Y, o + 2Aa,z,t) = A(y,a,z,t). Since there is no explicit
dependence of the operators in Eqs. (0.5,0.6) on « or ¢, we use a Fourier
series in ¢ and «, which also provides periodicity in those directions:

A, a, z,t) = Z Z Aj,k(27 t)eijf(lll—lllo)/Ad/-l-ikW(a—ao)/Aa_ (0.7)
j=—00 k=—0c0

The boundary conditions in the z direction are discussed in Ref. 5. Note that
while each term in the Fourier series is a plane wave in «a, ¥ coordinates, the
wavefronts in real space can be very distorted, by magnetic shear for example,
measured by the parameter § = (r9/qo)(0q/0r),=,. Magnetic shear makes
the angle between constant o and W surfaces change as z changes—in real
space the flux tube is then sheared and its cross-section changes from a
rectangle to a parallelogram. The wavefronts of each term in the Fourier
series, Eq. (0.7), also get sheared. For example the j = 0, k # 0 term has
wavefronts corresponding to the constant « lines. The individual terms in
the series Eq. (0.7) are therefore “twisted eddies”®” whose wavefronts twist
as one moves along z.

Now let us discuss the choice of the coordinates a and . As shown
in Ref. 14, it is possible to choose «, ¥, and generalized “toroidal” and
“poloidal” angle variables ( and 6 such that the field lines are straight in the
(¢,9) plane and physical quantities are periodic over 27 in both variables.
For the general magnetic field Eq. (0.1), we have:?

o = qb - Q(¢)0 - V(¢7 07 Qb), (08)

where ¢ = (27)7% [, d7B - V8 is the poloidal flux, ¢(¢) = dior/d, r =
(27)7% [, dTB - V¢ is the toroidal flux, dr is the volume element, and ¢ and



0 are the physical toroidal and poloidal angles, so physical quantities are
periodic over 21 in ¢ and . The function v is also periodic in ¢ and §. We
now introduce a new toroidal coordinate, ( = ¢—v(¢, 8, ¢). With this choice

a=(—q()0, (0.9)

and the magnetic field lines are straight in the ((,0) plane, and are given by
a = constant. Further, periodicity is preserved in ( and 6. For our parallel
coordinate z we will use z = 0, since this makes our description very close
to the usual ballooning mode formalism. Note that z is not restricted to
—m < z < m, as we may choose to simulate a flux tube which wraps around
the torus several times in the poloidal direction, not just once.

In summary, our field-line following coordinate system is given by (¢, «v, 2),
where field lines are labeled by constant ¥» and «. One can think of ¢ as a
radial coordinate, a as a perpendicular-to-the-field coordinate, and z = 6 as
a parallel-to-the-field coordinate. Our notation simplifies if we introduce the
following new variables:

o

_ D = —(a—« z
T = Borow_%)’ y——qo( 0);

0, (0.10)

where go = ¢(t0o), By is the field at the magnetic axis, and rg is the distance
from the magnetic axis to the center of the box. Then the representation of
the perturbations, Eq. (0.7), becomes:

Alzyy,z2,t) = 3 3 ehertibon 4y 4 (200), (0.11)

ky=—0c0 ky=—00

with k, = jr/Ax, k, = —kn /Ay, Az = gAY /Bore, and Ay = roAa/qo.
The rectangular computational box of “radial” width 2Az, and “poloidal”
width 2Ay, and extended along the field line, 8, is mapped onto a flux tube,
as shown in Fig. 0.1, for example.

The choice of parallel boundary conditions involves a number of subtle,
yet important issues.” The main concept is that of a statistically-motivated
periodicity, as described above for the ¥ and a boundary conditions For mod-
erately “ballooning” turbulence we might expect parallel correlation lengths
0. ~ (1 —2)r (though it might be longer than this). The simulation box
should have a length 2zy = 27N in the parallel direction which is several



Figure 0.1: The rectangular computational domain mapped onto a flux tube
in a torus, with ¢y = 2.4 and shear, § = 1.5. The ends of this flux tube are
cut off at poloidal angle —7 and 7, and the sheared cross-sections of the flux
tube in the poloidal plane are indicated.

times the parallel correlation length. In some cases a box length of 27 might
be sufficient, but a longer box may be necessary to ensure that one end of
the box is sufficiently decorrelated from the other end to avoid artificially
constraining correlation effects, just as the box must be at least a few corre-
lation lengths wide in the ¢» and « directions. For the cases simulated below,
parallel box lengths of at least 47 were needed for good convergence.

We have implemented this coordinate system in nonlinear gyrofluid simu-
lations of toroidal ITG turbulence. The simulation results are presented here
to describe practical computational issues and to test some of our assump-
tions. It is not meant to be a complete description of our gyrofluid equations
or our nonlinear results, which are discussed in Ref. 10.

To test the small-scale assumption, we present two simulations, one with
perpendicular dimensions (L, = 85p;, L, = 100p;), and one with double
the box size (L, = 170p;, L, = 200p;). That these simulations give similar
results indicates that the small flux tube may be capturing the essence of the
turbulence. The physical parameters are taken from the Tokamak Fusion
Test Reactor (TFTR) L-mode shot #41309: n, = 4, L,/R = 0.4, § = 1.5,
qg=24,T, =T, p; = l4cm, L, = 103cm, and the computational box
is centered at rg = 53cm. The box sizes then correspond to ng = 10 for
the small box and no = 5 for the large box. Both simulations use 64 grid
points along the field line coordinate §. Using 128 grid points along 8 gives
essentially the same results. For these runs, N = 2, so the physical # domain
extends from —27 to 27. The equal length (7) extension method (for a total



extended 6 domain from —37 to 37) was used to implement the parallel
boundary condition. 2100 . o(x.y)
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Figure 0.2: Contours of potential for a) small run, and b) large run. Doubling
the perpendicular simulation domain did not change the dominant scale of
the fluctuations.

Fig. 0.2 shows contours of electrostatic potential in the (x,y) plane at
6 = 0 (the outer midplane of the torus), for both runs at saturation. (The
fluctuations on the inner midplane have roughly 1/2 the amplitude, which
would be an interesting feature to look for in experiments.) It is appar-
ent that although the box was doubled, the dominant scale didn’t change.
This is also evident from the spectra in Fig. 0.3, also at § = 0, where
|®|? (k) = >k, @km’kyq)zmky, D1 (ky) = S0, @km’kyq)zmky, and the low reso-
lution spectra are reduced by a factor of two to account for mode density.
Although the resolution has increased, the shape and the location of the
peak in the spectrum is roughly the same. These spectra are similar to
BES measurements on TFTR.! The large k, = 0 component is evidence of
sheared zonal E x B flows,® which are primarily in the poloidal direction.
Though there are some small differences in the spectra, the two runs agree
within statistical fluctuations on global quantities such as the volume aver-
aged RMS fluctuation levels and transport levels: e®/T; = 15p;/L, ~ 0.020
and y; = 7.4p?vy;/L,, averaged from tvy/L, = 150 — 300. The statistical
fluctuations in y; at saturation are about 10% for both runs. This level of
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Figure 0.3: Potential spectra for both runs.

ion heat transport is near the experimentally measured y; = 8.8p%vy;/L,,, but
these simulations ignore impurities and beams (usually a stabilizing effect),
trapped electrons (destabilizing), and use our four moment model which gives
lower transport than our more accurate six moment model. Nevertheless, this
level of agreement is encouraging, and suggests that toroidal ITG turbulence
is responsible for anomalous ion heat transport in tokamaks. The transport
from these toroidal simulations is about a factor of 25 larger than sheared
slab simulations for the same parameters, demonstrating the importance of
toroidicity. Our toroidal simulations can be run in the sheared slab limit by
taking L,/R — 0 and ¢/§ — 0 so that L,/Ls; = L,3/qR remains finite.

To summarize, we are simulating a rectangular domain in (x,y, z), and
using the transformation Eq. (0.10), this domain becomes a long, thin, twist-
ing flux tube in a torus. The differential operators take the particularly
useful forms Eq. (0.2-0.6), applicable to general magnetic geometry; only the
metric coefficients Va, Vi, and Vz need to be specified. The boundary
conditions can make the perturbations periodic in 8, if N = 1, which makes
this representation equivalent to the ballooning representation for a coarse
grid in n, with spacing ng. However, when ny > 1, the box must be extended
in # to avoid non-physical correlations if the parallel correlation length is
longer than 2mgR, i.e. 8. > 2m. The fundamental assumptions are that the
correlation lengths (both parallel and perpendicular) are smaller than the
box size, that the equilibrium gradients vary slowly across the small perpen-
dicular extent of the box, and that the turbulence is local, i.e. driven only by
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the equilibrium gradients within the box. For typical tokamak parameters,
our reduced simulation volume can represent large computational savings.
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